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ABSTRACT

A boundary value problem for a third-order equation of mixed-composite type in a
quadrangular domain is considered. Using the Galerkin method, under certain conditions
on the coefficients and the right-hand side of the equation, the existence of a weakly
generalized solution in the Sobolev space is proved. Under the same conditions, the
uniqueness of the generalized solution is proved.
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Introduction. Boundary value problems for
non-classical partial differential equations arise
in many applied problems, in particular, in
various sections of mechanics, physics, in the
description of dispersion and transport
processes, in geometry and population genetics,
hydrodynamics, as well as in many other areas.
The formulation of boundary value problems for
mixed-composite equations of the second and

higher orders, the study of the existence and
uniqueness of their generalized solution in
various spaces have been carried out in many
scientific publications, including the works [1-
14]. In this paper, the authors continue their
series of works [1], [2] on the formulation and
study of boundary value problems for mixed-
composite and composite type equations.

Statement of the boundary value problem. Let us define the domain
O={(x,t):—1<x<1,0<¢t<T} and consider the equation
Lu=k()u, + p(x)u,_ +a(x,t)u_ +b(x,t)u, = f(x,t), (1

where (¢ —g)k(t) >0 at t# g, k(g) =0, and also xu(x)>0 at x#0, ¢(0)=0.

The problem is to find in the region () a solution of the equation (1) that satisfies the boundary

0.

condition u | 0=

(2)

This formulation differs from the previously considered formulation [2], in which the boundary value

problem

Eurasian Research Bulletin

www.geniusjournals.org

Page | 39


mailto:abulov1959@mail.ru

Volume 44|June 2025 ISSN: 2795-7365

0
Lu Ea(mxx +u,, +u, +au, +bu)+cuy +du, + ju= f(x,,1),

u|aD=0, u,|._,=0 (att>0)

was investigated. We will assume that the coefficients of equation (1) are infinitely differentiable
functions.

Method of solving the problem. To solve the problem (1), (2) we use the Galerkin method to obtain a
priori estimates and, using these estimates, prove that the solution of this problem exists and is unique

in space W, (Q).
Definition 1. Let us denote by the sz (Q) space of functions obtained by closing the functions from

the space C”(Q), satisfying condition (2), according to the norm [15]
el o) = J i 162, 16+l u? + ).
o
Definition 2. A function u € sz (Q) will be called a weak generalized solution of problem (1), (2) if the
identity

j (—ku, v, —kuyv—pu v —pu v+au_v+bu,v)dQ :I dQ. (3)
o o

holds forall ve C; (Q).

For the given problem we formulate the following statement.
Theorem. Suppose the conditions

a(x,t)—%|yx|25>0, b(x,t)—%|bt|251 >0, (4)

are met. Then for any function f(x,?), suchthat, / € L,(Q), thereis a unique solution of the problem

(1), () in W, (Q).
Proof. We will find the solution of the problem (1), (2) using the Galerkin method

um(x,t)zz J;@®)@.(x), where the basis functions  @,(x)  are solutions of the problem
=1

¢ =—4p, e(D=¢1)=0, and the coefficients Ji(®) are found as solutions of the following
boundary value problems for a system of ordinary differential equations

(kumttt > (01- )0 + (luumxxx b ¢i)0 + (aumxx > (01' )0 + (bumtt > (Di )O = (f’ ¢i)05 (5)

J:(0)=j(T)=0, i=12,...,m, (6)

1
where, for example, (/2000 = If(X)wi(x)dx , 1.e. the scalar product in L,(-1D.
-1

The solvability of problem (5)-(6) for fixed m follows from the general theory of ordinary differential
equations. Due to the boundary conditions (2), it is easy to see that the solution satisfies the estimate

[w.do<c[u}do. (7)
0 0
Let us derive m-uniform estimates for Galerkin approximations. To do this, we multiply (5) by —j.(¢)

and, summing over i, we obtain
(kumm > _um )0 + (/’lumxxx > _um )0 + (aumxx > _um )0 + (bumtl > _um )0 = (f’ _um )0 : (8)
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From here, integrating over t, by the method of integration by parts, in view of (2), (4), after some
transformations we arrive at the inequality

2 2 2
I(umt +u, +u )dQ<C. (9)
9
Next, consider the following equality
(umttt ’umxx)O + (luumxxx’umxx)o + (aumxx’umxx)o + (bumtt’umxx)o = (f’ Z/lm)cx)O' (10)

