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For numerical simulation of the Navier-Stokes equations in the "vortex-current”
system, the Peaceman-Reckford scheme is used in combination with an iterative
alternating direction scheme with optimal iterative parameters. The efficiency and high
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é accuracy of the applied numerical method are illustrated.
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To date, there are numerous studies
devoted to the numerical simulation of
problems of a viscous incompressible fluid
based on two-dimensional Navier-Stokes
equations in the "vortex-current” system.

Despite this, the question of the
effectiveness of the use of certain methods for
numerical simulation of the above problem is
relevant.

The work [1] proposes a method for
solving the Navier-Stokes equations in natural
variables. The method is based on the joint
solution of the equation of motion and the
equation of continuity using a finite difference
approximation. The paper [2] proposes a
numerical method for solving the Navier-Stokes
equations for a viscous incompressible fluid (in
physical variables), supplemented by heat
conduction equations. When constructing it, an
approximate factorization scheme is used with

the splitting of the original operators by
physical processes in a special way. In [3], a new
approach to pressure calculation was proposed
when solving the complete Navier-Stokes
equations in the “velocity-pressure” variables
on structured grids. This method is based on the
use of integral forms of the continuity equation
and pressure decomposition, on the basis of
which an auxiliary problem is formulated.

In [4], the complete system of Navier-
Stokes equations in velocity-pressure variables
is solved by the numerical method of finite
differences for the case of a viscous
incompressible fluid. The discretization of the
original equations is implemented in staggered
grids. In [5], algorithms for the numerical
solution of the Navier-Stokes equations are
presented using high-performance computing
technology, such as multiprocessor systems
with distributed memory and graphics
accelerators. In [6], the efficiency of an implicit
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iterative polylinear recurrent method for
solving systems of difference elliptic equations
that arise in the numerical simulation of two-
dimensional flows of a viscous incompressible
fluid is analyzed.

The work [7] is devoted to the study of
numerical methods for solving the Navier-
Stokes equations in "vortex-current” variables.
To solve the corresponding linear grid
equations, the standard library was used, which
contains an efficient parallel LU of matrix

decomposition for solving systems of linear
equations with sparse matrices.

In this paper, for the numerical solution
of the "vortex-current” system of equations, the
Pismen-Reckford scheme is used in
combination with an iterative alternating
direction scheme with optimal iterative
parameters.

1. Statement of the problem. In
Cartesian coordinates, the system of Navier-
Stokes equations in the form of a "vortex-

current” is written as follows [8]:

2 2
Q0 00N 0N (80) awj+Q(t,x,y), ()

+ =V| —5 +—
ot oxoy oy ox ox~ oy
2 2
R AN 2)
ox~ oy
Ny, B & .

W=
oy OX ox oy
Here X, Y - spatial coordinates, t -time, U and 3 - projection of the velocity vector on the coordinate
axes, V - kinematic viscosity coefficient, \y, ® - current and vortex function, respectively, Q - known
function.

For system (1)-(2) in the region 5 : {(X, y,t) € :0,1] X [O,l] X [O,T]} , we set the following

boundary conditions:

oy oy
=0, =0, —| =0, —/| =0, 0<y<] 4
\V|x=0 \Ij|x=]_ ax o ax _ y ( )
oy oy
=0, =0, =0, =0, 0<x<], 5
\V|y=0 \V|y=1 8y x=0 8y x=1 ( )

initial conditions at t = 0 have the following form:
v(0,x,y)=0, o(0,x,y)=0. (6)

2. Finite-difference approximation. In the region D, we introduce a uniform grid along the
spatial coordinates X, Y

ﬁh:{xi:ih, y, = jh, 0<i,j<N, h:%}

and time grid t

Q_ZTZ{tk =kr, k=0,1,...|\/|}, rreT=1 /M.

The system of differential equations (1), (2) is approximated on the Q= OQn x Q. difference
grid.

For the numerical solution of the vortex equation (1), we use the method of alternating
directions (the Peaceman-Reckford scheme) [9]. It is known that this scheme, as an implicit scheme, is
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2
absolutely stable. The Peaceman-Reckford scheme has an approximation error 9(‘52 + |h| ), where

2 2,2
Ih|"=h +h,, h, h, is the grid stepsin X and Y respectively.

