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ABSTRACT

estimators was ML and Pi .

In this paper presents the R reliability mathematical formula of (3+1) Frechet Cascade
model . The reliability of the model is expressed by Frechet random variables,which are
stress and strength distributions. The reliability model was estimated by seven
dissimilar methods ( ML, Mo, LS, WLS, Rg ,Prand Pi ) and simulation was performed
using MATLAB 2012 program to compare the results of the reliability model estimates
using the MSE criterion , the results indicated that the best estimator among the seven
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1. Introduction

Many researches have been performed on
reliability estimation R =p(X >Y) in the
field of strength and stress models . The
Cascade is a special kind of stress-strength
model .

Cascade redundancy is a hierarchical standby
redundancy in which a standby unit with
different stress substitutes for a system . When
a system unit fails , it is replaced by a standby
unit and the stress changed k Times the
previous stress [12] . In a previous study
Karam and Khaleel (2019) presented a study of
(2+1) Cascade model, which the model consists
of two main components and one redundancy
standby . In this paper , we assumed that the
(3+1) of Cascade with (U,,U,,U;andU,)
Unit , in assumed that the (3+1) of Cascade
with Units , in which three units
U,,U,,U; and U, are work and the unit U, is
a standby unit . Assume that X;,X,,X3,X,
denote the unit strengths

(Uy,U,,U; and U, respectively and
Y:,Y,,Y;,Y, indicated the enforcement of
stress . Here , if the active unit U, is a failure
then the standby component U, is activated ,
where X, = mX; and Y, = kY;, if the active
unit U, is a failure then the standby component
U, is activated , where X, = mX, and Y, = kY,
and if the active unit R; is a failure then the
standby component R, is activated , where
X, =mXsand Y, =kY; Where "k" and "
m " denote the stress and strength attenuation
factors respectively , such that 0 <m <1 and
k>1 Reddy (2016) [20] presents of R =
p(X >Y) by discussing model stress - strength
of a cascade , assuming all the parameters are
independent and following Weibull stress-
strength distribution in one parameter and
calculating first four cascade reliability for
different stress-strength values. Mutkekar and
Munoli (2016)[17] , (1+1) exponential
distribution cascade model is derived with the
common effect of the force and stress reduction

Eurasian Research Bulletin

www.geniusjournals.org

Page |41


mailto:ahmedmezher1402@gmail.com
mailto:karamns6760@gmail.com

ISSN: 2795-7365

Volume 1| Issue 1| September, 2021

factors . Kumar and Vaish (2017) [15] ,
discussed that Gompertz distribution is stress
and that strength is power distribution
parameters . Karam and Khaleel (2018) [12]
derived a special (2+1) stress-strength
reliability cascade model for the distribution of
Weibull . Khaleel and Karam (2019) [13]
discussed the reliability of the (2+1) cascade
inverse distribution Weibull model , reliability
can be found when reverse Weibull random
variables with unknown parameters scale and
known shape parameter are distributed with

2. The mathematical formula :

Suppose, for the four units ( three basic
and one redundant standby ) , the random
strength-stress variables of the four units j =
2.1. Frechet Distribution :[6],[22],[1]

flx,a,B) = afx~(@De=Bx"

R(x)=1—eF"
aﬁx—(a+1)e—ﬁx_

a

a

h(x) =

1—eBx"
E(x) = ﬁalr (1 —%)

V() = e [(F(l -) -+ (s _9]

The Cumulative distribution function of Fr(e, ) is:

-a

F(x) = e B> ,x=0,a>0,8>0

The Cumulative distribution function of Fr(a, u) is:
GO =e ™"  y>0,a>0,u>0

2.2. Reliability Model for Frechet
Distribution (Rg,) :

Let X;~Fr(a,B;);i =1,2,3,4 and
Y]-~Fr(a,uj);j =1,2,3,4 be strength and
stress random variables of the three

components ( three components are basic and

x>0, a>0,>0

strength-stress and wused six different
estimations mothed to estimate reliability .
Karam and Khaleel (2019) [11], expression for
model confidence is found when strength and
stress distribution are generalized in reversed
Rayleigh random variable Rayleigh , derived
from mathematical formulas for Reliability to
Special (2+1) . Khaleel (2021)[14] , (3+1)
exponential distribution cascade model is
derived with the common effect of the force
and stress reduction factors

1,2,3,4 each independently and identically
distributed Frechet of the parameter scale f;
, 1=1,2,3,4 and scale K ,j =12,34.

(D)

(2
(3
(4

. (5)

.. (6)

(7

one is standby )with unknown scale
parameters f;, u; and common known shape
parameter « , where X; and Y, are
independently and identically distributed

Frechet random variables.

The reliability function for (3+1) cascade model is :

R=P[X, =Y, X, 2 Y5, X5 2 Ys]

+P[X, <Y, X, 2 Y5, X3 2Y3,X, 2 Y,]
+P[X, =Y, X, <Yy, X3 = Y3, X, 2V,]
+P[X1 =Y, X, 2 Y, X3 < Y3, X, = Y,]
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R=R1+R2+R3+R4

Py =P(X, >V, = f [1— F,o)If 1) dys
Y1

= j (1 — e_.Blyl_a) a'ulyl_(a"}'l)e_ﬂl}ﬁ_a dy1
0

=j apyy,~ @ Deryi ™ — gquy, ~@De=Watpn™ gy
0

@ -a (.ul + ﬁl) —-a
- —(a+1) p—pugy1 7% _ 2 P27 —(a+1) ,—(u1+B1)y1
= a e a e
]0 HiY1 (uy + B 1V1
= [e—ﬂﬂh_a — H1 e‘(#l‘*‘ﬁl))’l_a] @
p + By
t > B
=(1- —(0-0) =
(- - 0-0 =15
P, = P02 = [ 11RO 0R) dy,
Y2

[ee]

(1 —_— e_ﬁZyZ_a) auzyz_(a+1)e_#ZYZ_a dyz
0

=.[ au,y, @ Detey2"" _ gy, (@D o-(zth2)y2"% 4y,
0

@ -a (,le + ,82) -a
— —(a+1) p—ppy, % _ e~ el —(a+1) 5 —(u2+B2)y2
= au e a U e
0 2)2 (liz + ,32) 2Y2
= [e—#zJ’z_a — H2 e‘(#z‘*‘ﬁz))’z_a] @
Uz + B> P
M2 2
=(1- )—(—oy_
( Uz + B> Uz + B2
P;=P(X32=2Y;) = f [1 - F3(y3)1f (y3) dys
Y3

= f (1 — e_ﬁ3y3_a) ausys_(a+1)e_ﬂ3y3_a dy3
0

=.f Uz s~ @ De kY™ _ gy, ~(@Do—(us+ha)ys™ gy,
0

* —a (lis + f3) -a
— —(a+1) p—uzys~* _ = o7 —(a+1) ,—(uz+p3)y3
= a e e
-fo Usys (/13 + '83)'“ 3

= [e_#3Y3_a _ H3 e~ (us+B3)ys~ a] o

Us + B3 8
- )- -0 =—"2

#3 + B3 Us + B

Py = P[X; <Yy, X, 2Y,]
:f Fi(y1) [1 F1< )’1>]f()’1)dY1

a _B (E )—a -a
f (e Biy1~ 1 —e 1 n‘Ly1 aﬂlyl_(a"'l)e_“lyl dyl

.. (8)

dy,

- (9)

dy,

. (10)

dys;

. (11)
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= fmaﬂ1Y1_(a+1)9_(ul+ﬁl)y1_a - a,ulyl_(“+1)e_[“1+(1+(m) )ﬁl]yl_adyl
0

_ ® M —(a+1) ,—(pu1+B1)y1~ ¢
= a H1Y1 e
0 (“1 + Bl)

