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In this research, we applied Elzaki transform to obtain the general formulas of solution
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1-Introduction:

Differential equations and their applications
continue to pique people's curiosity, and this
enthusiasm and effort have led to the
resolution of a variety of problems involving
differential equations and mathematical
analysis. Researchers are still discovering
novel applications of differential equations in
all branches of science, particularly in the study
of endless processes[1]. Integral transforms,
such as Sumudu and Laplace[2,3], are among
the most essential methods for solving
differential equations.Other transforms include
Elzaki, Al Temime, Shehu, and Noval[4,5,6,7].
Elzaki Tarig proposed a new integral
transformation  that is an  integral
transformation of the Laplace kind ,the Elzaki
transformation, in  2011[8].The  Elzaki
transform has been successfully extended to
solve ordinary, partial, and fractional
differential equations[9,10]. as follows:
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EBOM] = [ exp(T)POA=T0) ne Ak Kk >0

= 1im [“exp (5) POt =Qm); n>0

o—00

Where D(t)is a real function, exp (_Ft) is the

kernel function, and E is the operator of Elzaki
transform

The Elzaki transform was used to solve the
system of partial differential equations in this
paper. The fundamental aspects and
assumptions of this change were discussed in
the second section. General formulas for
solving systems of partial differential equations
with constant coefficients are derived in the
third section. Finally, these formulas used to
solve several examples of systems of partial
differential equations in the fourth section.

m n

2 Preliminaries

We introduced certain theorems and
properties that would be used in our work in
this part.

Definition (2.1):[11]

The purpose of this research is study of
bilinear multiplication of solutions (like for
QCR equations) for systems of non-
homogeneous linear partial differential
equations of first order of the form

oD,
ZzDijk(XllXZJ-";Xn)a_xj =f(x), k=12,...,r,

i=0 j=0

where x4,X, ...,

Property:[12]

xpare independent variables (real or complex) and b4, D,,.., Pare dependent
variables, and Djjk are given functions of class C 1

1) If b;(x),P,(x),..., P, (x) have Elzaki transform, then

E(3D1(¥) + B,D,(%) + -+ + 8, Dp(x) ) = B, E(D1(x)) + B, EM(x))+...

where 131,13,,..., 13, are constants D, (x) , D, (x),...,

+n (PR (X))

b, (x) are defined function.

2) If E7'D1(n) =v1(®) , E7'D() =v2(0 .., E7'Dy(n) = yn(b), then:

E7BD1(n) + B2D, () + -+ + By Py (N)]
where 3, ,13,, ...

Theorem(2.3):[13]

f3,, are constants.

ELzaki transform of the function D(t) is defined as:

E[P(OI=T(n) = n f, BD)e 7 dt

=Ry (1) + Boy2(0) + -+ 8, ya (D)

,t>0, ne(—4,%) 4,4, >0

To get ELzaki transform of partial derivatives, can be used integration by parts. [9]:

1)E[—( t)] T(’”‘) — P (x, 0).

2) E[S2 (e 0= TCom) - B(x,0) —p 5 (x,0).

3)This result can easily be extended to the n partial derivative by using

Such that,

mathematical induction.
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—1
o™ T(x,n) X _
B|5 o] = =222 = ) e p 9, 0)
k=0
If n=1 then,
ob T(x,n)

Is true from (1).
We suppose the relation is true for n = m

m-—1

T(x,
E ( )] ( Jl) z le—m+KB(K) (X, O)
k=0

Ifn = m+ 1, can be showed that the relation

E[P™M+D(x,1)]

m
T
_ (Il) _ Zpl—m+KD(K) (X, 0)'

m+1
n k=0

is true. it is enough put D™ (x,t) = g(t), so we have

and the result obtained.
Remark(2.4): [14]
Using Leibniz's rule, to obtain Elzaki transform for partial derivatives as follows:

g [22L

ox

E [629(96.11)]:

0x?

