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ABSTRACT

dimension 0 and 1.

The structure constants of the algebra A4 define, in four-dimensional affine space, a
system of curvilinear coordinates with constant connection coefficients. The study of
curvilinear coordinates with constant connection coefficients is related to the study and
classification of commutative and associative algebras A4. Therefore, this work considers
the classification of commutative and associative algebras A4 with radical R(A44) of
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The theory of commutative and associative
algebras is a well-developed branch of algebra.
At the same time, in many problems of
geometry, it becomes necessary to use certain
concepts from linear algebra [1]. Therefore, the
problem of classifying the entire set of
associative and commutative algebras is of
particular interest. In the present work, this
problem is solved for four-dimensional algebras
with a radical R(A44) of dimension 0 and 1.

In the classification of four-dimensional
algebras over the field of real numbers, well-
known theorems of linear algebra are used [2],
[3].

Theorem 1. If a commutative and associative
algebra A is semisimple, then it decomposes into
a direct sum of a certain number of algebras of
complex numbers C and real numbers R.
Theorem 2. If R(A) is the radical of an
associative algebra A, then the factor algebra
A/R(A) is semisimple.

Theorem 3. In an arbitrary associative algebra
A there exists a semisimple subalgebra U
complementary to the maximal nilpotent ideal
R(A).

Let Ckj - be the structure constants of the
algebra A. The multiplication law of the basis
vectors ek in the algebra A is given by the
formula:
eigj = Ckijex .
(1)
The conditions of commutativity and
associativity of algebra A are respectively
equivalent to the identities

k _ ok mevs g Ym oS
Cij _Cji > Cij Cox = Cjkai
which these structural constants satisfy. These
relations are equivalent to the relations

e, =¢€&, (588 =¢€/(£;6).
(2)

Let's consider a four-dimensional commutative
and associative algebra A4 c with basis {¢1, €2, €3,
es}. If the algebra As4 mnosaynpoctol, is
semisimple, then this algebra does not have a
radical of dimension different from zero.
Therefore, for a semisimple algebra,
dimR(A4)=0 and there are three possible cases:
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L. 4,=C®C; 1.4, =COROR; 1L
A, =RORO®RO®R.

The multiplication tables of the basis vectors of these algebras are respectively written in the form:
EE, =&, 18, = 86,6, =&y, &, =66, =0, ¢, =¢,6, =0,

) 262 =76 626 =68, = 0, &,6,=¢,6,=0,

E3E3 =&, E36, = E,6, =&, £,E, = —&;.

EE, =&, 8, =6,6 =&y, &, =66, =0,¢¢,=¢,6 =0,

) £262 =781 6,6, = 66, = 0, ,&, =¢,6,=0,

£8, =86, 68,=¢€,6,=0,¢,6,=¢,.

& =&, E1€) = E,E =& & =88 =EE, =EE8 = O, E,8, = &5,

1) £, =86¢8,=6E,=6,6,=0,8,6,=¢,,6¢,=£,6,=0,6,6,=¢,.

Using formula (1), the structure constants of the above-mentioned algebras I-III are determined.

The structure constants for an algebra of type I are defined as:

& =68 = C111‘91 + C121‘92 + C13183 + C14154 = Clll =1, C121 = C131 = C141 =0,
€16, = &6, =¢; :>C122 = C221 =1, Cllz = Cél = C132 = C231 = C142 = C;l =0,
§&; =66 =0 :>C113 = C311 = C123 = C321 = C133 = C331 = C143 = C341 =0,

&8y =848 = 0= C'114 = Czlu = C124 = Cfl - C134 = le = C144 = C:1 =0,
&6, ==& = Céz =-1 C222 = C232 = C;z =0,

£,6 =66 =0= C;3 = Cslz = C223 = C322 = C233 = C332 = C;3 = C342 =0,
&8y =&y = C333 =1, C313 = C323 = C343 =0,

&8, = &,65 =8, :>C344 - st =1, C314 - Cis = C324 - Cj3 = C334 - C:3 =0,

_ 3 _ I R
E8, =& = C44 - _19 C44 - C44 - C44 =0.
Similarly, for algebra II, the structure constants have the form:

1000 0100
_|o-to0) L, |1 000

10000 7 0000

b

0000 0000
0000 0000
Cloooo , (0000
Ploo10] " |loooof
0000 0001

The structure constants of an algebra of type III are written in the form:

Eurasian Journal of Physics, Chemistry and Mathematics www.geniusjournals.org
Page |2



Volume 48| October 2025 ISSN: 2795-7667

1000 0000
S loo0o00 o100
P“lo0o0o0|” " |looo0o0]
0000 0000
0000 0000
. looo0o0 . 0000
loot1ol " loooof
0000 0001

If the algebra A4 is not semisimple, then there exists a non-zero radical R(A44).