[,u1+ (1 * (%)_a) '81] y _(a+1)e_[“l’“(“(%)_a)ﬁl]yl_ady

RCND

1

M By P _ —[u1+(1+(%)_a)ﬁ1]y1‘“ o0
mig e [u1+(1+(%) ),6’1]6 0
=| g b |-0-0)
u + B [u1+ (1:{ (%) )31] o0
1 o) o (12)

i (p1 + B1) [H1+ (1 + (%)_“) ﬁ1]
Py, = P[X; <Y, X4 2 Y, ]

=j F;(y2) [1 —F, (%yz)]f(yz)dyz

Y2
= .[ (e—ﬁzyz_“ ) I]_ — e‘ﬁz(%)’z) l aﬂ2y2_(a+1)e_u2y2_ady2
0

= f QMuzyz_(a+1)e_(u2+ﬁ2)y2_a
0 (42 + B2)

(G B] fe e
[#2+ (1 + (%) )52]

Ha e~ (H2+B2)y2~% _ Ha e_[uz+(1+(%)_a)ﬁ2]y2_a «©

Tt B [#H (1 L )‘“> Bz] 0

_ H2 H2 —(0—-0)

S ONE
_ o)
(uz + B2) [.U2+ (1 + (%) )ﬁz]

B .[ aﬂzYz_(a+1)€_(“2+ﬁZ)yz_a - a#z)’z_(“+1)e_[“2+(1+(%) )ﬁz]yz‘“dyz
0

dy,

..(13)

P33 = P[X3 < Y3,X4, 2 Y4]
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f F3(y3) [1 —F; ( )] f(y3)dys
Y3
f —B3y3 ™% Il — 3_33(ﬁy3) lauByB_(a’*'l)e—#sys_adyB
k% —a
j ausys (a+1)e (uz+B3)ys™% _ a/l3)73_(a+1)e_[#3+(1+(m) )ﬁs]ys dy3

= j aMﬂgyg_(a+1)e_(ﬂ3+ﬁ3)y3_a
(us + B3)

0
o
—u [:“3+ <1+(T)—a)ﬁ3]/l3y3_(“+1) [u3+(1+( )[;3]3,3 « .
s (14 Go) ) )
= e L rar(as() e
it By o [u3+ (H(%)_a)ﬁs]e # e

_ Hs H3 —(0-0)

45 (2 (55
b (5)

= k —a

(#3 + ﬁ3) [H3+ (1 + (ﬁ) >:83]
R, =P[X, =2V, X, =Y, X3 > Y5
= P[Xl = Y1]P[X2 2> Yz]P[X3 = Ys]
Ry = P,P,P;

Ry = [ [ ][] (1)

B1+u1d LB +pzl LB3+us
RZ = P[X1 < Y17X2 2 Yz,Xg 2 Y3,X4_ 2 Y4]
=P[X, <Y, X, 2 Y, X3 =Y, mX; = kY]
= P[X; <Y, mX; = kY;]P[X, = Y,]P[X; = V5]
R, = P11 P,P;

1w
) u%+4a)0%(1+(%)_> >[ﬁz+uJ[ﬁg+uJ

R; =P[X; 2Y,X, <Y, X3 >2Y3,X, 2Y,]
=P[X, =Y, X, <Y, X3 =Y, mX, = kY,]

= P[X, = Y;]|P[X, < Y,,mX, > kYZ]P[Xg > Ys]
R3 = P1P,,P;

LA 26 ()
= [[31 + yl] By + 1) (ﬁz (1 R <%)—a> N Mz) [,83 + ,Ug]

R4_ = P[X]_ 2 Y]_,XZ 2 Yz,X3 < Y3,X4_ 2 Y4_]

= P[X1 2 Y]_,XZ 2 Yz,X3 < Y3,mX3 2 kYg]

= P[X1 2 Y]_]P[XZ 2 Yz]P[X3 < Y3,mX3 2 kYg]
Ry = Py P, P33

..(14)

%4

..(16)

-

~(17)
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—-a

13 B3 (%)

“lrvalla=w B (52 (14 () ) 1)

R=R1+R2+R3+R4

-31 + li1] [,32 + liz] :336‘3%]

-

1t (3)

..(18)

(B, + /11)_(,81 (1 + (%)_ ) Fo ) [ﬁz + o] [/5’3 n uJ

Bi ] Hale (%)
Pt o, 4w (5o (14 (£

-

133 (%)

s

Bi 1[ B ]
B1 + By + sy

3.Parameters Estimation of Frechet
distribution .

3.1 Maximum Likelihood Estimation
Method (ML) :

Making the maximum likelihood was
one of most important developments in 20t
century statistics . In (1922) Fisher introduced
the method of maximum likelihood . He first
presented the numerical procedure in (1912),
but in (1922) the maximum likelihood method
gave estimates satisfying the criteria of
efficiency and sufficiency and there were two

(B3 + u3) (ﬁs (1 + (%)_a) + us)_

.. (19)

forms for sometimes Fisher based the
likelihood on the distribution of the entire
sample , sometimes on the distribution of a
specific statistic .[3]

Suppose that a random sample
Xy, X5,X3,...,X, have Fr(a,f) distribution
with sample size n, where £ isunknown scale
parameter and « is known shape parameter,
then the likelihood function "L", the joint
probability function with the general form, can
be written as follows :[7]

L(Xy, Xy, o, X, @, B) = F(Xpy @, B)f (X @, B) . f(Xopy @, B) = ﬂf(Xl-, a,B)
i=1

Then likelihood function using equation (1) will be as :

n

L(Xl,Xz, ...,Xn, C{,B) = l_[[aﬁx—(a+1)e_ﬁx—a]

i=1

n —(a+1)
L(Xy, Xy o, X, 0, ) = @™ B (HXi) e BEi X ® S ¢711))

i=1

Then natural logarithm function for equation (20) can be written as ;

n —(a+1)
InL =In|a™p" (1_[ Xi> e BXi Xi %

i=1
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n n
InL = nina + nlng — (a + 1) Z InX, — ,BZ X, e (21)
i=1 i=1

To minimize , natural logarithm in equation (21) , must compute the great endings by taking partial
derivative with respect to unknown scale parameter (8, then will get as:

olnL n P 29
o B L e e e e (22)
i=1
Equating partial derivative to zero, thus the right-hand side of (22) will be :
n
n
N Z R e (23)
b=
The maximum likelihood estimator for £ is given by :
A n
- ﬁ(ML) =1 v -a e e e (24)
i=1 X

In the same way above, let Y;,Y,,Ys,...,Y,, arandom sample have Fr(a,u) distribution with the

sample size m , then the maximum likelihood estimator of unknown scale parameter u ; says [y
;is:

) m

M(ML) = m—Y_a (25)

j=17J
Now , suppose that
XINFr(a!ﬁl) ) XZNFr(al BZ) ,X3~Fr(a,ﬁ3) and X4~Fr(a1184)

are strengths r.v.'s with the samples sizes n;,n,,n; and n, respectively, where (81,8, 85, Bs)
are the unknown scale parameters and suppose that Y,~Fr(a,u,) , Y,~Fr(a,u,) , Ys~Fr(a, uz)
and Y,~Fr(a,u,) arethe stressesr.v.'s with samples sizes m,,m,,m; and m, respectively,
where (uq, Uz, U3, 1ty) are unknown scale parameters . By using the same way , the maximum

likelihood estimators (S, B2, B3, Bs) and (uq, Uy, Uz, Uy) are:

A ng
Bsmy = oz —a 0 = 1234 R ¢71)
Zié‘:leié‘
and
o mgs
HsmrLy = STy @ 6 =1234 N X))
js=1"8js

