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ABSTRACT

some special graphs.

LetG = (V,E) be a simple and undirected graph without isolated vertices. A subset
D < Vsuch that D # Vis called strong equality co-neighborhood dominating set of G
(SENDS)), if satisfy the following condition that V v € D has property that it is adjacent to
the same number of vertices in the set V - D where deg(v) = deg(u) Vv € D andVu €

In this paper, SENDS in graphs is defined. Some properties of SENDS are determined for
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1. Introduction

LetG = (V,E) be an undirected, simple, and
finite graph of order |V| . The open
neighborhood of a vertex v in Gis N;(v) =
{fueV(G):uv € E(G)} and Ng[v] = N;(v) U
{v}is the closed set [12].

A subset D € Vis a dominating set of G, if
N¢;[D] = V. The domination number y(G) is the
minimum cardinality of a dominating set in G.
The N; (v) = {u € V(G): uv € E(G)}is the open
neighborhood of a vertex v € Gand Ng;[v] =
N;(v) U {v}.Domination in graphs has wide
range to solve variant problems life. So there
are many appeared many parameters of
domination as in [1-8] for domination by
vertices and [22] for domination by edges. Also,
there is a study of domination polynomial of
certain graph as in[9,14,15,16,18,19]. And
Chromatic polynomials and chromaticity of
zero-divisor graphs as in [17]. The domination
deal with many fields as a strong graph and
fuzzy graph [11, 20], topological graph [13],
and others. C. Berge in [10] is the first person
Proposition 1.2. [20].

who introduced the domination parameter. In
[21] the co-neighborhood domination is
defined as a subset D c V is equality co-
neighborhood dominating set of ¢ (ENDS), if
IN[v]n (V-D)| equal Vv € D. In [18] the
inverse  co-neighborhood domination is
introduced. In this paper, the new concept of
parameter domination is introduced which is
called the strong EN domination.

To prove our main results we need the
following results

Definition.1.1[20]. Let Gbe a simple graph, a
proper subset D c V is called equally co-
neighborhood dominating set of G (ENDS), if
every vertex in set D is adjacent to equally
number of vertices inV — D. The set Dis called
minimal ENDS( MENDS) if it has no proper
ENDS. The equally domination number denoted
by ¥Yen(G) for simplicity y,,(G) is the minimum
cardinality of a MENDS . The MENDS of
cardinality V., is called y,,- set.
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For a complete bipartite graph Ky m ,Yen(Knm) = min{m,n, |m —n| + 2}.
Theorem 1.3. [20].
If G, and G, are two graphs, then in general 1) ¥,,(G1®OG,) = |G1|. 2) Yen(G,OG;) = |G,].

2 SENDS for some certain graphs

Definition 2.1.

Consider G is a simple graph, D C Vis called the strong equality co-neighborhood dominating set of the
graph G (SENDS), if |N[v]n (V -D)|equalV v € D,and deg(v) = deg(u) Vv € D andVu € V — D.
The strong co-equally domination number denoted by ys,(G) is the minimum cardinality of SENDS. The
MSENDS of cardinality is called yg,-set. (For example see Fig .1)

Figure 1: (@) yen(G) (b) ven(G)
Proposition 2.2. Assume that the graph G has order n, then
1.v € D, Iif visapendantvertex such that n = 3 and G be connected graph.
2. ¥Yen(G) = ¥en(G) If yen(G) =1
3.1 < yon(G) En—1.
4. ¥Yen(G) = ¥en(G).
5.If G be a graph has ENDS, then G not necessary has SENDS
Proof.
Let v be a pendant vertex in G and let D be a y;,(G)-set. since n > 3 and G is connected graph, then
there isu € G such thatdeg (u) = 2, since deg (u) > deg (v) hence v € D, according to Definition
1.1 and Definition 2.1.
If ¥.n,(G) = 1, then there is vertex (v) such that deg(v) = n — 1, therefore y5,(G) = yon(G).
The lower bound occurs by (2) and upper bound occurs when G = P,.
IfG = K5, then¥,,(G) =3 but y5,(G) =4, then y5,(G) > ¥.,,(G) and by (2) therefore y5,(G) =
Yen(G). (For example see Fig .1)
It is straightforward by the following example.
Example .2.3
Let G be a bipartite graph see figure 2. We have D, = {v;,uq,u,},D, = {v,,uy,u,}and D5 =
{vs, v4,us, uy, us} are ENDS, but not SENDS because deg(v,) = deg(u,), deg(v,) = deg(u,),
deg(v,) = deg(uy), respectively for v, or v, € V — D, then G has no SENDS.

vl V2 V_3 v4

Figure 1: G has no SENDS
Proposition 2.4. For complete K,,, wheel W,,, and star S,, graphs, then

Yo (Sn) = vé.(Kn) = ve,(W,) =1,vn > 3,

Proof.
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It is straightforward from Proposition 2.2.(2).
Proposition 2.5. For a complete bipartite graph, then

s _ (min{n, m}, ifnm
Ven(Kn,m)_{z’ lfn=m
Proof.
Let K, ,, be complete bipartite graph and let X, Y be partite subsets of K, ,, such that |X|=n and |Y|=m.
Since X, and Y are ENDS according to Proposition 1.2, if m > n then deg(v) > deg(u) Vv € X and u €
Y according to definition of complete bipartite graph, then only X is SENDS, therefore yg,(Kym) =
min{n, m}.
If n=m, then all vertices has equal degree, hence the set {v,u} is SENDS Vv € X and u € Y according to
Definition 2.1., therefore g, (Kym) = 2

Theorem 2.6. Let G be a r-regular graph of order n, then

Vén(Gn) = Ven(Gn) = | 2= ¥n =7 + 1.