Let dimR(A4)=1 u €4 - be a basis element in the radical R(A4). Then, according to Theorem 2, the factor
algebra A4/R(A4) will be a three-dimensional semisimple algebra.

Hence, the following two cases are possible:

1.In the case 4,/ R(A4,)=C® R, according to Theorem 3, the multiplication law of the basis elements
€1, €2, €3, €4 in the algebra A4 is given by:
EE =6, EE =68 =&, §& =6¢& =0,8¢8, =¢5,6 =&,
£,E, ==&, &8 =&¢&,=0, g,¢&, =¢,6,= ue,, 3)
E8, =&, 8, =E&,&,=VE,, £&,=0,
whereis 4, i,V e R .
From the associativity condition (2) of the algebra A4, we obtain the following systems of equations:
A=, A==, v=v>, u=Au, Alv=0, uv=0.

The solution to this system of equations is:

A=0, A=0,
H= 0, 1501051 H= 0,
v=0 v=I.

At the same time, for the first case expression (3) is written in the form,
EE, =&, §E, =8 =&, £, =88 =¢6&,=¢6,6 =0,

E,E) ==&, £,6 =88, =6,6,=¢8,6,=0,

(4)
£,8, =865, £, =E6,6,=6,6,=0,
and for the second case,
EE, =&, §E, =68 =&, £&, =86 =6&,=¢6,6 =0,
£,E), ==&, £,6 =88, =866, =8,6,=0, )

E,8, =865, £6,=E,6,=¢&,, £,6,=0.

An algebra whose multiplication law of the basis elements is given in the form (4) is called an algebra
of type IV. Similarly, an algebra of type V is defined by relations (5).
The structure constants of the algebra of type IV have the form:
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1 000 0100
C10-100 , |1 000
P“loo0o0|” " loooo]
0000 0000
0000 0000
, {0000 , {0000
Ploo10] " |ooo0o0/
0000 0000
and for the type V,
1 0 0 0 01 0 0
C]_O—loo o 1 0 0 O
10 0 0 0" 1o 0o 0 0] ’
0 0 0 0 0 0 0 O
0 0 0 0 0 0 0 O
C§20000 Cﬁzoooo
10 01 0 |’ 1o 0 0 1
0 0 0 0 0 01 0
2. For this case 4,/ R(4,) = R® R® R we write the multiplication law of the basis elements of the

algebra as Aa:
&8 =&, EE,= &EE =EE=EE = 0, E€,= &8 = 184,

£,6,= &), £,& =&, =0, §&,= &,6,= e,

(6)
E;8,= &, £8,= £,6,=VE,, £,&, = 0.
From the associativity conditions of the algebra A4, we obtain the following systems of equations:
A=, u=1’, v=v>,
Au=0, Av=0, vu=0.
This system of equations has the following solutions:
2N A=1 = u=v=0
22) u=1= A=v=0;
23)v=1l = A=u=0;
24) =0, u=0, v=0.
The multiplication table (6) of the basis elements of the algebra in case (2.1) is written in the form:
€1 £ £3 &4
£1 €1 0 0 &4
g |0 e |0 0 (7)
£ 0 0 £ 0
&4 &4 0 0 0
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In case (2.2), after substituting the basis elements according to the formulas:
E, =6, E,=&, & =&, £ =&,

..once again transforms the multiplication law (6) into table (7). Similarly, in case (2.3), after

substituting the basis elements:

...the multiplication law (6) is again reduced to table (7). In case (2.4), the multiplication law (6) is

rewritten as follows:

(8)

€1 £ £3 &4
&1 &1 0 0 0
£2 0 &2 0 0
£3 0 0 £3 0
&4 0 0 0 0
Thus, the following theorem holds.
Theorem. There exist seven pairwise non-
isomorphic four-dimensional commutative and
associative algebras with a radical of dimension
0 and 1. 2.
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