Substituting (26) and (27) in (19) , the maximum likelihood estimator for reliability R ; ﬁ(ML) ;
invariability will be as :

ﬁFr(ML) = ﬁl(ML) + ﬁZ(ML) + §3(ML) + ﬁ4(ML)

_ l 31(ML) l [ ﬁz(ML) l [ 33(ML) l
Bimry + Ay ) B2y + By LBsmry + Asmry
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—-a

4 ﬁl(ML)Bl(ML) (%)

k
(ﬁ1(ML) + #1(ML)) ﬁl(ML) 1 + ( )

+ ll1(M )

l ,BZ(ML) l l B3(ML) l
,BZ(ML) + HZ(ML) ﬁ3(ML) + ﬁ3(ML)

MZ(ML),BZ(ML) (T]:l)

[ ,31(ML) l [ ,33(ML) ]
+ k + [
Bl(ML) Aauy (ﬁz(ML) + MZ(ML)) <,32(ML) (1 + ( ) + HZ(ML) 'B3(ML) Ha(m)

ﬁ3(ML)B3(ML) (%)

l ﬁ1(ML) l I ﬁZ(ML) l
A + ~ %] + } ~ A A k A~
Pronwy + Paomy  Baqy + Rz (.83(ML) + :u3(ML)> (.33(ML) ( + (_) ) + “3(ML))

. (28)

3.2 Moments Estimation Method (Mo):

Karl Pearson in (1894) introduced a
formal approach to the statistical estimation
through his method of moments (Mo)
estimation . He quite unceremoniously
suggested a method that simply equal the first
five sample moments to the respective
population counterparts . It was not simple to
solve five highly the nonlinear equations .
Therefore , he took an analytical approach of
removing one parameter in all step . After
considerable algebra Pearson found a ninth

zxx)=ﬁ%r(1—§)

m

degree polynomial equation in unknown one .
Then after solving the equation and by
reiterated back substitutions , Pearson found
the solutions to five parameters in the terms of
the five first sample moments , and was
beginning of the moments method (Mo)
estimation [5] . To derive method of the
moments estimator parameters of FrD ,
assume that x;,i = 1,2,3,...,n random sample
have Fr(a,f) distribution with the sample
size n , first step the mean population of
Fr(a,B) , obtain by equation (4):[10]

. (29)

The second step equating mean sample with corresponding the mean population, then will get as :

TL

T (1)

Then the moment estimator of £ says ,[?(MO) is:

a

..(30)

..(31)

In the same manner, the moments estimator of unknown scale parameter u ; says fyo) ; is

P
6D
a
A 7

.(32)

Now , by using the same technique , the moments estimators of the unknown scale parameters

(B1, B2, B3 )and ( py, pp, 143 ) are:
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ﬁ@(MO) = lr(l_l)l ) 6 = 1I2I3I4 (33)

And

ﬁS(MO) = ﬁ ) 6 = 1,2,3,4- (34)

r 1—5)

Substitution ( 33 ) and (34) in ( 19 ), the moments estimator for reliability Rg, ; says I?FT(MO) ;
approximately will be as :

R\FT(MO) = §1(Mo) + ﬁz(mo) + ﬁS(MO) + §4(M0)

B B1mo) l I B2mo) l l Bsmo) l
| Br(moy + Bamoy) LBzmoy + Bz2moy .33(1\40) + fi3(mo)

o) T .UZ(MO)

n 5 k 5
A1moyBimo) (m) l Bacmo l l B3wmo) l
. R R k 3 + 4

_(,31(1\40) + H1(M0)) (31(1\40) (1 + ( ) + .“1(1\40) :BZ(M Bsmoy + fzmo)

N k
+_l Bimo) l ﬂzmunﬁAMO)Qn) [ B3 o l
3 + /i 5 A 5 k +
Pramoy + faano) (.BZ(MO) + .UZ(MO)) (;BZ(MO) (1 + ( ) + .U2(M0) BB(MO) Hawmo)

.aS(MO):éS(MO) (Tl:l)

N l Bimo) l l B2mo) l
3 + 4 3 + 4 5 A 5 AT
Bimoy + amoy) LB2moy + Bzmoy (,33(1\/10) n Hs(mo)) (,33(1\/10) (1 n (ﬁ) ) 4 Hs(mo))

.. (35)

3.3 Least Squares Estimation Method (LS) :
The German mathematician Carl Friedrich
Gauss had inspected the least squares as early
in (1794), he did not publish the method until
(1809) . This estimation method is very
popular for the model fitting , especially in
linear and non-linear regression . The method
of least square estimator scan is produced by
n

5=y (POt -Fex))

Suppose that X; ,X,, X5, ...

the minimizing sum of squares error between
value and its expected value . [2] The least
squares method is a combination of the
parametric (F) and the non-parametric ( F)

Distribution functions . The minimizing
following equation : [8]

..(36)

,X,, be arandom sample have Fr(a,f) distribution with the sample size

n. The procedure attempts to minimize the following function with respectto a¢and £ will getas:

n

S(a, p) = 2 (POX) = ("))

i=1

(37

To obtain the formula of F(X;) ; use the equation (6):
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F(X;)) = e Px®
—InF(X)) = BX;”* e e e (38)

On the other hand, since F(X;) isunknown, itbetter touse F(X(;) asfollows F(Xq)=P; and
P; is the plotting position Where

P, = nL 5i=12,...,1 N 1)

+1

Here X(;) isthe i:th order statistics of the random sample of the size n from FrD.

Hence for the FrD, to obtain the LS estimates f of the parameter £ can be define following the
function from equation (37) :

S@p) = ) (@~ BXG?

Where q; = —In F"(X(i)) = —Inp; - 10)|

By taking the derivative equation (40) with respect to the parameter f and equating result to the
Zero :

aS(a,B) ~© —a)(_y -
—5 = ; 2(q; — BXGH)(=X55)

n n
- —z qiXy + [?ZX(I-)Z“ = I ¢/5 §)
i=1 i=1

Then the least squares estimator of f ; says [?(LS) , will getas :

PN O

. e (42)
X

.[?(LS) =

In the same way , the least squares estimator of unknown parameter u ; says [ ;is:

e = NETRON
@s) — -2
DS (0
A __J . i_
Where G(y(j)) == J= 1,2,..,m and

Now , by using the same way , the last squares estimator of the unknown scale parameters (1, 82, B3)
and (uq, po, p3) are :

2?5_ q Xé‘. —-a
5 5=1 15" 0(ig)
Bss) = 7% S —,6=1234 N € 7|

is=1"8(gs)
and

ng_ qi Y(g . -«

A Jjg=1"116 9(jg)
Ass) = ~Sms 20 =1,23,4 N 1)

js=1"8(ig)
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Substitution (44) and (45) in (19), the last squares estimator for reliability Ry, says ﬁFT(LS) ;

approximately will be as :

ﬁFT(LS) = §1(L5) + ﬁZ(LS) + ﬁS(LS) + §4(LS)

M1(L5),31(L5) ( )

B Biws) l I Bo(Ls) l I Baws)
Brws) + Baws)) LBaws) T+ fas) ﬁs(LS) + f3s)]

facs)Bacus) (ﬁ

k —® n
(ﬁ1(Ls) + li1(Ls)) ,31(Ls) 1 + ) ) + M1(Ls))_

Bo(Ls) l l BswLs) l
Bowsy + Basyd Baws) + Asws)

-

N : 31-(:5) l k
1(Ls) T H1(Ls) (ﬁz(Ls) + /Jz(Ls)) (ﬁz(LS) (1 + (m

[ ,33(L5) l
py
+ 4, s ) .33(L5) H3(Ls)

Az 15y Paws) (m)

l ﬁl(LS) l l ﬁZ(LS)
+ | = ~
,81(Ls) + Uiws) ,32(L

.. (46)

3.4 Weighted Least Squares Estimation
Method (WLS):

The method weighted least squares extend
the method least squares procedure to case
where the sample data have different variance .
By other words , some the samples have more
error or less influence than others . This
method reflects the behavior of random errors
in the model and it can be used with the

Q=) W(FO) - FXp)’

1 _ (n+1)%(n+2)
var[F(X@)l  i(n—i+1)

Where W; =

Let arandom sample (X;, X, X,, ...,

,i=12,..