Equation (1) is approximated by the Peaceman-Reckford scheme. In this scheme, the transition
from layer K to layer K +1 is carried out in two stages. At the first stage, intermediate values o; ”/2

are determined from the following system of equatlons.

k+1/2 k V2 _ ka2
('Oij — +(Di++1,j |+1, \Vu g " Vija
0,5t 2h 2h
o

k
ij1 ~ Dija Vi) — wlflj l( k+1/2 2(DK+]/2 N (Dk+]/2)+
2h 2h I+1J i-1,j

(7)

:T

k

+%( |J+1_20):(,j+0):<,j7) (k+]/2’ iy )’
i,j=12,...N-1k=01,..M -1,

and at the second stage, using the found values of co:(jj/z, the values of 03:‘;1 are determined from the

system of equations:

k+1 k+1/2 k+1/2 k+]/2

@5 O 4 Wi — Oy \|f| g " Vija
0,5t 2h 2h
K+l K+l k
o j+1_03|j a W|+1J Vi, _l( Y2 _ o k+]/2 n k+]/2)+
2h 2h - h2 i+1, ;, w; -1,j (8)
kil kil | kil
+F( LT 200 Oy 1)+Q(tk+1’xi’yi)’
,bj=12,..,N-1k=01..M-1.
Equation (7), reduced to standard form
—~ k+1/2 = k412 = k+1/2 =k
Ao, —Co,;" +Bo,; =-F;, )

i,j=12,..,N-1k=01..,M —1.

_%(Wik,jﬂ_wij—l):l’ B =0, STl:h—+41h (W:(,j+1_\|j:(,j—l):|a

C :1+;_\2}’ 'E.kj :(’3:(,1 O’Egv(m:fj+l—2m:(’j +o):(’j_1)+
+%(wr’j” —03:(,1-_1)(\1!:11’1- _\Vik—lyj)JrQ(tsz’ .,y.)

k+y2
Difference equation (9) is solved by the sweep method, while to determine the values of (Di-ﬂ/

at all nodes of the difference grid, O( N 2) arithmetic operations are spent [10].

k+y/2
After all coij+1/ are found, the difference equation (8) is solved, bringing it to the standard form:

Eurasian Research Bulletin www.geniusjournals.org

Page | 44


https://geniusjournals.org/index.php/erb/index

Volume 38| December 2024

ISSN: 2795-7365
k+1/2
A oa, 31— C; 00 Ty B, o .

i j+1 F

ij !

(10)
Lbj=12,...,N —1 k=0,1..M-1.
where

\% l K K v 1/ « k

c1h— o °§(z)
04ir(®k+1/2 B k+j/2)(\|/:(,j+l —\ll:(,j_l)"‘Q( 1 Xir Y| )

i,j O
To find all 00 by equation (10) by the sweep method, O(NZ) arithmetic operations are
required

To determine the values of the vortex at the boundary nodes of the grid, the Woods conditions are used
[11]:

+ S S " S S
s+l coisll 3(Wi,o _\lfi,l) s+l O‘)ile—l 3(‘Vi,N —V; N—l)
’ 2 h ' 2 h
+ S S 4 S S
s+l Q)ijl 3(Wo,j _\Vl,j) s+l (’of\lfl,j 3(“VN,j _WN—l,j)
O\)Ovj + = 2 ) O‘)N,j + = > . (12)
2 h 2 h
The systems of difference equations (9), (11) and (10), (12) are solved by the sweep method.
Let us present an algorithm for solving the boundary value problem (9), (11) by the sweep
method:
k+1/2 — k+1/2 =
i T OOy T Bis - (13)
iI=N-1LN-2,..10, (0<j<N) k=01..,M-1
—= =k
5 -8B 5 _ABTH
i+1 Aa i+1 C _A(_X ! (14)
i=1,2,.. -1, (0O<j<N), k=01,.,M -1.
3 k K
w2 o kU2 g k2 1 ke (\VOJ' _\Vlj)
@ =00 +B, 0 :_Eml,j + hZ '
(15)
k k
— — S(WOJ le)
a,=-0,5 B,= x , (O<j<N),
k+1/2 k k
vz Oy S(WN,j W )
oy ; + = 3 ) (16)
’ 2 h
k+1/2 — k+1l2
o —