From identity (10), by virtue of (2), (4) and estimate (9), integrating over t, and integrating by parts,
after simple transformations, the following estimate follows

[, +updo<c. (11)
0

Now, consider the following equality

(umttt 9umtl)0 + (/’lumxxx9umtl)0 + (aumxx’umlt)o + (bumtt ’umtt)O = (f’ umtt)O' (12)
From identity (12), by virtue of (2), (4) and estimates (9), (11), integrating over t and integrating by
parts, after simple transformations, the following estimate follows

[, +ul)do<c. (13)
o

From estimates (9), (11), (13) it follows that the sequence of approximate solutions in space W22 (0),

is limited; it is possible to select a subsequence {umk (x,2)} and go to the limit at m, — oo in system

(5). It is easy to verify that the limit function belongs to the space Wz2 (Q) and satisfies identity (3).
Since the system {@,(x)} isdensein L,(—1, 1).

Now we will prove that the solution of the problem (1), (2) is unique. If functions u and v are
two solutions of the problem (1), (2), then the function w=wu—v satisfies the equation

kw, + u(x)w_ +a(x,t)w_ +b(x,t)w, =0. Let's consider the integral

I(kwm +u(x)w,_ +a(x,t)w_ +b(x,t)w,)wdQ =0 and integrating by parts, by virtue of (2) we
o

obtain I (W’ +w? +w")dQ <0. From where it follows that w= 0 in Q. The theorem is proved.

0
Conclusion. This work is devoted to the study
of the solvability of a boundary value problem
for a third-order equation of mixed-composite
type in a quadrangular region. The paper proves
new theorems of existence and uniqueness of
the solution of the boundary value problem (1),

(2) in space W, (Q), which allows us to expand

the range of solvable problems in the theory of
non-classical equations of mathematical
physics.

List of used literature
1. Abulov M.O. Boundary value problem for
a third-order mixed-composite equation
// Dep. in VINITI, 1989, Ne 1436 - B89.
P.5.
2. Abulov M.O. Nonlocal problem for one
type of third order equation //

Mathematical notes of NEFU, 2023, Ne
30.

Bitsadze A.V., Salakhitdinov M.S. On the
theory of equations of mixed-compound
type // Sibirsk. mat. magazine, 1961, V.
II, Ne 1. pp. 7 - 19.

Bitsadze A. V. On equations of mixed-
composite type // Some problems of
mathematics and mechanics (on the
sixtieth anniversary of academician M. A.
Lavrentiev), Novosibirsk: Siberian
Branch of the USSR Academy of Sciences,
1961. pp. 47 - 49.

Bobylova L.A., Smirnov M.M. On one
boundary value problem for a mixed-
composite equation of the 4th order //
News of higher. educational. institutions.
Mathematics, 1972, Ne 5 (120), p. 15-21.

Eurasian Research Bulletin

www.geniusjournals.org

Page |41



Volume 44|June 2025

ISSN: 2795-7365

6.

10.

11.

12.

13.

14.

15.

Vragov V.N. On one equation of mixed-
composite type // Differential Equations.
1973.Vol. IX. Ne 1. P. 169-171.

Vragov V.N. Boundary value problems
for non-classical equations of
mathematical physics. Novosibirsk: NSU,
1983. - 84 p.

Dzhuraev T.D., Rakhmanov U. On well-
posed boundary value problems for
equations of mixed-composite type //
Differential Equations. 1973, Vol. IX, Ne 1,
P. 32-40.

Egorov LE., Fedorov V.E. Non-classical
high-order equations of mathematical
physics. Novosibirsk. 1995, 134 p.

Lions J. L. Some methods for solving
nonlinear boundary value problems.
Moscow: Mir. 1972, 408 p.

Lions ]. L., Magenes E. Inhomogeneous
boundary value problems and their
applications. Moscow: Mir. 1971, 372 p.
Pyatkov S.G. On one equation of
composite type // Differential Equations.
1980.Vol. 16.Ne 1, pp. 117 - 123.
Salakhitdinov M.S. Equations of mixed-
composite type. Tashkent: Fan, 1974.
154 p.

Salakhitdinov M.S., Monov B.T. Boundary
value problems for an equation of mixed-
composite type with one and two
degeneracy lines // DAN UzSSR. 1972. Ne
3.P.19 - 21.

Sobolev S.L. Some applications of
functional analysis in mathematical
physics. Novosibirsk: Nauka, 1962. 251

p-

Eurasian Research Bulletin

www.geniusjournals.org

Page |42