+ i l . ) ) N
$) T F2(Ls) (,33(LS) + .U3(LS)) (:83(LS) (1 + (E) ) + H3(L5))

functions that are either linear or nonlinear in
parameters . It works by incorporating extra
nonnegative weights or constants associated
with all data point into the fitting criterion .
The size of weight shows the precision of the
information contained in associated
observation [16]. The method of weighted last
squares can be wused in minimizing the
following equation :[4]

. (47)

.. (48)

X,) size n take from have Fr(a,pB) distribution. The

procedure attempts to minimize the following function with respectto @ and £ will getas:

n
PN —-a 2
Q@) = ) Wi(FOx) = (™))
i=1
As steps in equations (38) and (40) will getas:

Q@.p) = ) Wilai - BXGE)"
i=1

.. (49)

..(50)

By taking partial derivative to the equation (50) with respectto f , and equating result to the zero

we obtain :
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Qe B) X ~a ~
% = Z 2Wi(q; — BXGS ) (=Xa5)

- =X WialXy + B WXGE*=0 VR X )
The weighted least square estimator of 8 ; says ﬁ(WLS) :

I wis) = w (52)

- _za mEs mEw mEm wEEE mmw
In the same technique, the weighted least squares estimator of unknown scale parameter u ; says
A(WLS) ;is:

. 1 Wia; Yoy
:u(WLS) = TG)Z“ (53)
1 m+1)2(m+2
Where W, = =( - ) ( )
Var[G(Y,)]  jm—j+ 1
J=12,...,m N )|

Now , by using the same way , the weighted least squares estimators of the unknown scale parameters
(B1, B2, B3) and (py, pp, pi3) are:

215 1W15q15X5 (is) 6

Bsawis) = s y-2a 1,2,3,4 RV 1))
is=1 5 Xs (is)
and
ms
j5=1 WisWis¥s " i) 5=

fswis) = ST W, ¥, 2@ 1,2,3,4 I €19

js=1"J8"8  (js)

Substitution (55) and (56) in (19), the weighted least squares estimator for reliability Ry, ; says
ﬁpr(WLs) ; approximately will be as :

ﬁFr(WLS) = ﬁl(WLS) + ﬁZ(WLS) + ﬁs(WLS) + ﬁ4(WLS)

B Biwis) l I Bawis) I I Bswis) I
|Brwis) T Biawesy) [B2wisy + Azwis) ,33(WLS) + A3wis)

o k .
Aiwis)Biwis) (m) I Baws) l Bswis) l
Bacw

k + 3 +
(31(WL5)+#1(WL5)) ﬁl(WLS)(1+( ) +M1(WL5) Ls) t Aaqwis)) LBswisy + Aawis)

n l ﬁAl(WLS) l MZ(WLS)'BZ(WLS) ( ) [ ﬁ3(WLS) l
Bswis) + Baqwis)

N ) A K
Bl(WLS) Arqes) (ﬁz(WLS) + .Uz(WLs)) (:82(WLS) (1 + ( ) + ‘“2(WLS)
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Aaqwis)Bawis) (%) -

N l Bl(WLS)

l l BZ(WLS) l
3 + 4 3 + 4 5 . 5 KN, -
ﬁl(WLs) Hawes) BZ(WLS) Hawis) (,83(WLS) + H3(WLS)) (ﬁ3(WL5) (1 + (ﬁ) ) + .U3(WLS))

N (-74

3.5 Regression Estimation Method (Rg):
Regression is one of the important procedures
that uses supplementary information to
construct estimators with a good efficiency .
Regression is conceptually the simple method
for examining functional relations among
zi=a+byu; +e;

variables . The relations is expressed in form of
an equation or the model connecting the
response variable "Y" and one "X" or more
expository variables . The simple true relations
can be approximated by the standard
regression equation :[18]

cer ereveeen e (58)

Where (z;) is the dependent variable, (u;) is the independent variable and (e;) is error random

variable independent.

Assume that Xj, X,, ...., X;, random samples have Fr(a, ) with the sample size n.

Taking the natural logarithm to CDF [19], obtain by equation (6) :

F(X) = e hx®

(FX)™ = efxi”

In (F(X))™ = BX;°

Estimating F(X(;) by P; inequation (39)
In(P)™" = BX)~“

U (1)

Comparing the equation (59) with equation (58),we get :

Zi = Ln(Pi)_l,a = O,b = ﬁ, ul' :X(l')_a
Where;i =1,2,...,n

e e 0 (60)

Where b can be estimated by the minimizing summation of the squared error with respectto b ,then

we get :

N X ZiU; — Nieq Zi Dieq U

b W - O, w)?

e e (61)

By substation (60) in (61), the estimator for f ; says [?(Rg) ;s

5 nyt Xy “n(P)TM =X Xy T

Ln(P)™!

(Rg) =

n 3 (X0 ™) - (B, Xo ™

N (7))

In the same way , the regression estimator of unknown scale parameter u ;says fgg ;is:

- -1 _ -1
_mYL Y n (P)  —Xm, Y, Xy Ln (P)

Argy =

As in equation (60) where z; = In (Pj)_l

—a12 —al?
m ¥ (v, ™) = [2m, v, ]

e (63)
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,a=0,b=,u, u]=y(])_“ ; j=1,2,...,m

Now , by using the same way above, the regression estimators of the unknown scale parameters

(ﬁl' ﬁz'ﬁs) and (uy, pp, p3) are:

n — -1
Tl5 Zia‘S:l Xé‘(l ) @ lTl (Plé*) - 156 1 8(1

— -1
“ 215 1L (Piﬁ)

BS(Rg) = —al?
s T o] = [Ehs oy
,0 =1,2,3,4 ...(64)
and
_ _ -1
) B ms Z;’;«S:lys( s) “In ( ) ]5 1 6(] ¢ 215 1 (P](S)
Hs(rg) = - Z [ ] [Z a]z
§ &js=1 6(1 js=1 5(15)
,0 =1,2,3,4 .. (65)

Substitution (64) and (65) in (19), the regression estimator for reliability Rg, ;says }?FT(Rg) ;

approximately will be as :

Rpr(rg) = Ri(rg) + Rarg) + Ra(rg) + Raro)

ﬁl(Rg).BAl(Rg) ( k )

_ [ Biurg H Pa(rg) H Parg)
1 rgy + Pargy) Bacrg) + Aacrgy ] [Bargy + Barg)

k
(.Bl(Rg) + #1(Rg)) 31(Rg) 1 + (

+ A1(rg )

[ :BZ(Rg) l [ BB(Rg) l
Ba(rg) + flargy) [Bs(rg) + facrg)

k N
.Uz(Rg).BZ(Rg) ( ) B3(rg) l

N l Pirg) l
+ T A,
'Bl(Rg) Aa(rg) (:BZ(Rg) + .UZ(Rg)) (.BZ(Rg) (1 + ( ) ) + .UZ(Rg)) Paro) * As(ro)

A3(rg)P3(rg) (%)

-

l Bi(rg) l I Ba(rg) l
A A A A -a
Prirgy + Prwg Pa(rg) + Parg) (Bsrg) + D3(rg)) (B3(Rg) (1 + (%) ) + ﬁ?’(Rg))