] _ foooexp(p)af);zp)dt = aa_x fomexp(_?t) D(x,p) dt :%
= ZE[D(x, )]
fomexp(p)azabgp)dt = %

= 2 [EBGm]]=o; E[BCxn)]

™D (x,n) G"D(xp) on ®
l Ox" l j ppe ax”fo eXp(p)D(xp)dt

dn
axn[ [BCx, n)]] = ——[EDBCm]]

EDPM™V(x,1)] =

Elg’ (O]

Table(1): Elzaki transformation for some functions:[15]

[E[D(x, n)]]

f exp( )D(x n)dt

ID Function y(t) ® -t
E@) =p [ v® e e de=T(w
0
1 1 n?
2 tn n! u‘n+2
3 eat I.12
1—ap
4 sin( at) ap3
1+ a%p
5 cos(at) 2
1+ a%p
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3. The general Formulas of the sets solution for systems are derived using Elzaki
Transformation

Formula(1):
Consider the non-homogeneous system of first order:

Tt (xr t) + Dx(xJ t) = fl(xi t) }
Dt(xr t) + Tx (x, t) = fz(x, t)

with the conditions T(x,0) =4, (x), T(x,0) =%, (x)and T(0,t) = T(1,t) =0,D(0,t) =b(1,t) = 0.
By applying Elzaki transform to both sides:

=P —nF(x, 0) + 2 Dlen)=E( f; (x, 1))

(3.1)

= Do) ~nDx, 0) + - Flxn)= E(f(x, 1))

After substitute the initial conditions, we get:

PG+ = )= ECAG 0)+ n A () (32)
o T+ 2 B(xn)= E( (%, 8)) 41 7> () (33)

Simple steps for equation (3.2),get

ST=n 5 E(AC6 D) + 02K (0 ~naz o) (34

Now, substitute equation (3.4) in (3.3).

d? d 2 :
ED(X,p) — J%D(X,Jl) = &E( f1(x, t)) +ni(x)— i E( fo(x, t)) —%,(x) (3.5 The equation (3.5)
represent non-homogeneous ordinary differential equation of order two has the solution.

D(xn)=D.(x,n) + Dy(x, ),
Where

1 -1
P.(x,n)=B.er +B,en

And using variation of parameters:

1 -1
D, (x,n)=B;(x)er +By(x)en
Then

1 -1
B, e +B,(x)er =0

16, - 16,0 €7 "= ZE(fi060) + 1K) — 2E( 0, 0) 10

Where
1 -1
=X —X
en en
A= 1 x 1 x| T —2 ]_1
~—en —=en
n n
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0 en

d . 1
&E(fl(xr t)) +ni () _EE(fz(x, t)) -1 x) —=—en

Bl

I-7;1(35) =

LE(fxD)+n xltx)——E( fa(x,0))- 7\2(X)e ﬁ
2_
n

By(x) ==

So

5,00 =2 [ (LE(G0 D) +n%a00 — 2E( £ D) ~ 1) )7 " dx

In similar way:

1

1 ﬁ 0
Bz(x) == 1 d , 1
Ak o€ &E(fl(x,t))+Jl7h(><)—J;E(fz(x.t))—iz(X)

<%E(f1(x, t)) +n% () —%E(fz(x: t)) - 7&z(X)> en”

ﬁz(x) =
Py
AL
8,00 =~ [ (SE(A(00) + K00 — 2B(f,000) ~ 1,09 ) dx

b(x,n) = Blelllx + 3, e%x + [(]3 (iE(fl(x £)) + n X (%) —lE(fz(x, t)) —Kz(x))e%x dx) eJ_llx +
<—5 ( E(fi(x 1)) +p7&1(x)——E(f2(x t)) — 7lz(X))ep dx)‘?ﬁ ]

by utilizing to the boundary conditions, obtained B, = B, = 0, then the solution of B(x, ) is:

P(x ) :[(gf (LE(AG@D) +0%6 - 2E(£060) - %) ) e dx) o + (—g (LE(fix0) +
K — 2B 0) 1,09 o dx) e_Tlx]