N-Lj — BN ! (17)

Substituting (17) into (16) we obtain expressions for determining the value of @, ; at the boundary
node of the grid, i.e. at i=N
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s(wk__wk )
oy} = N’th 0,58, | /(1+0,53,), (18)

Now we present the algorithm for solving the boundary value problem (10), (12) by the sweep
method:

k+ k+ . .
@ =00 e +Bia J=N-LN=-2..,10, (0<i<N), (19)
o, __ B B., = AP, + F"kjﬂlz j=12,..,N-1 (0<i<N), (20
j+l CJ —AJ(X] ' j+l CJ —AJ(xJ 1 1&g 1 1

0):(;1 = ocloo:tl +B,, (o:(’gl = —0,503:(;1 + 3(w?0 — w:fl)/hz ,

(21)
k k 2 .
0,=-05 B, =3(l,-wii)/n", (0<i<N),
0):(’;1 + O,5(Dikj\ll_1 = 3(\|1:(’N — \y:(’N_l)/hz , (22)
k+1 k+1

;N = QO +BN’ (23)

k+1
Substituting (23) into (22) we obtain expressions for determining the value of ®, L at the boundary
node = N:
k k
Kol 3(\Vi,N - \Vi,N-l)

Wy = ~ -0,58y | /(1+0,50). (24)

Consider the numerical solution of the equation for the current function (2).

Equation (2) is replaced by the following non-stationary equation:
0 0° 0°

- ‘/2/+ Vzl+a),03x,y§1, (25)
ot ox° oy

Equation (25) is considered under the following initial and boundary conditions:

w(t.xy)|,_,=w(0xy), (26)
w(txy) =0 w(t.xy),_ =0 (27)
w(t, X, y)‘y=0 =0, w(t,X, y)‘y=1 =0, (28)

Let us approximate equation (25) by a scheme of alternating directions:
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L s s+t S+E sl
(‘//i,j) 2_(‘//i,j) :(V/i—l,j) Z_Z(Wi,j) 2+(‘//i+1,j) 2+
v
+(‘/’i,jl)s - 2(‘?21 )S +(‘/’i,j+1)s 4, (29)
i=12,..,N-1, j=12,.,.M -1 s=1..ns,k=01..T-1

+ (l//i’j_l)SJrl — Z(Vllfl]zj )S+1 . (Wi’jﬂ)ﬁl + a)iIJ'Hl’ (30)
2
1=42,..,.M-11i=12,.,N-1 s=1,..,ns,k=0,1,...,T -1,

Il
S T -
n N % M

For the numerical solution of equation (25), it is necessary to find the optimal iterative
parameters, for which the following constants are preliminarily calculated:

Let the minimum and maximum values of the difference operators Ay, and A,y; be equal

to 0;,A, and 0,,A,, respectively:

é‘)lzizsmzm J, —iz n2ﬂ (31)
h; 21, ) 21,
Al=i2co LT 4zcoszn—hz. (32)
h 2, h, 21,
Using these eigenvalues, the following variables are calculated:
A =8, )(A, -0 -
£ = ( 1 1)( 2 2)’ nzl EJ, (33)
(A +38,)(A,+3,) 1+§
A =6,)A K—t
_(AT8A, ket (34)
(A, +8,)A, K+t
A=A, +(A +A -
— 1 2 ( 1 Z)p,q:r+1 p. (35)
2A A, A,

The number of iterations required to find a difference solution with a given accuracy & >0 is

calculated using the following formula:

ns ~ iInﬂlnﬂ (36)

2
o € M

() ()

Then the iterative parameters 7; necessary for the implementation of the iteration

scheme of the variable direction are calculated based on the following formulas:
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1 > 1 2j-1 .
0=—n’[1+2n? ], =072 j=12,..ns
16 ( 2 j " ons '}

(1+20)(1+6°)

207 (1+ 0" + e““)

®; +r o, —r
T(jl) :ql_, T(jz) _ ;-1 (39)
1+o;p 1-o;p
We approximate the initial condition (26) as follows

(vi,) =¥, i1=0L.N, j=01..,M.