... (66)

3.6 Percentile Estimation Method ( Pr):

The method was originally discovered by
Kao ( 1958 - 1959 ) . In case of Frechet
distribution , let a random sample X;;i=
1,2,3,...,n with size n have Fr(e,f), it is

F(X;) = e Pxi"
In F(X;) = —BX;"*

possible to use this method to obtain the
estimator unknown scale parameter [, which
is obtain from the CDF

, defined in equation (6) : [9]
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-1

- () Cw

If P;i=12,..,n putthe plotting position instead of F(X);a,p) . Can be obtained by
minimizing
2

>, [X(i) - (%)71 OO ()

By taking partial derivative to the (68) with respectto

, and equating the result to zero we obtain :

ZZ[X@ (B (~tn(p)= ](—(ﬁ) )( n(p))e =0

1=

[Xo) (3)“ —In(p))@ l( ln(pl)a =0

Xy (— In(p)) @ — (ﬁ)“Z(ln(pl))a ~0

l
M3 ip]= EM:

X (@) = (B Z(zn(pa) C

...
1l
[y

The percentile estimator of 8 ; says f becomes :

-1,
El X (—n(pp) @
Bory = [ 1@ L l .. (69)
YL (n(p)) &
In the name way above, the percentile estimator of the unknoun parametor f ;says f ;is
1@
. 2T Yoy (= n(p)))

27}“:1(["(1%))7

Now, by using the same manner, the percentile estimators of the unknown scale parametor

(B1, B2, 3) and (31:/?2”@3) are:

__1 a
A E?8=1X(i5) —ln(l’is) “
Bsry = | ( —_2> ,0=1,23,4 N VA Y|
Sl (tnpig) ©
and
-1 (24
. S, Yl ~tn(pss)) ©
Uspry = fo= 0 ( (—Sz) ,0=1,2,3,4 e ee e e (72)
215 1(ln(p]8))
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Substitution (71) and (72) in (19), the percentile estimator for reliability Rp, ; says ﬁFr(Rg) ;

approximately will be as :

Rerpry = Riory + Raory + Raory + Racom

l Bl(pr) l I ﬁz(pr) l I :83(pr)
Bl(pr) + ,ul(pr) ﬁz(pr) + ﬁz(pr) ,83(pr) + MS(pr)

N ﬂl(pr)ﬁl(pr) ( ) l ,éz(pr) 11 .BA3(pr)
—-a 5 ~ 5 ~
_(ﬁl(pr) + ,al(pr)) (ﬁl(pr) (1 + (%) ) + ﬁl(pr)) .Bz(pr) + .uz(pr)_ _,BS(pr) + .u3(pr)_
A [ A 5 k¢ 1. n
N Bir) l ﬂz(pr)ﬁz(pr) (_) B3 o)
_ﬁl(pr) + ﬁl(pr)

N Y,
(BZ(W) + /“‘2(pr)) ,32(Pr) 1 + (m) ) + ,uz(p,,))_ B3 pr) t Bapr).

-

Aoy Baory (E)

.Bl(pr) l .Bz(pr) l
3 + 4 3 + 4 N\
Prion + aor I Bzwn + and| () + o) (53(pr) (1 + () ) + “3(pr))_

- (73)

3.7 Pitman Method :

scale parameter and X;>0 . if g =
g(X1,X5,...,X,) is the estimator of the scale

parameter B ,then J should be as follows
:[21]
flx,a,p) = apx~(@+De=Bx

L(Xy, Xy, ...,

-a

X)) =fX, a0, )f Xy, a,B) ... Xy, @, B)

Let X;,X,,..,X, bearandom sample
of n observations from a population whose
pdf is f(x,a,p) ; where a >0,>0 isa

. (74)

= (aﬁxl—(a+1)e—ﬁx1‘a)(aﬁxz—(a+1)e—ﬁxz‘a) (aﬂxn—(aﬂ)e—ﬁxn—a)

n —((1+1)

i=1
f() BZ L(X1)X2) ---;Xn) dﬁ

fo 33 L(Xl'XZ' "'!Xn) dﬁ

p=
foo 1 nﬁn(l_[ 1X) (a+1)e le 1% dﬁ

0 [32
fo 53“”3”(11” x)~(@rDe AL X dp

n(l‘[n x.)—(a+1) fmﬁn—z -BIL e dﬁ
" ([l ) D J7 prie PEE T dp

..(75)

. (76)
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Jy B2e X" dp
g BrRe Pt ap

Let u=BY",x;% > du=Y",x;"*df , dﬁ=2ndi_a
i=1%i
d p=art
an
Zl 1xl

-2

foo( u )” pmu du
n —-a n -

o \ XL, x; i=1Xi

- ﬂ= n-3
ly (%) e nd—ux_a
i=1"1 i=1i
un-2
fo O x5 O" Te “du
un- 3

fo O %, %)"2 e *du

1
(Zl 1 xl—a)n—l

1 o n-3,—-u
O x oy o Wi du

[ee]
( 1 )fo un—l—le—u du
= n —-a co 1 =
i=1 X"/ [ un—?"le~4du

3 1 r(n—l)_ 1 (n—2)!
- ( ?=1xf“> r(n—2) ( ?=1xf“> (n—3)!

_( 1 )(n—Z)(n—3)!_ n—2

moxTe (n—3)! N roxe

oo
J, u" e du

The Pitman estimator of 8 ;says  becomes:

~ n—2
f=a—— e vee e (77)
R T

£ In the name way above, the Pitman estimator of the unknown parametor ;says f ;is:

m— 2
b= RPN (74 )
="
Now , by using the same manner, the Pitman estimators of the unknown scale parametor (8;, 82, 3)

and (,[?1, ,[?2, ﬁ3) are:

Bs iy = En(g—z_a , 6=1234 e e ee e e (79)
ls= 1 lé‘
and
ms — 2
Aspi) = Z— , 6=1,2,34 TR ¢:10))
J&= ly]é'
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Substituting (79) and (80) in (19), the pitman estimator for reliability R ; ﬁ(Pi) ; invariability will
beas:

ﬁFT(Pi) = §1(Pi) + ﬁz(m’) + ﬁs(m’) + §4(Pi)

B [ Brriy l I Bacriy l I Baeriy l
ﬁ1(P1) + li1(P1) ,32(P1) + ﬁZ(Pl) 33(101) + ll3(Pz)

N k . A
N o P (m) [ Bary Baeiy
A R A k + Goron | | Barpin + fiarp:
_(:31(Pi) + Dyeny) (31(101') (1 + ( _|_ D i ) Bapiy + Bapiy] 1Bapiy + Azcen ]
4 Biriy l “Z(Pl)ﬁZ(Pl) ( ) [ B
B oy + [l rpi k¢ . Barpin + flarpi
B1cpiy + Bapiy (ﬁz(m) + /”'Z(Pl)) .32(131) 1 + (m) ) + .uZ(Pi))_ B3piy + Ascpiy ]
A i N . 5 kN
Bicriy l Bacpi) l fispiy B (piy (_)
3 o+ facon | | Boron + k¢ R
B + faen ] Wacen + B (,33(131) + .U3(Pl)) (,33(191) (1 + (m) ) + .u3(Pi))_
.. (81)
4. The experimental study : 4.1 Algorithm of Simulation :
We simulate the outputs of all three The simulation algorithms are written
estimating methods by using MSE . Study of for estimating R using MATLAB program,
simulation is replicated several times (500) so according to the following steps :

that the samples of three sizes ( small ,
moderate and large ) are independently
collected .