Taking the inverse of Elzaki transform to both sides:

P(x t) = B [(gf (LE(AGD)+0%00 - 2E(£060) — K0 e dx) o +

(-2 (£E(Ai0) + %00 - 2E(f00) -

1) ) e dx) e_?lx] (3.6)
Moreover, in similar way it can by obtaind F(x, n):

Fem=nE( £ (6 0) + 12560 —pa | (3 (SE(A G0 D) + 0760 —2E(f26,) -

K0 )er“dx) e + (=2 (LEB( il 0) +n %0 - LB £ 0) = 1) )er* dx) e_?l’“]

Taking the inverse of Elzaki transform to both sides for the above equation :
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T(x,)=E™" [ﬁE(fl(x' t)) + n? () _ﬁ% [(gf (%E(ﬁ(x, t)) +n %) _iE(fz(x' t)) -

Ko )er” dx) e + (=20 (ZE(AGD) +n %6 - 2E(HxD) -

1L (%) ) elllx dx) e_Tlx”

So, P(x,t) and T(x,t) represent the general formula of the system (3.1)

Formula(2):
Consider the nonhomogeneous system of second order :

Fre (6, t) +D,(x, 8) = f1(x, t)}
D (x,t) +T, (x,1) = fo(x, 1)

with the conditions T(x, 0) =4, (x), P(x, 0) =%, (x) , T;(x, 0) = 8,(x),

b, (x,0)=0, (x) and ¥(0,t) =F(1,t) =0,b(0,t) =DP(1,t) =0
By Applying Elzaki transform to both sides:

d
= FCon) = F(x, 0) = nF,(x, 0) + 2-B(x, 1) =E (f; (x, 1))
d
= D0un) = B(x, 0) — n D (x, 0) + 5= F(xn) = E(f5(x, 1)
After substitute the initial conditions, we get:

PG+ = F)= E(fi(x, 0) + 14 () +ndy (x)
o FOen)+ D)= E(f; (x, ) + 7 () 41, ()

Next, simple calculation of equation (3.9),get

d d - s d?
= Fxn)= &ﬁzE(ﬁ (x, ) + p?A1 (x) + n®01(x) — p? = P&

Now, substitute equation (3.11) in (3.10).

(3.7)

(3.8)

(3.9)
(3.10)

(3.11)

%D(X»ﬁ) —]%D(X»Jl) = %E(ﬁ(x' £)) + X1 (%) + nd; (x) —J%E(fz(x, t)) —J%Xz(x) -

~0,(0)

(3.12)

The equation (3.12) represent non-homogeneous equation of order two has the solution

B(xn)=D.(x,n) +Dy(x ),
Where

-1

1
b.(x,n)= Blelﬁx + 3, e
And D, can be obtained by:

1

L i}
D, (x,1)= By (x)er? +B,(x)er

Since

1 -1
B3,(x) en” + 13,(x) e’ =0
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LB - L6, 0= L E(f (1) + () + 0 ()~ SE(000) ~ 5100 — 10,(x)

Where
N -1
er’ en’ 1
A: 1 —=x 1 _—;x = _ZF
= —5e
n n

-1

Bl(x) = ﬁ?z f(%E(fl(x, t)) +7\,1(X) +]‘16,1(X) —J%E(fz(x, t)) _J%KZ(X) _1_1162(36) )en_zx dx

In similar way:

B0 =2 [(Lp X 3 Lk L La il
#8200 = =5 [ (GECG 0) + K00 418,00 = B, 00) = 3700 = 20,() ) er”” d

1 -1

Pxn)= Be® + B, e + l(l%zf(%E(ﬁ(x»t)) + X,(x) +nd; (x) —]%E(fz(x:t)) _J%XZ(X) -
;az(x)) e dx ) e + (—"{f (iE(fl(x, 0) + %09 + 08, (1) = SE (06 ) = 5K ()