ISSN: 2795-7365
(37)

W, =

(38)

(40)
Boundary conditions (27), (28) are approximated as follows:

s+1 s+1 .
(VIO,i) :O’ (WN,j) :O’ j:O,l,...,I\/I, (41)
k=0,1..,N, -1 s=0,1,...,ns -1,

s+1 s+1 .
(V/i,o) =0, (Wi,M) =0,1=01...,N, (42)
k=01..,N, -1 s=0/1,...,ns-1,

System (29) is presented in a standard form, convenient for using the sweep method
1 1 1
— S+= — S+= — S+= ka1 \S
A(‘/’i—l) 2 _C(‘//i,j) 2 +B(‘/’i+1,j) 2 :_(Fi,j ) (43)
i=12,..,N-1 j=12,.,M-1,s=01..ns-1,k=01,...,N, -1,

here

_ G S S s
(Fi'j) :(l//ivi) +Z;22 [(Wi,i—l) _Z(V/i,j) +(l//i,j+1) }"‘wkﬂ
1

i

after finding (V/i,j ) 2 for all values of the considered indices, equation (30) is written in the following
standard form:

— S+ — S+ — S+ s+1
A(Wia) 1—(:(%,].) 1+B('7”i,j+1) 1:‘(Fi,i) g (44)
1=42,.,M -1 i=12,.,N-1 s=01,..,ns-1, k=0,1,...,N, -1,

here
T(l)
A=B=-, C=1+2A
h;
S+1 3+E (2) S+£ S+£ s+1
(Fili) ‘ :(WU) ’ +T;I12 |:(l//i—1,j) ? _Z(Wi,j) 2 +(l,Ui+1’j) 2:|+a).k+l

Equation (43) is solved by the sweep method:
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ai+1:#’ ﬂi+1:
(04
k=01,..,N, -1 s=0,1,..,ns— 1051 0, B =

1
(WN,J' )S+E =0,
1 1

(l//i'j)SJrE_ '+1(W'+1J)S+7+ i+11
i=N-1..10, k=01...,N,-1 s=0,1,...,ns -1,

1 1
S+— _ s+7 — S+=
(Wo,j) 2:051('//1,1') 2+ B (‘//o,j) 2 =0,
then equation (44) is solved by the sweep method:

1
B AB+(Fy) 2
a. ==—, : == — —’ ) = M _11"'10!
T Aa C-Az

]

s=01,...ns—1 k=0,1,..,N, -1 &, =0, B =0

(l//i’M )s+1 _ O
( )S+l =iy ('//i,j+1)S+1 + ﬂ_j+1’
j=M-1,..10, k=01..,N,-1 s=0,1,...,ns -1,

S+1

('//i,o )S+1 = al(Wi,1)5+l + 5 (‘//i,o) =0,

We supplement equations (29), (30) with the boundary conditions
s+1

wm =0, vy, =0, i=01..,N s=01,..,ns-1,
\%J:O,qu:O,j:OJWHNs:O¢"JB—L

(45)

(46)

(47)

(48)

(49)

(50)

(51)
(52)

3. Results of numerical calculations and conclusions. Let us present the results of numerical

calculations for solving the Navier-Stokes equation based on the above methods.

To solve problem (7)-(30), the longitudinal-transverse method (the Peaceman-Rackford
scheme) and the iterative method of alternating directions with optimal iterative parameters were
used. The grids are selected as follows: h, =h =0.05 v=1 t=0.001. We will carry out a

computational experiment using the trial function method. If the differential problem has an exact

stationary solution \V(X, y)=sin2nxsin2ny, then it is possible to obtain an expression for the

function Q(X, y) and (D(X, y) [11]. From the current equation (2) we obtain formulas for the function

o(Xxy):

Let's find derivatives

OX

2 2
¥ _ 2n?cos2nxsin?my, a_qu = 21" cos 2mysin’ mx.
oy

(53)
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Supplying the found derivatives in (53) we obtain the following formulas for the function
o(x,Y)
(X, y) =2n* (4sin’ nx sin® ny - sin’ nx —sin’ ey ).

