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1. Introduction 
       The complex domain 𝑇 ⊂ 𝐶  harmonic, the 
function 𝜔 = 𝑟 + 𝑖𝑢 is said to be continuous. We 
can write 𝜔 = 𝑝 + 𝑣, In any simply connected 
domain 𝑇, where 𝑝 and 𝑣 are analytic in 𝑇 [1,2,3], 

if real harmonic is 𝑟 and 𝑢 in 𝑇. Clune and Shel-
Smal[4] are two examples. 𝑃(𝜄) denotes the 
family of all multivalent harmonic functions 𝜔 =
𝑝 + �̅� [5,6], that are sense-preserving in the open 
unit disc Δ = {𝑡: |𝑡| < 1}, where     

𝑝(𝑡) = 𝑡𝜄 +∑𝑑𝑘+𝜄−1𝑧
𝑘+𝜄−1 

∞

𝑘=2

,   𝑣(𝑡) = ∑𝑒𝑘+𝜄−1

∞

𝑘=1

𝑧𝑘+𝜄−1
 
.                        (1) 

Recently Muhammed and Darius [7] defined by 𝑀(𝑒𝑖; 𝑙𝑗; 𝑎)𝜔(𝑡): 𝐴 → 𝐴 : 

𝑀(𝑒𝑖; 𝑙𝑗; 𝑎)𝜔(𝑡) = 𝑡
𝜄 +∑

(𝑒1, 𝑎)𝑘−1 …(𝑒𝑠, 𝑎)𝑘−1  
(𝑎, 𝑎)𝑘−1  …(𝑙1, 𝑎)𝑘−1  …(𝑙𝑥, 𝑎)𝑘−1  

 𝑑𝑘+𝜄−1𝑡
𝑘+𝜄−1 .          (2) 

∞

𝑘=2

 

The Srivastva-Atiya[8] operator 𝑁𝑐,𝑒: 𝐴 → 𝐴 is defined in: 

𝑁𝑐,𝑒𝜔(𝑡) = 𝑡
𝜄 +∑(

1 + 𝑒

𝑘 + 𝑒
)𝑐 𝑑𝑘+𝜄−1𝑡

𝑘+𝜄−1 
∞

𝑘=2

,                                               (3) 

where 𝑡 ∈ Δ, 𝑒 ∈ ℂ {0,−1,−2,… }⁄ , 𝑐 ∈ ℂ and 𝜔 ∈ 𝐴. Linear operator 𝑁𝑐,𝑒 as well as 
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𝑁𝑐,𝑒𝜔(𝑡) = 𝑅𝑐,𝑒 ∗ 𝜔(𝑡) = (1 + 𝑒)
𝑐(∅(𝑡, 𝑐, 𝑒) − 𝑒−𝑐) ∗ 𝜔(𝑡) , 𝛷(𝑡, 𝑐, 𝑒) = ∑

𝑡𝑘

(𝑘+𝑒)𝑐
 ∞

𝑘=0 , the renowned 

Horwitz –Lerich zeta function (see[8-10]), as well as 

𝑁𝑖𝑐(𝑡) = ∑
𝑡𝑘

(𝑘)𝑐
= 𝑡𝛷(𝑡, 𝑐, 1)

∞

𝑘=0

. 

The linear operator𝑁𝑎
𝑐,𝑒(𝑒𝑖, 𝑙𝑗)(𝜔): 𝐴 → 𝐴 and by [11,12] as 

𝑁𝑎
𝑐,𝑒(𝑒𝑖, 𝑙𝑗)𝜔(𝑡) = 𝑡𝜄 +∑

(𝑒1, 𝑎)𝑘−1 …(𝑒𝑠, 𝑎)𝑘−1  
(𝑎, 𝑎)𝑘−1  …(𝑙1, 𝑎)𝑘−1  …(𝑙𝑥, 𝑎)𝑘−1  

(
1 + 𝑒

𝑘 + 𝑒
)𝑐 𝑑𝑘+𝜄−1𝑡

𝑘+𝜄−1 
∞

𝑘=2

      , (4) 

(𝑡 ∈ Δ, 𝑒 ∈ ℂ {0,−1, −2,… }⁄ , 𝑐 ∈ ℂ, 𝑙𝑗 ∈ ℂ {0, −1,−2,−3,… }, |𝑎| < 1 ⁄ and 𝑠 = 𝑥 + 1, 𝑥 ∈ ℕ0. 