1- The random sample (x11, X12, ) X17,) (x21,x22, s erz),
(x31,x32, e »x3r3): and (J’u' V125 =) Y1v1):
(}’21»)’22» ---:)’sz): ()’31')’32' ---')’3v3)
Of sizes (1,713,713, V4, V,,v3) = (15,15,15,15,15,15)
,(45,45,45,45,45,45) and (95,95,95,95,95,95)
are generated from Frechet distribution .
2- Selected the values of parameters for 6 experiments (B, 2, B3, U1, Uz, l3) in the table (1) :
Table (1) : Values of parameters and Reliability ,
such that = 0.1

Experiment k m Bi | B2 | Bz | 1 | M2 | U3 R
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1 1.6 03 | 17|17 |17 |11 ] 11| 11 0.2834
2 1.6 0.3 2 2 2 1.1 1.1 | 11 0.3326
3 1.6 03 | 1.7 |17 | 1.7 | 2 2 2 0.1338
4 1.2 08 | 1.7 |17 |17 |11 ] 11| 11 0.3563
5 1.2 0.8 2 2 2 2 2 2 0.2246
6 1.4 09 | 15|16 | 17|18 |19 | 2 0.1781

3-Parameters fi, 52, B3, U1, U2, U3 Were estimated (ML,Mo, LS, WLS, Rg, Pr and Pi) in equations:
(26),(27),(33),(34),(44),(45),(55),(56),(64),(65),(71) ,(72),(79) and (80) respectively .

4- R was estimated in equations : (28),(35),(46),(57),(66),(73) and (81) .

L .
5- Calculate the mean by Mean = Liz1Ri

6- The last stage is to use the " Mean square Error " to assess the results of the seven estimation
methods:

MSE(R) = 13ty (R, - RY
Simulation Results:

After applying the previous steps of R for (95,95,95,95,95,95)

sample size
(ry, 1y, 13,1, V5, v5):(15,15,15,15,15,15),

(45,45,45,45,45,45) and
Table (2) : Values MSE and Mean for 6 experiments.

Ex Simple size Criteri ML MO LS WLS Rg Pr Pi Best
p on
(15,15,15,15,15, MSE | 0.003 | 0.032 | 0.004 | 0.005 | 0.006 | 0.0421 ML,Pi
1 |15) 7 7 4 3 4 0.003
7

Mean | 0.281 | 0.250 | 0.282 | 0.282 | 0.2818 | 0.2403 | 0.2819

(45,45,45,45,45, MSE | 0.001 | 0.026 | 0.001 | 0.002 | 0.0022 | 0.0363 | 0.0013 | ML,Pi
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45) 3 4 5 4
Mean | 0.279 | 0.250 | 0.278 | 0.277 | 0.2769 | 0.2345 | 0.2793
3 3 3 5
(95,95,95,95,95, | MSE | 0.000 | 0.025 | 0.000 | 0.001 | 0.0011 | 0.0372 | 0.0006 | ML,Pi
95) 6 3 7 4
Mean | 0.280 | 0.237 | 0.281 | 0.279 | 0.2807 | 0.2205 | 0.2806
6 9 0 7
(15,15,15,15,15, | MSE | 0.003 | 0.037 | 0.004 | 0.005 | 0.0070 | 0.0494 | 0.0039 | ML,Pi
15) 9 8 7 8
Mean | 0.326 | 0.273 | 0.326 | 0.325 | 0.3241 | 0.2572 | 0.3269
9 0 7 7
(45,45,45,45,45, | MSE | 0.001 | 0.031 | 0.001 | 0.002 | 0.0026 | 0.0437 | 0.0014 | ML,Pi
45) 4 0 7 9
Mean | 0.329 | 0.280 | 0.330 | 0.329 | 0.3294 | 0.2591 | 0.3296
6 4 2 8
(95,95,95,95,95, | MSE | 0.000 | 0.029 | 0.000 | 0.001 | 0.0014 | 0.0448 | 0.0007 | ML,Pi
95) 7 9 9 9
Mean | 0.332]0.283[0.331]0.329 [ 0.3299 | 0.2598 | 0.3325
5 8 4 0
(15,15,15,15,15, | MSE | 0.001 | 0.015 | 0.001 | 0.002 | 0.0027 | 0.0209 | 0.0016 | ML,Pi
15) 6 4 8 2
Mean | 0.130 | 0.130 | 0.129 | 0.129 | 0.1291 | 0.1293 | 0.1303
3 1 7 4
(45,45,45,4545, | MSE | 0.000 | 0.011 | 0.000 | 0.001 | 0.0011 | 0.0166 | 0.0005 | ML,Pi
45) 5 3 7 1
Mean | 0.132]0.126 | 0.132] 0.132 | 0.1328 | 0.1250 | 0.1325
5 2 7 8
(95,95,95,95,95, | MSE | 0.000 | 0.012 | 0.000 | 0.000 | 0.0005 | 0.0195 | 0.0003 | ML,P;,
95) 3 0 3 8 LS
Mean | 0.132]0.125] 0.132 ] 0.132 ] 0.1327 | 0.1249 | 0.1327
7 2 7 0
(15,15,15,15,15, | MSE | 0.004 | 0.039 | 0.005 | 0.006 | 0.0081 | 0.0506 | 0.0048 | ML,Pi
15) 8 2 7 8
Mean | 0.343 | 0.297 | 0.341 | 0.339 | 0.3374 | 0.2802 | 0.3438
8 5 8 7

(45,45,45,45,45, | MSE | 0.001 | 0.033 ] 0.001 | 0.002 | 0.0028 | 0.0494 | 0.0014 | ML,Pi
45) 4 1 8 9

Mean | 0.354 | 0.308 | 0.353 | 0.352 | 0.3526 | 0.2839 | 0.3540
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0 3 8 2
(95,95,95,95,95, MSE 0.000 | 0.030 | 0.000 | 0.002 | 0.0015 | 0.0459 | 0.0006 | ML,Pi
95) 6 4 9 0
Mean | 0.354 0.354 | 0.352 | 0.3533 | 0.2775 | 0.3547
7 0.301 2 5
8
(15,15,15,15,15, MSE 0.003 | 0.025 | 0.003 | 0.004 | 0.0052 | 0.0322 | 0.0032 | ML,Pi
15) 2 1 6 2
5
Mean | 0.222 | 0.202 | 0.221 | 0.219 | 0.2183 | 0.1962 | 0.2226
6 1 3 7
(45,45,45,45,45, MSE 0.001 | 0.021 | 0.001 | 0.002 | 0.0022 | 0.0312 | 0.0011 | ML,Pi
45) 1 7 4 3
Mean | 0.224 | 0.201 | 0.222 | 0.219 | 0.2203 | 0.1928 | 0.2241
1 6 3 3
(95,95,95,95,95, MSE 0.000 | 0.021 | 0.000 | 0.001 | 0.0009 | 0.0323 | 0.0005 | ML,Pi
95) 5 7 6 3
Mean | 0.223 | 0.200 | 0.222 | 0.220 | 0.2215| 0.1913 | 0.2237
7 5 8 7
(15,15,15,15,15, MSE 0.002 | 0.021 | 0.002 | 0.003 | 0.0042 | 0.0269 | 0.0025 | ML,Pi
6 15) 5 4 9 5
Mean | 0.176 | 0.168 | 0.177 | 0.177 | 0.1771 | 0.1629 | 0.1768
8 2 3 3
(45,45,45,45,45, MSE 0.000 | 0.019 | 0.001 | 0.001 | 0.0016 | 0.0283 | 0.0008 | ML,Pi
45) 8 8 0 7
Mean | 0.177 | 0.173 | 0.177 | 0.176 | 0.1759 | 0.1717 | 0.1778
8 7 1 5
(95,95,95,95,95, MSE 0.000 | 0.017 | 0.000 | 0.001 | 0.0008 | 0.0269 | 0.0004 | ML,Pi,
95) 4 2 5 1
Mean | 0.177 | 0.156 | 0.177 | 0.178 | 0.1777 | 0.1523 | 0.1770
0 7 4 5
Conclusions :

This conclusions according to the simulation
study results :
1. We concluded from the table (1) .