1 -1
%62(x)> en” dx > eﬁ_le

3, =3, =0, then the solution of D(x,n) is:
-1 1
B(xn) = K f <dXE<f1<x 0) + 50 + 08 () — ZE(f,(6, ) = 5ho(0) - ﬁaz(x)> e dx ) e +
2 d - . 1 -1
(—%f (d— E(f (6, 6) + K(9) + 03, (0) = SE((6,6) = SHa(x) = iaz(x)) e dx ) e]
Taking the inverse of Elzaki transform to both sides:

B(,t) =E™! “(ﬁ—f (iEm(x. 0) + 560 + 08 (0 — ZE(f (6 0) — 5 h() -

J%az(x)) o dx ) o + (—“;zf (iE(fl(x, 0) + 1) + 081 () = ZE(f (0, 0)) = 51,00 —

%62(x)> eléx dx ) eJ:_;xl (3.13)
Moreover, in similar way it can by obtaind T(x, p):

T )= ?E(f (6, 0) + 02 K () + 120, () — p? [(“— (diE(fl(x 0) + X, () + 0y (x) -

FE(H0 D)~ 51 —iazoc)) e dx ) e ( L ( E(f,(x,)) + % (0 + 08y (x) -
FE(H00 D) 51 —iazoc)) e dx ) er ]

Taking the inverse of Elzaki transform to both sides for the above equation :
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F(x, t)=E™" [ﬁz A1(x) + 0?8, (x) — p? di[ p? (;XE(ﬁ(x, £)) + X (x) + nd; (x) _]%E(fz(x; t)) —

d

J%?lz(x) —%52(35)) e;_z dx > er’ <—%f (&E(fl(x t)) + X, (x) + ndy (x) — _E(fz(x t)) —

5100 -

%62(95)) eJ%x dx ) eJ:_zlx”

So, P(x,t) and T(x,t) represent the general formula of the system (3.8)

(3.14)

1. Applications

The utility and effectiveness of Elzaki transformation are demonstrated in the following section using
the exact solution of the partial differential equations scheme.

Example (1): To solve the system

b; (x,t) + T, (x,t) =0
T:(x,t) + b, (x,t) = 0}

with the conditions D (x,0) = e, F(x,0) =e~>* and P(0,t) =DP(1,t) =0, F(0,t) =F(1,t) =0
which the system is homogenous f; (x,t) = f,(x,t) =0

b(x,t)=E71 [(%f(p () - 1,®) )e%x dx) e%x + (—gf(p A CI R 69 )elllx dx) e%x]

(4.1)

] 1 1 L mE
=E1 (J%f(5p e5% — 7% ) dx) en’ — (gf( Sne’ — e )er" dx) eTx]
- -1 1 Dy 2 -1 L Ox = -
—E (lef 5 e eT dx) er — (Ef (e(_5_5)xe7xdx ) eTx) e - (Ef 5pe e dx) e -
1 1 -1
() )
2 -
- SLZL1 sx I lle_5x_£lil65x+£. 116—5x
|2 "5 2" -5 2 5+ 2 -5+
o1 [ -sn® sy n? —Sx)]
=E _(1—25p2 1-25p2 €

~DP(x,t) = —e>*sinh5t + e >*cosh5t.
Moreover, for the second variable T(x, t):

7x, O=E [n%(x) 2 [ES( K ) - K0 )er " dx) e + (<2 [ (n % () -
A, (%) )elllx dx) e%x”

- d[ -5 2 -
=E-1 ]12 5x —n— [ n’ 5x n e Sx]
dx L1-25p2 1-25p2
10 25p spd
=E-1 ]1 e x+_ﬁ2 5x Lze Sx]
- 1-25n 1-25n
=E-1 n? 5x 5p° e—Sx]
[ 1-25n? 1-25p2

=~ F(x,t) = e5*cosh5t + e >*sinh5t.