This class of multivalent harmonic functions was created by𝑁𝑘
∗(𝜄, 𝛼1, 𝜇), a favorable condition 

ℜe{
(𝑁𝑎

𝑐,𝑒(𝑑𝑖, 𝑒𝑗)𝑝(𝑡))
𝜂

− (𝑁𝑎
𝑐,𝑒(𝑒𝑖, 𝑙𝑗)𝑣(𝑡))

𝜂

𝑡 (𝑁𝑎
𝑐,𝑒(𝑑𝑖, 𝑒𝑗)𝑝(𝑡))

𝜂−1

+ 𝑧 (𝑁𝑎
𝑐,𝑒(𝑒𝑖, 𝑙𝑗)𝑣(𝑡))

𝜂−1} ≥ 𝜄𝜇,                                    (5) 

for 𝜄 ≥ 1, 0 ≤ 𝜇 < 1, |𝑡| < 1.  

The multvalent harmonic functions𝜔 in 𝑁𝑘
∗(𝜄, 𝛼1, 𝜇) such that 𝜔and 𝑣 are function of  

𝑝(𝑡) = 𝑡𝜄 −∑|𝑑𝑘+𝜄−1|𝑡
𝑘+𝜄−1 

∞

𝑘=2

,   𝑣(𝑡) = ∑|𝑒𝑘+𝜄−1|

∞

𝑘=1

𝑡𝑘+𝜄−1
 
.                                         (6) 

 

2. MAIN RESULTS 

We demonstrate that the class 𝑁𝑘
∗(𝜄, 𝛼1, 𝜇) satisfies the necessary coefficient requirements 

Theorem 2.1: Assume 𝜔 ∈ 𝑁𝑘
∗(𝜄, 𝛼1, 𝜇) if and only if  

 ∑(𝑘 + 𝜄(1 − 𝜇) − 𝜂) [
(𝑘 + 𝜄 − 1)!

(𝑘 + 𝜄 − 𝜂)!
] 

(𝑒1, 𝑎)𝑘−1 …(𝑒𝑠, 𝑎)𝑘−1  
(𝑎, 𝑎)𝑘−1  …(𝑙1, 𝑎)𝑘−1  …(𝑙𝑥, 𝑎)𝑘−1  

(
1 + 𝑒

𝑘 + 𝑒
)𝑐|𝑑𝑘+𝜄−1| +

∞

𝑘=2

 

∑(𝑘 + 𝜄(1 + 𝜇) − 𝜂) [
(𝑘 + 𝜄 − 1)!

(𝑘 + 𝜄 − 𝜂)!
]

(𝑒1, 𝑎)𝑘−1 …(𝑒𝑠, 𝑎)𝑘−1  
(𝑎, 𝑎)𝑘−1  …(𝑙1, 𝑎)𝑘−1  …(𝑙𝑥, 𝑎)𝑘−1  

(
1 + 𝑒

𝑘 + 𝑒
)𝑐 |𝑒𝑘+𝜄−1|

∞

𝑘=1

 

≤ (𝜂 − 𝜇)[(𝜄)𝜂(𝜂 − 1)!],                                                                                      (7) 

(𝑡 ∈ Δ, 𝑒 ∈ ℂ {0,−1, −2,… }⁄ , 𝑐 ∈ ℂ, 𝑙𝑗 ∈ ℂ {0, −1,−2,−3,… }, |𝑎| < 1⁄ and 𝑠 = 𝑥 + 1, 𝑥 ∈ ℕ0. 

 
Proof: Assuming that the condition is both necessary and sufficient for 𝜔 via (5), we obtain 



 

 

 

ℜ𝑒

{
 
 
 
 

 
 
 
 

(𝜄)𝜂(𝜂)! 𝑡𝜂−1 − ∑ [
(𝑘 + 𝜄 − 1)!

