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This article considers some aspects of the development of creative activities of students
in solving some problems related to vectorial and mixed multiplication, and gives
concrete examples of the use of each studied method in the teaching of analytical
geometry.
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Definition: a expressed as the ¢ vector product vector be counter-clockwise. Vector

of vectors axb and, b it is said that the vector multiplication is a b denoted as [ 1311, axb or
satisfies the following three conditions [2]: c=[d b 1.

10, axb=|c|=|d|b |sin(d@" b) According to property 1 in the given definition,
20 zla clb the ¢ length of a vector is equal to the face of a

parallelogram consisting of sides aand b

30, a, b, ¢ vectors to the common head, and ¢ =
vectors. Property 2 means that it is a vector

from the end a of, l; when viewed in the plane

where the vectors lie, let the shortest path turn product (that is, a Cvector) dand bis

perpendicular to the plane on which the vectors

from the avector b in the direction of the lie.
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Vector multiplication has the following

_ 10.[a b ]=0 if at least one of the multiplier
properties. -

vectors is a zero vectoror @ // b .
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Proof: Ifindeed G // b then [ @ b ]=0.If
they are parallel, the angle between them is 0

°or 180 ©°, so sin( a 5 )=0, and according to
condition 1 is perpendicular to the plane, but in

the product [a b] a, the b right ¢ vector
product is the zero vector .

2 0. If the positions of the multipliers of the
vector multiplication are interchanged, the sign

of the vector multiplication changes: [ a b 1=-1
bal

Proof: In fact, according to clauses 1 and
2 of the definition of vector multiplication,

vectors [ a E] and [ b d ] have equal lengths
and both are perpendicular to one plane, but [

ab ] in multiplication @ Since forms the b right
triple and [ b a ] forms the left triple, we create

a vector [a b ] opposite to the direction [ b d]

— —

5:ax17+ayj+azk b:bx;+byj+bzg,then [C_i
k)=(aybz-azby)i-(axbz-asbx) j+(axby-aybx) k=

ijk

a,a,

b, b,

aX aZ
bx bZ

a.a

b, b

0

=

i+

b.b, b,

a formula for calculating the area of a triangle
can be derived using vector multiplication. Let
ABC be given by the coordinates of the vertices
of the triangle;
A(x1,y1,21,),B(x2,y2,22),C(x3,y3,z3) formed
according to the definition of vector
multiplication the modulus of the vector is equal
to the area of the parallelogram. And half of it
gives the face of the triangle;

SABc=l”:A—B>'A—C;]
2 —

three a, b, ¢ vectors be given.
Definition: a, b and ¢ is a mixed product of
vectors (according to the specified order of
vectors) dand b is the number obtained by
scalar multiplication of a vector by a vector
equal to the vector product of vectors .¢

A mixed product is specified as [ @ Z;] or(a b
c).

a,a,

K=laaal or[db]=
x Ay 9, [ ] bybz

30, These relations hold for any real numberi

Mabl=s[rabl=a[rb]

4 0. The distributive law holds true for vector

multiplication.

[a(b+c)]=s[ab]+[ac]

1. Vector products of unit vectors are as
follows.

(i j1=-1jil=k; [ 7

~.

~.!

l;f]z—[fl;kj; [j

=

; [ k

If in the Cartesian coordinate system d and b
given by vector coordinates, i.e

—

]=(axi+ayj+a.k)(bxi+byj+by

aX aZ
b, b,

aa,
b, b,

A mixed product has the following geometric

meaning. d, l;, ¢ vectors placed at a point O
and form a non-coplanar right triad. We make a
parallelepiped whose edges consist of these

vectors. ‘[ab]‘we see that the quantity

represents the face of this parallelepiped.
According to the definition of scalar

\[EB]\ o= \[513]\ :

multiplication: C‘ COS Q.

[4]Being | & | cos® here ¢ = (([ab])"¢)
is equal to the straight line projection of the
vector in the direction and is the height of the
parallelepiped | ¢ |cos@ = ¢ h
So[ a l;] C =S base h=V. Here V is the
volume of the parallelepiped. So the volume of
the parallelepiped: V=|[ a b ]¢ |[5]
={ax,ay,az} b={bxbyb:z}and ¢ ={c
x,Cy,Cz} are given in the coordinate system d
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R={o, 17, ], } k . Let's find the mixed product of
three vectors given by their coordinates.
d and b the vector product of vectors is:

aa

b, b,

—

b=

gy

a a |-
j t
b}r bz

K
b, b,

—

[ a

N
Now ¢ we multiply the resulting vector by a
vector scalar:

[ ab] ¢ =
c.c.c,
ayaz axaz X
c, —-c =b. b b,
b, b, ybtbz bb y
' a a a

x Py Yz
We write this determinate in the following form:
a,a,a,

[ab]c=bbhb

40, VkeforR(k abc)=na b
50 . - Coplanar a

—

an application of this formula, let's derive
the formula for calculating the tetrahedron
volume based on the coordinates of its vertices
Points A (x1,y1,21),B(x2,y2,22),C(x3,y3,Z3)
and D(X 4,y 4,Z 4) of the tetrahedron be the ends.