Proof.

Sincedeg(v) =r Vv € G, then for every r of vertices in G there is one vertex that dominates these
vertices, so we could have:—1 setif n = O(modr + 1) and y,,(G,) = &, and if n =j(modr +
n

1), then there are set has j < r of vertices one vertex dominates the rest, therefore y,,(G,) = [m .

Now Since deg(v) =rVv € G,,then y5,(G,) = Ven(Gy) = [&] according to Definition 2.1.

Proposition 2.7. Let C,be a cycle graph with order n, then

Vesn(Cn) = Yen(Cn) = E]/ vn = 3.

Proof.

Since deg(v) =2Vv € C,, then y5,(C,) = Yen(Cp) = E] according to Definition 2.1. and Theorem
2.6.

Proposition 2.8.Let P,be a path graph with order n, then

Yen(B) = Yen(Pn) = E]: vn =2.

Proof.

Since deg(v) = 2Vv € B, except for the pendant vertices, then according to Definition 2.1 and
Proposition 2.2 the pendant vertices are not in D, and they must be inV — D, then y;,(B,) =

Yen(Pn) = E]
3 SENDS of the join two graphs
Theorem 3.1. Let Gyand G,are two graphs with order n, m respectively, and let D; = y5,(G;)-set if

G; has SENDS or D; = G; if G; has no SENDS such that i=1,2, then
Yen (G1+ G2) =
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( 2 if Gy =G,
1Dy | if m+s; =n+p, such that s, is the smallest degree in the vertices
1 of D; and p, is the largest degree in the vertices of D,
) if n+ s, >m+ p; suchthat s, is the smallest degree in the vertices
min< | |D.|

of D, and p, is the largest degree in the vertices of D;

min {|D,], |D, 13, ifm+s;=n+p,and n+s, =m+p;
|S| where S is the minmum set such that S N V(G,) # @and S N V(G,) # @and
\ N(@) NV -—-Sisequal Vv; € Sand deg(v) > deg(u) Vv € Sandu €V — S

Proof.

There are three cases as follows.

Case 1. For G; = G,, and according to definition of (G; + G,) every vertex in G, is adjacent to all
vertices in G, and vice versa , theny,,(G; + G,)-set ={v,u} such that v € V(G;) and it has largest
degree in G, as well as u € V(G, ) and it has largest degree in G, and v is a correspondent to vertex u,
therefore y5,(G, + G,) = 2.

Case 2. If G; and G, have SENDS, then D, be y;,(G;)-set and D, be y;,(G, )-set. And if G; and G, have
no SENDS, then D; = G; and D, = G,, then D; and D, are SENDS of (G;+ G;), There are three
subcases of MSENDS of (G;+G,) depending on whether G; and G, have SENDS or not, as follows.
Ifm+s; = n+ p,, then deg(v,) = deg(v,) Vv, € D;and Vv, € D,, since D; and D, are SENDS of (G +
G,), therefore y5,(G;+ G,) = |Dy].

Ifn+s, >m+ p,, thendeg(v,) > deg(v,) Vv; € D;and Vv, € D,, since D; and D, are SENDS of
(G,+ G,), therefore ys5,(Gy+ G,) = |Dy|.

If m+s; =n+p,and n+ s, =m+ py, thenisclear y5,(G; + G,) = min {|D,|, |D,|}

Case 3. Since S is minimum subset of (G; + G,) such that has some vertices from G, and some
vertices from G, and since (v;) NV — D is equal Vv; € Sand deg(v) = deg(u) Vv € Sandu € V — S,
then S is SENDS and strong according definition of the operation of join of two graphs and Definition
2.1. Therefore, ys, (G;+G,) = |S| in this case.

Assuming that all or some cases are fulfilled, then y;,(G; + G,) = min { case. 1, case. 2, case. 3}. Thus
the proofis done.

Corollary 3.2.
E,= B,+ K; be a fan graph with order n + 1, then vz, (E,) =1V n > 2 (For example see Fig .3(a))
Cnm= Cn+ Kibe a cone graph with order n + m, K, = N, then
2(C) =15, ifm+2>n
Ve o) ={ e =[5 i
m, ifm+2<n

(For example see Fig .3 (b,c))
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Figure 3: (a) SENDS in fan Fg (b) SENDS in cone C43 (c) SENDSin cone Cq3
Proposition 3.3.