Example(2):To solve the system

b, (x,t) + Fc(x,t) = 3x2 }
T, (x,t) + D, (x,t) = —12t

(4.2)
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with the conditions P (x,0) =0,T(x,0) = —12and D(0,t) =b(1,t) =0, T(0,t) =T(1,t) =0,
Using the formula (1) with the equations (3.6) and ( 3.7)

P(x t)= E-1 [(Jl (LE(A®D) +n K0 - 2E(£000) —xz(x))e_?lx dx) er +

(-2 (LE(Atx t))+pxl(x)—-E(f2(x 0) - 160 ) er* dx)eﬁ]

E- 1[( 6x 2 +12“ +12)en dx)eﬁ —( f(6xp + 2 +12) dx) _Tl"]

g1 (3]1 [xen dx+6p [er dx+6p[er” dx)eﬁ —(3]1 [xen dx+6p* [er* dx +
6pfeﬂ dx)eTx]

= E1[~6xp* — 12n* — 12p%]

~D(xt) = —3xt? — 6t% — 12.
Moreover, for the second variable T(x, t):

T(x,)=E ! [pE(fl(x 0)+ 0560~ | (2 (S E(ACD) +n K60 - 2B( £o000) -

A, (%) ) e_Tlx dx) e;,x + (—2 (%E(fl(x, t)) + n X (%) —J%E(fz(x, t)) — 1, (x) )eﬁx dx) eTx”

=E~1 [3x2p3 — p% [-6xn* — 12p* — 12]12]]
=E~![3x’n® — n[-6n*]]

=E~1[3x?n3 + 6pn°]

~T(x,t) = 3x%t + t3.

Example(3):To solve the system:

B (x,t) + Tr(x, t) =0
T (x, t) + D, (x,t) = O}

with the conditions B(x,0) =4x, T(x,0) = —4x ,and P;(x,0) = 4, T,(x,0) = —4
and P(0,t) =D(1,£) =0, F(0,t) = F(1,£) = 0

which the system is homogenous f; (x,t) = f,(x,t) =0

P(x )= E~1 [( f(xl(x)+pal(x)——xz(x)— 10,0) ) e _1xdx)eﬁi2x+<—p;f(?&’l(x)+p6’1(x)—
i7&2(X)—162(x))eﬁ dx)e;l]
=E~ [( 4+ix+ i) ;_ledx>eﬁizx—<ﬁ;f(4+%x+§)eﬁizxdx)e;_zlx]

[—4n* —4x]1 —4n3 ]

D(X t) = —2t2 — 4x — 4¢.
Also, for the second variable T(x, t):

(4.3)

1

T D=E~! [pz 160 +0°0,(0) — p? 2 [(2 (1100 + 0, () = 27060 = 20,(0) ) e ) " +

(~2 £ (600 456,00 - 22,60 - 20,00 ) ax ) |

=E~1[4n%x + 4n® — p?[—4n?]]
~F(x,t) = 4x + 4t + 2t2.

Example(4): To solve the system

Ttt (x,t) +Bx(x,t) = O } (4 2)
Dtt(x,t)+Tx (x,t) :2t_2 '
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with the conditions D(x,0) =2x, T(x,0) = —2x ,and b,(x, 0)
and P(0,t) =D(1,t) =0, T(0,¢t) =T(1,t) =0,
Using the formula (2) with the equations (3.13) and ( 3.14)

D(x,t)=E1

%62(@)9

1 1 1
n?fen” dx + [ xer +pfe5x)
~[—4p* + 2p°

-1
en?’

1 2
2 —;(zﬁs —2p?) t3x

+2)

-1
—X
en

— 2xp? — 2]

AB(x 1) = =262 + 13 — 20 — 2t.

Moreover,

T(x, t)=E~?!

F1() -

imcw>e

for the second variable T(x, t):

1% %1 (0 + 30, (x) — p® [ Zy

%62(x)> e;_zx dx > enz” <

1, -1
" dx

(&

en

|

=E~1 [2xp2 + 2n3 — n? % [—4n* + 2p5 — 2xpn? — 2]13]]

=E*[2xp? + 2p® — p?[-2pn?]]
=E~1[2xp? + 2p3 + 2n*]
~TF(x,t) = 2x + 2t + t2.
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