[- With increasing value of parameter £ ,
reliability is increasing .

[I- With the increasing value of parameter yu

reliability is decreasing .

[1I- With the decreasing value of % , reliability
Is increasing .

2. We concluded from the table (2) the best
estimator for R is ML for 6 experiments and
different sample sizes .

clc

clear All

Eurasian Research Bulletin

www.geniusjournals.org
Page |61




ISSN: 2795-7365

Volume 1| Issue 1| September, 2021

% Cascade P(X>y)

% 3+1 Frechet, {Ahmed Mezher}

%% parameters real values

n=15 ;k=1.6 ;m=0.3 ;alfa=0.8;

meul=1.1 ;meu2=1.1 ;meu3=1.1 ;betal=1.7
;beta2=1.7 ;beta3=1.7 ;

%% reliability R real values
g=(k/m)"(-alfa);h=1+g;
P1=(betal/(meul+betal));
P2=(betaZ/(meu2+beta2));
P3=(beta3/(meu3+beta3));
P11=(meul*betal*g)/((betal+meul)*(betal*
h+meul));
P22=(meu2*beta2*g)/((betaZ2+meu2)*(beta2*
h+meu2));
P33=(meu3*beta3*g)/((beta3+meu3)*(beta3*
h+meu3));

R1=P1*P2*P3; R2=P11*P2*P3; R3=P1*P22*P3;
R4=P1*P2*P33;

Rreal=R1+R2+R3+R4;

Par=[n k m alfa g h meul meu2 meu3 betal
beta2 beta3 Rreal]

%% Simulation

sim=0;L=500;

for sim=1:L

Ux1=rand(1,n);
x1=((-1/betal).*log(Ux1)).”(-1/alfa);
Ux2=rand(1,n);
x2=((-1/beta2).*log(Ux2))."(-1/alfa);
Ux3=rand(1,n);
x3=((-1/beta3).*log(Ux3))."(-1/alfa);
Uyl=rand(1,n);
y1=((-1./meul).*log(Uy1))."(-1./alfa);
Uy2=rand(1,n);
y2=((-1/meu2).*log(Uy2))."(-1/alfa);
Uy3=rand(1,n);
y3=((-1/meu3).*log(Uy3))."(-1/alfa);

%% MLE

betalML=n/sum(x1.”-
alfa);betaZML=n/sum(x2.”-alfa);
beta3ML=n/sum(x3.”-alfa);
meulML=n/sum(y1."-
alfa);meuZML=n/sum/(y2."-alfa);
meu3ML=n/sum(y3."-alfa);
P1ML=(betalML/(meulML+betalML));
P2ML=(betaZML/(meu2ML+betaZML));
P3ML=(beta3ML/(meu3ML+beta3ML));
P11ML=(meulML*betalML*g)/((betalML+me
ulML)*(betalML*h+meulML));

P22ML=(meu2ML*betaZML*g)/((betaZML+me
uZML)*(betaZML*h+meu2ML));
P33ML=(meu3ML*beta3ML*g)/((beta3ML+me
u3ML)*(beta3ML*h+meu3ML));
R1IML=P1ML*P2ML*P3ML;
R2ML=P11ML*P2ML*P3ML;
R3ML=P1ML*P22ML*P3ML;
R4ML=P1ML*P2ML*P33ML;
RML(sim)=R1ML+R2ML+R3ML+R4ML;

% ML=[n k m g h alfa meulML meuZML
meu3ML betal ML betaZML beta3ML RML]

%% Moments
betalMo=(mean(x1)/gamma(1-(1/alfa)))"alfa;
betaZMo=(mean(x2)/gamma(1-(1/alfa)))"alfa;
beta3Mo=(mean(x3)/gamma(1-(1/alfa)))"alfa;
meulMo=(mean(y1l)/gamma(1-(1/alfa)))"alfa;
meu2Mo=(mean(y2)/gamma(1-(1/alfa)))"alfa;
meu3Mo=(mean(y3)/gamma(1-(1/alfa)))"alfa;
P1Mo=(betalMo/(meulMo+betalMo));
P2Mo=(betaZMo/(meu2Mo+betazMo));
P3Mo=(beta3Mo/(meu3Mo+beta3Mo));
P11Mo=(meulMo.*betalMo.*g)/((betalMo+m
eulMo).*(betalMo.*h+meulMo));
P22Mo=(meu2Mo.*betaZ2Mo.*g) /((betaZMo+m
eu2Mo).*(beta2Mo.*h+meu2Mo));
P33Mo=(meu3Mo.*beta3Mo.*g)/((beta3Mo+m
eu3Mo).*(beta3Mo.*h+meu3Mo));
R1Mo=P1Mo.*P2Mo.*P3Mo;
R2Mo=P11Mo.*P2Mo.*P3Mo;
R3Mo=P1Mo.*P22Mo.*P3Mo;
R4Mo=P1Mo.*P2Mo.*P33Mo;
RMo(sim)=R1Mo+R2Mo+R3Mo+R4Mo;

% Mo=[n k m g h alfa meulMo meuZMo
meu3Mo betalMo betaZMo beta3Mo RMo]

%% Least square

sx1=sort(x1); sx2=sort(x2); sx3=sort(x3);
syl=sort(y1); sy2=sort(y2); sy3=sort(y3);
i=1:n; p=i./(n+1); q=-log(p);
betalLs=sum(q.*sx1."-alfa)/sum(sx1.”(-
2*alfa)); betaZ2Ls=sum/(q.*sx2.”-
alfa)/sum(sx2.*(-2*alfa));
beta3Ls=sum(q.*sx3."-alfa) /sum(sx3.”(-
2*alfa)); meulLs=sum(q.*sy1."-
alfa)/sum(syl.”(-2*alfa));
meu2Ls=sum(q.*sy2.”-alfa)/sum(sy2.” (-
2*alfa)); meu3Ls=sum(q.*sy3."-
alfa)/sum(sy3.”(-2*alfa));
P1Ls=(betalLs/(meulLs+betalLs));
P2Ls=(betaZ2Ls/(meu2Ls+beta2Ls));
P3Ls=(beta3Ls/(meu3Ls+beta3Ls));

Eurasian Research Bulletin

www.geniusjournals.org
Page | 62



ISSN: 2795-7365

Volume 1| Issue 1| September, 2021

P11Ls=(meulLs*betalLs*g)/((betalLs+meulL
s)*(betalLs*h+meulLs));
P22Ls=(meu2Ls*beta2Ls*g)/((betaZLs+meu2L
s)*(beta2Ls*h+meu2Ls));
P33Ls=(meu3Ls*beta3Ls*g)/((beta3Ls+meu3L
s)*(beta3Ls*h+meu3Ls));
R1Ls=P1Ls*P2Ls*P3Ls;
R2Ls=P11Ls*P2Ls*P3Ls;
R3Ls=P1Ls*P22Ls*P3Ls;
R4Ls=P1Ls*P2Ls*P33Ls;
RLs(sim)=R1Ls+R2Ls+R3Ls+R4Ls;

% Par=[n k m alfa g h meulLs meuZ2Ls meu3Ls
betalLs beta2Ls beta3Ls RLs]