1. For ladder graph Ly, Vsn(Ly) = Yen(Ly) = 2 E] forn = 2.

2. For helm graph H,, vs,(H,) =n if n = 3,4 and H,, has no SENDS if n > 4.
3. For barbell graph B, ,, Vén (Bpn) = 2.

4. For a windmill graphW,)", y5,(Wo*) =1 form = 3 andn > 2
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Proof.
1. According to definition of ladder graphL, = P, X P,, for n = 2 and the product each vertex in the

first path is associated with the corresponding vertex in second path, then y,, (L) =2 Ven (B,) = 2 [g]
Since deg(v) = 3 Vv € y,,(L,,) — set and deg(u) < 3 Vu & y.,(L,) — set, then y5,(L;) = Yen(Ly) =
2 E] (For example see Fig .4(a) )

2. According to definition of helm graph H,=W,, UN,, U {u;v; € E(H,): forv; € C,, and u; € N,,,Vi =
1,2,3,...,n}. We have deg(v;) = 4 and deg(p;) = 1 Vp; € N,, we get they,, (H,) — set = C,, then if
n=>4deg(v) > deg(v;) Vv; € C, and vis centre of Wy, and v € y,,, (H,) — set, but if n=3,4, then
deg(v) < deg(v;). Thus the prove is done

3. Since B, ,= K, UK, U{uv € E(B,,): foru € K} andv € K2}, thenlt is cleary$, (B,,) — set =
{u, v}, because deg(v) = deg(v) = n, then 2, (Bnn) = 2.

4. According to definition of windmill graph we get n copies of complete graph K,,are joining by one
common vertex (v), then deg(v) = m(n — 1), then it is clear y;, (Wy") — set = {v}and y;, (W,;*) =1

[ - * ik i . a \ |/

" . - . il AN AN L] » f."l x‘“::*{___ﬁ"

+ . B (k) < . R — A

, . . . < /N

. . .. . » ~d e
L

. y q

a h G
Figure 4: SENDS in (a) ladder graph L, (b) helm graph Hy,
(c) barbell graph By ¢ (d) in windmill graph W3
4 SENDS of complement of certain graphs
Proposition 3.1.
1. C,, and B, ¥n < 3 has no SENDS
2. &, (B) =2, forn = 4.
3.v5,(C,) =2, forn = 4.
Proof.
1. Since C, and B, Vn < 3 has isolated vertex then has no ENDS and no SENDS.
2.There are two pendants vertices in B, v; ,and v,, such that the vertex v; is adjacent to all other
vertices in the graph P,, except the vertex v, and v, is adjacent to all vertices in B,, except v,,_;. Since
deg( v;)=deg( v,)=1 in PB,, then deg( v,)=deg( v,)=n-2 and { v,, v,,} is ENDS in B,, butdeg(v;) = 2
Vli<i<nin P, thendeg(v;) =n—3 in B, then {v,, v,}is SENDSin P, and 3, (P,) = 2
3.Since C, is 2-regular graph then C, is n-3-regular graph, then y,, (C,) = 3, (C,) = 2 according to
Theorem 1.3. The proof is done.
has no SENDS, ifn+m

2, ifn=m °
Proof. Letm > n, since K,,, and K, U K,,are isomorphic graphs, then must be ¥, (Kpm)=m- n+
2, and yen(m) — set has one vertex from K,, and m —n + 1 vertices from K,,, according to
Definition 1.1. and according to Proposition 1.2. then
If m=n, then ¥en(Kym) =2, since deg(v) =n-1Vv € K,,,, then y5,(K,m) = 2 according to
Definition 2.1.
If m > nthendeg(v) > deg(u)V v € K, and u € Ky, then ¥, (K;, ) is not SENDS. Therefore K,
has no SENDS.
5 SENDS of the corona graphs

Proposition 4.2. g, (K m)= {

Theorem 4.1. Let G;and G,are two graphs, then
Yen (G1O G3) = Ven(G1O G2) = |G4]
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Proof.

If G;and G, are two graphs of ordern = 2andm = 1 respectively and since Y,,(G;® G,) = |G4]
according to Theorem 1.3, then deg(v) = m and deg(u) <m —1V v € Gyand Yu € G, in (GO G,),
then yg, (G1O G2) = Ven(G1O G2) = |G4].

Proposition 4.2. If Gyand G,are two graphs of ordern = 2 and m = 1 respectively, then

Yen (G1O G2)=Yen (G1O G2)=2

Proof.

SinceG; and G, are two graphs of ordern > 2 and m > 1respectively, then we have every vertex in
i;pcopy of G, is adjacent to all the vertices of (G;® G,) except iy, vertex

in G; and all other vertices in same copies of G,. Let D = {v,u: v in iy, copy of G,and u in

(i + 1)y, copy of G, such that deg(v) = deg (v; )V v; € iy, copy of G,, as well as u}, then set D isyg,
(G,®© G,) —set. Therefore, y5, (G1® G,)=2

Conclusion.

Throughout this paper, the modern and strong of this modern concept of domination have been
defined. Many propositions, theorems, and corollary are proved. Also, for most the certain graphs this
number is determined. Moreover, some operation on graphs are calculated as a complement, join, and

corona.
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