AB = {x2-x1,y2-y1,22-21}, AC= {x3-x1,y

3-y1,23-21} AD ={X4-X1,y4-y1,24-21}

Since the volume of a tetrahedron is equalto 1/6
of the volume of a parallelepiped built on three
edges from one end of the tetrahedron

V ter = %K AB AC AD) |= %mod

Xy —X) Xg— X, X, — X

Yom=Y1 Yas= Y1 Ya— Wi

2,-2,2,—-17, 7,—1,
A mixed product has the following properties.
10.(@ b &)=(b & @)=(¢ d b)Indeed, the
absolute values of the volumes of the

parallelepiped constructed from these three
vectors are equal

_. —

)=[@ b1 ¢=[b d]C=-(b G ¢)means(a b ¢)=-(b

¢ —(G@ ¢ b)

d)+(b ¢ d)because ((d+b)cd)=[d+D,
)

— —

cld=([acl+[bC]d

¢)because (MG b ¢)=[rdb]c=Aab]é=Mab &)

, b and ¢ vectors the mixed product is equal to 0 , because the parallelepiped

constructed from these vectors is in the plane, its height is equal to zero, and vice versa (@ b ¢ )=0

—

from which a, b, ¢ vectors are coplanar.

vV Let a, b , C be a given vector. For them a -( b.¢ ) vector is called double vector product. We
show the simplest rule for finding double vector multiplication by the following theorem.

Theorem 1: for V three a@, b , ¢ vectors this equality a ( b C)= ( a,c) b - -(a, b )¢ holds.

Proof : Let arbitrary vectors be d of b ,¢ the form d=a1i +a2 J+as k,

bh=b1i +b2

j+bs k ¢=cii+ca J+cs k . Then the b vector product of ¢

‘ ] k b,b bb bb
b-c=lb, b, b|=| ="+ "k
C,Cs €G3 GG,
€ 6 G

gives the vector. Now @ we vectorially multiply the vector () by the vector: b ¢
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a-(b-c)=| a a, a, |=
bZ b3 bl b3 bl b2
C2 C3 Cl CS Cl CZ

[(azblcz _azbzcl +a‘3blc asb c ) (aib G — a1b1C2 + +a'3b2C3 B aebscz) j+
+(a1b3C1 - a1b1C3 + azbscz _azbzcs)k] = {bl (alcl +a,C, + ascs)_cl(a1b1 + azbz + asba} i+
+{b2 (a1C1 +a,C, + ascs)_cz (albl + azbz + a3b3)} j+ {ba (alcl +a,C, + 6\303)—03 (albl + azbz + aebs )} k=

- > > >

=(ac)b—(ab)c
Theorem 2 : This equality holds for arbitrary three a, b, ¢ vectors
ax(bxc)+bx(cxa)+cx(axb) 0
Proof : according to theorem 1 ax( b x ¢)=(a-¢)b-(a-b)¢,bx(éxad)=(b-a)-¢-(b-¢)a
CX(axb) (c- b) a-(c- a)b

Adding these equations and using the symmetry of scalar [6]multiplication gives the above
equation.
Example 1 : Calculate the sine of the angle between the diagonals of the parallelogram made of the

following vectors. a% —2r?1+ﬁ p va b —m 3n+ p , in this mﬁ ,n% , pﬁ are mutually
perpendicular sides. Calculate the length of this vector. [7]

Solution

g(2;1; -1) and k?(l; -3;1) rﬁﬁ D since they are unit vectors and reciprocals m n-n= rﬁ S = E 5 =0 will

N

be. a+b = (3—2;0)and a—b = (1:4;—2), from this

cos(x—(ajbj (a b) 3-8+0 > ,sina =+/1—cos® « from being sina = \/—é 248
2l ~ 321 218 273\ 273
mon p
c=[a+b;a-b]=|3 -2 O0|=4m+12p+2p+6N=4m+6n+14p
1 4 2

[a+b:a—b]= C|= 16+ 36+ 144 = /248

Example 2 : a (3.~ —2) and b (0:—2;4) if ,(a+2b )x (2a—3b) find the product.
Solving . First r;l) = g+ 2 6) and rT =2 g—3gwe find the coordinates of the vectors.

this m ={1-3+2:0;1-(-1)42+(-2);1(-2)+2-4}={3;-5;6}, n ={2:3 -3:0;2-(-1)-3+(-2);2(-2)-3-4}={6;-8;-16}

- - -5 6> |3 6| |3 -5~ - > -
mxn = — J+ k =128i +84 j +6k
-8 -16 6 -16 6 -8
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