(𝑘 + 𝜄 − 1 − 𝜂)!
] 

(𝑒1, 𝑎)𝑘−1 …(𝑒𝑠, 𝑎)𝑘−1  
(𝑎, 𝑎)𝑘−1  …(𝑙1, 𝑎)𝑘−1  …(𝑙𝑥, 𝑎)𝑘−1  

(
1 + 𝑒
𝑘 + 𝑒

)𝑐𝑑𝑘+𝜄−1𝑡
𝑘+𝜄−1−𝜂 ∞

𝑘=2

𝑡

[
 
 
 
 (𝜄)𝜂−1(𝜂 − 1)! 𝑡𝜂−2 − ∑ [

(𝑘 + 𝜄 − 1)!

(𝑘 + 𝜄 − 1 − (𝜂 − 1))!
] 

(𝑒1, 𝑎)𝑘−1 …(𝑒𝑠, 𝑎)𝑘−1  
(𝑎, 𝑎)𝑘−1  …(𝑙1, 𝑎)𝑘−1  …(𝑙𝑥, 𝑎)𝑘−1  

(
1 + 𝑒
𝑘 + 𝑒

)𝑐𝑑𝑘+𝜄−1𝑡𝑘+𝜄−1−
(𝜂−1) ∞

𝑘=2 +

∑ [
(𝑘 + 𝜄 − 1)!

(𝑘 + 𝜄 − 1 − (𝜂 − 1))!
]

(𝑒1, 𝑎)𝑘−1 …(𝑒𝑠, 𝑎)𝑘−1  
(𝑎, 𝑎)𝑘−1  …(𝑙1, 𝑎)𝑘−1  …(𝑙𝑥, 𝑎)𝑘−1  

(
1 + 𝑒
𝑘 + 𝑒

)𝑐 𝑒𝑘+𝜄−1
∞
𝑘=1 𝑡𝑘+𝜄−1−(𝜂−1)

 

]
 
 
 
 

}
 
 
 
 

 
 
 
 

− 

ℜ𝑒

{
 
 
 
 

 
 
 
 

 

∑ [
(𝑘 + 𝜄 − 1)!

(𝑘 + 𝜄 − 1 − 𝜂)!
]

(𝑒1, 𝑎)𝑘−1 …(𝑒𝑠, 𝑎)𝑘−1  
(𝑎, 𝑎)𝑘−1  …(𝑙1, 𝑎)𝑘−1  …(𝑙𝑥, 𝑎)𝑘−1  

(
1 + 𝑒
𝑘 + 𝑒

)𝑐 𝑒𝑘+𝜄−1
∞
𝑘=1 𝑡𝜄+𝑘−1−𝜂

 

𝑡

[
 
 
 
 (𝜄)𝜂−1(𝜂 − 1)! 𝑡𝜂−1−1 − ∑ [

(𝑘 + 𝜄 − 1)!

(𝑘 + 𝜄 − 1 − (𝜂 − 1))!
] 

(𝑒1, 𝑎)𝑘−1 …(𝑒𝑠, 𝑎)𝑘−1  
(𝑎, 𝑎)𝑘−1  …(𝑙1, 𝑎)𝑘−1  …(𝑙𝑥, 𝑎)𝑘−1  

(
1 + 𝑒
𝑘 + 𝑒

)𝑐𝑑𝑘+𝜄−1𝑡𝑘+𝜄−1−
(𝜂−1) ∞

𝑘=2 +

∑ [
(𝑘 + 𝜄 − 1)!

(𝑘 + 𝜄 − 1 − (𝜂 − 1))!
]

(𝑒1, 𝑎)𝑘−1 …(𝑒𝑠, 𝑎)𝑘−1  
(𝑎, 𝑎)𝑘−1  …(𝑙1, 𝑎)𝑘−1  …(𝑙𝑥, 𝑎)𝑘−1  

(
1 + 𝑒
𝑘 + 𝑒

)𝑐 𝑒𝑘+𝜄−1
∞
𝑘=1 𝑡𝑘+𝜄−1−(𝜂−1)

 

]
 
 
 
 

}
 
 
 
 

 
 
 
 

≥ 𝜄𝜇  (8) 

If all 𝑡 values satisfy the criteria, 
When selecting values for 𝑡 on the positive true axis, where 0 ≤ 𝑡 < 1, we get 

  

(𝜄)𝜂(𝜂)! − ∑ [
(𝑘 + 𝜄 − 1)!