In the stationary case, from the vortex equation (1) for Q(X, y) we have

2 2
Q(x, ):_8_036_\y+6_m6\y+v 6(;3+802) (54)
OX oy 0y OX oX® oy
Putting (53) into (54) we obtain the following expression for Q(X, y)
0° 0° 0 0° GRIAY,
Qxy)=| T+ =ty [Fh-| S+ T |2
ox> oxoy® Joy \oxoy oy’ )ox (55)

o'y o'y o'y
st 2 22 T A
oxt T oxley? oy
We put the partial derivatives of Y ( X, y) in (55) and finally obtain the following expression for
the function Q(X, y) :

Q(X, y) =8n’ {861262 ~ 36! -302+1+06,0,6,0, [cg (4G§ - 3) ~c’ (4cyf1 — 3)]} ,

o, =sinnxX, o, =sinny, 6, =C0STX, G, =COSTY.

On Figure 1 shows the level lines of the stream function based on exact solution calculations and
numerical results.
1 T T

1
09t 1 09l
A428E 1428 e 0.1428
3 pre e
R 028" 478065 0T Lok S et o
A 057153 B g 4285 0. N
07t / ? i I / 0.57143 91 NG
/ T %@qg Na SR L // >, "3% N 2
/ v 2. N B g 277, \
o6 § o = - 1 06§ ¢ =S \ B
T 5 8e 2 % e\ S blhe ./ AL
g Qo & TR (i ; 8o, @ O ] 5
~05f P sl e I O 1 0s5r s §33 2 )3 |8
1328% F'h 1188 i 1T
0.4 \ / 1 04t \ S S /
b s I y 3 ] /
03F N v '*W’IJ\M b?/éj /' i 03 X ""'-——7(1),‘1'\&7' f ol
: \’o 0.425257153 S A F “l N 0.42 il Se W
. 4286, - ) r. D2gs 0928 A
o1k \ﬁ.mz _ o1l T2
a R R S S S R S R 0 O
0 01 02 03 04 05 06 07 08 09 | 0 01 02 03 04 05 06 07 08 09 1
X
a) numerical solution b) exact solution

Figure 1. Exact and approximate solutions for the stream function

On Figure 2 shows the vortex level lines obtained from the results of numerical calculations for
calculating the exact and approximate solutions.
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a) numerical solution

Figure 2. Exact and approximate solution of the vortex equation obtained from the
results of numerical calculations.
To solve the stream function, the use of an iterative alternating direction scheme (IADS) with
optimal iterative parameters is effective from other iterative methods such as a simple iterative method,
the upper relaxation method, the Seidel method [12]. Because N(&) the number of iterations required

to ensure the accuracy of & >0 is greater in other methods than in this method. Comparison of the
number of N(&) iterations to ensure the accuracy of & > 0 in different methods is shown in Table 1.

09F ‘fb%\ ‘7‘22\9 - ,\.’ﬂg ‘97‘9®*:
08t /,-f»?.e«gag—-zmssh .
d .
; A077 86
07 / 58 A0 367 \ =
| T EsIY— o
06 \ 7 0188 N\ %, &
i g @
| @
- 05} J q D N @
oo & AT
I @ 8z \ ¥ &
ks 2 G T 2, 31018 A 8 }
A ¢°|| 3 “?g 05, PR o 7
03f WV \ A 02 / S
’ 5 5.639 7 a
L B 83977 4
02 21082819
5. e 11 E
01 a,% NG 270 ﬂ&@%—
a0 g B 5 o8 o 2k s 0
0 01 02 03 04 05 06 07 08 09 1
X
b) exact solution

Table 1. The number of N(¢) iterations to ensure the accuracy of & > 0 in different methods

Name 0,001 0,0001 0,00001 0,000001

iteration method

IADS with optimal 5,437918 6,947587 | 8457256 | 9,966925

parameters

Upper relaxation method 87,95487 117,2732 146,5914 175,9097

Simple iterative method 559,9546 746,6061 933,2576 1119,909

Seidel method 279,9773 373,3031 466,6288 559,9546

To solve the vortex equation, the incompressible  fluid // Computational
Peaceman-Rackford method was used. technologies. No. 2, 2006. S. 39-51.

Comparison of the calculation results shows
that the numerical solutions obtained by the
Peaceman-Rackford method are close to the
values of the exact solutions.
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