%% WLS

w=((n+1)"2)*(n+2)./(i.*(n-i+1));
betalwLs=sum(w.*q.*sx1."-
alfa)/sum(w.*sx1.”(-2*alfa));
betaZwLs=sum(w.*q.*sx2."-
alfa)/sum(w.*sx2."(-2*alfa));
beta3wLs=sum(w.*q.*sx3."-
alfa)/sum(w.*sx3."(-2*alfa));
meulwLs=sum(w.*q.*sy1."-
alfa)/sum(w.*sy1.”(-2*alfa));
meuZwLs=sum(w.*q.*sy2.”-
alfa)/sum(w.*sy2.M(-2*alfa));
meu3wLs=sum(w.*q.*sy3.”-

alfa) /sum(w.*sy3.”(-2*alfa));
PlwLs=(betalwLs/(meulwLs+betalwLs));
P2wLs=(beta2wLs/(meu2wLs+beta2wLs));
P3wLs=(beta3wLs/(meu3wLs+beta3wLs));
P11wLs=(meulwLs*betalwLs*g)/((betalwLs
+meulwLs)*(betalwLs*h+meulwLs));
P22wLs=(meuZ2wLs*betaZwLs*g)/((betaZwLs
+meu2wLs)*(beta2wLs*h+meu2wlLs));
P33wLs=(meu3wLs*beta3wLs*g)/((beta3wLs
+meu3wLs)*(beta3wLs*h+meu3wLs));
R1wLs=P1wLs*P2wLs*P3wLs;
R2wLs=P11wLs*P2wLs*P3wLs;
R3wLs=P1wLs*P22wLs*P3wLs;
R4wLs=P1wLs*P2wLs*P33wLs;
RwLs(sim)=R1wLs+R2wLs+R3wLs+R4wLs;

% Par=[n k m alfa g h meulwLs meuZwLs
meu3wLs betalwLs betaZwLs beta3wLs RwLs]
%% Regression

Bx1=sx1.M-alfa;

betalRg=(n.*sum(Bx1.*q)-
(sum(Bx1)*sum(q)))/(n.*sum(Bx1.*2)-
(sum(Bx1).%2));

Bx2=sx2.M-alfa;

betaZRg=(n.*sum(Bx2.*q)-
(sum(Bx2)*sum(q)))/(n.*sum(Bx2."2)-
(sum(Bx2).”2));

Bx3=sx3."-alfa;

beta3Rg=(n.*sum(Bx3.*q)-
(sum(Bx3)*sum(q)))/(n.*sum(Bx3."2)-
(sum(Bx3).2));

Byl=sy1l.M-alfa;

meulRg=(n.*sum(By1l.*q)-
(sum(By1)*sum(q)))/(n.*sum(By1."2)-
(sum(By1).%2));

By2=sy2.M-alfa;

meu2Rg=(n.*sum(ByZ2.*q)-
(sum(By2)*sum(q)))/(n.*sum(By2."2)-
(sum(By2).%2));

By3=sy3."-alfa;

meu3Rg=(n.*sum(By3.#*q)-
(sum(By3)*sum(q)))/(n.*sum(By3."2)-
(sum(By3).%2));
P1Rg=(betalRg/(meulRg+betalRg));
P2Rg=(beta2Rg/(meu2Rg+betaZRg));
P3Rg=(beta3Rg/(meu3Rg+beta3Rg));
P11Rg=(meulRg*betalRg*g)/((betalRg+meul
Rg)*(betalRg*h+meulRg));
P22Rg=(meu2Rg*beta2Rg*g)/((beta2Rg+meu?2
Rg)*(beta2Rg*h+meu2Rg));
P33Rg=(meu3Rg*beta3Rg*g)/((beta3Rg+meu3
Rg)*(beta3Rg*h+meu3Rg));
R1Rg=P1Rg*P2Rg*P3Rg;R2Rg=P11Rg*P2Rg*P
3Rg;
R3Rg=P1Rg*P22Rg*P3Rg;R4Rg=P1Rg*P2Rg*P
33Rg;

RRg(sim)=R1Rg+R2Rg+R3Rg+R4Rg;

% Par=[n k m alfa gh meulRg meu2Rg
meu3Rg betalRg beta2Rg beta3Rg RRg]

%% Perecentile
betalP=(sum(sx1.*q."(-1/alfa))/sum(q.”(-

2 /alfa))). alfa;
beta2P=(sum(sx2.*q."(-1/alfa))/sum(q.”(-

2 /alfa))). alfa;
beta3P=(sum(sx3.*q."(-1/alfa))/sum(q.”(-

2 /alfa))). alfa;
meulP=(sum(syl.*q."(-1/alfa))/sum(q.”(-

2 /alfa))). alfa;
meu2P=(sum(sy2.*q.”(-1/alfa))/sum(q."(-

2 /alfa))). alfa;
meu3P=(sum(sy3.*q."(-1/alfa))/sum(q."(-
2/alfa)))."alfa;
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P1P=(betalP/(meulP+betalP));
P2P=(beta2P/(meu2P+beta2P));
P3P=(beta3P/(meu3P+beta3P));
P11P=(meulP*betalP*g)/((betalP+meulP)*(
betalP*h+meulP));
P22P=(meu2P*beta2P*g)/((beta2P+meu2P)*(
beta2P*h+meu2P));
P33P=(meu3P*beta3P*g)/((beta3P+meu3P)*(
beta3P*h+meu3P));

R1P=P1P*P2P*P3P;
R2P=P11P*P2P*P3P;R3P=P1P*P22P*P3P;
R4P=P1P*P2P*P33P;
RP(sim)=R1P+R2P+R3P+R4P;

% Par=[n k m alfa g h meulP meu2P meu3P
betalP betaZP beta3P RP]

%%Pitman

betalPi=(n-2)/sum(x1.”-alfa);
beta2Pi=(n-2)/sum(x2.”-alfa);
beta3Pi=(n-2)/sum(x3.”-alfa);
meulPi=(n-2)/sum(y1l.”-alfa);
meuZ2Pi=(n-2)/sum(y2.”-alfa);
meu3Pi=(n-2)/sum(y3.”-alfa);
P1Pi=(betalPi/(meulPi+betalPi));
P2Pi=(beta2Pi/(meu2Pi+beta2Pi));
P3Pi=(beta3Pi/(meu3Pi+beta3Pi));
P11Pi=(meulPi*betalPi*g)/((betalPi+meulPi
)*(betalPi*h+meulPi));
P22Pi=(meu2Pi*beta2Pi*g)/((beta2Pi+meu2Pi
)*(beta2Pi*h+meu2Pi));
P33Pi=(meu3Pi*beta3Pi*g)/((beta3Pi+meu3Pi
)*(beta3Pi*h+meu3Pi));

R1Pi=P1Pi*P2Pi*P3Pi;
R2Pi=P11Pi*P2Pi*P3Pi;R3Pi=P1Pi*P22Pi*P3Pj;
R4Pi=P1Pi*P2Pi*P33Pi;
RPi(sim)=R1Pi+R2Pi+R3Pi+R4Pij;

% Par=[n k m alfa g h meu1Pi meu2Pi meu3Pi
betalPi beta2Pi beta3Pi RPi]

end
MeanRML=mean(RML);MseRML=mean((RML-
Rreal).*2);
MeanRMo=mean(RMo);MseRMo=mean((RMo-
Rreal).*2);
MeanRLs=mean(RLs);MseRLs=mean((RLs-
Rreal).*2);
MeanRwLs=mean(RwLs);MseRwLs=mean((Rw
Ls-Rreal).”2);
MeanRRg=mean(RRg);MseRRg=mean((RRg-
Rreal)."2);
MeanRP=mean(RP);MseRP=mean((RP-
Rreal).*2);

MeanRPi=mean(RPi);MseRPi=mean((RPi-
Rreal).”*2);

Mean=[MeanRML MeanRMo MeanRLs
MeanRwLs MeanRRg MeanRP MeanRPi]
Mse=[MseRML MseRMo MseRLs MseRwLs
MseRRg MseRP MseRPi]
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