(𝑘 + 𝜄 − 1 − 𝜂)!
] 

(𝑒1, 𝑎)𝑘−1 …(𝑒𝑠, 𝑎)𝑘−1  
(𝑎, 𝑎)𝑘−1  …(𝑙1, 𝑎)𝑘−1  …(𝑙𝑥, 𝑎)𝑘−1  

(
1 + 𝑒
𝑘 + 𝑒

)𝑐𝑑𝑘+𝜄−1𝑡
𝑘+𝜄−2(𝜂−1) ∞

𝑘=2

(𝜄)𝜂−1(𝜂 − 1)! 𝑡𝜂−1−1 − ∑ [
(𝑘 + 𝜄 − 1)!

(𝑘 + 𝜄 − 1 − (𝜂 − 1))!
] 

(𝑒1, 𝑎)𝑘−1 …(𝑒𝑠, 𝑎)𝑘−1  
(𝑎, 𝑎)𝑘−1  …(𝑙1, 𝑎)𝑘−1  …(𝑙𝑥, 𝑎)𝑘−1  

(
1 + 𝑒
𝑘 + 𝑒

)𝑐𝑑𝑘+𝜄−1𝑡𝑘+𝜄−2
(𝜂−1) ∞

𝑘=2 +

∑ [
(𝑘 + 𝜄 − 1)!

(𝑘 + 𝜄 − 1 − (𝜂 − 1))!
]

(𝑒1, 𝑎)𝑘−1 …(𝑒𝑠, 𝑎)𝑘−1  
(𝑎, 𝑎)𝑘−1  …(𝑙1, 𝑎)𝑘−1  …(𝑙𝑥, 𝑎)𝑘−1  

(
1 + 𝑒
𝑘 + 𝑒

)𝑐 𝑏𝑘+𝜄−1
∞
𝑘=1 𝑡𝑘+𝜄−2(𝜂−1)

 

 

−

∑ [
(𝑘 + 𝜄 − 1)!

(𝑘 + 𝜄 − 1 − 𝜂)!
]

(𝑒1, 𝑎)𝑘−1 …(𝑒𝑠, 𝑎)𝑘−1  
(𝑎, 𝑎)𝑘−1  …(𝑙1, 𝑎)𝑘−1  …(𝑙𝑥, 𝑎)𝑘−1  

(
1 + 𝑒
𝑘 + 𝑒

)𝑐 𝑒𝑘+𝜄−1
∞
𝑘=1 𝑡𝑘+𝜄−2(𝜂−1)

 

(𝜄)𝜂−1(𝜂 − 1)! 𝑡𝜂−1−1 − ∑ [
(𝑘 + 𝜄 − 1)!

(𝑘 + 𝜄 − 1 − (𝜂 − 1))!
] 

(𝑒1, 𝑎)𝑘−1 …(𝑒𝑠, 𝑎)𝑘−1  
(𝑎, 𝑎)𝑘−1  …(𝑙1, 𝑎)𝑘−1  …(𝑙𝑥, 𝑎)𝑘−1  

(
1 + 𝑒
𝑘 + 𝑒

)𝑐𝑑𝑘+𝜄−1𝑡𝑘+𝜄−2
(𝜂−1) ∞

𝑘=2 +

∑ [
(𝑘 + 𝜄 − 1)!

(𝑘 + 𝜄 − 1 − (𝜂 − 1))!
]

(𝑒1, 𝑎)𝑘−1 …(𝑒𝑠, 𝑎)𝑘−1  
(𝑎, 𝑎)𝑘−1  …(𝑙1, 𝑎)𝑘−1  …(𝑙𝑥, 𝑎)𝑘−1  

(
1 + 𝑒
𝑘 + 𝑒

)𝑐 𝑒𝑘+𝜄−1
∞
𝑘=1 𝑡𝑘+𝜄−2(𝜂−1)

 

≥ 𝜄𝜇    (𝟗) 

When condition (7) fails, the numerator in equation (8) becomes negative as it approaches one. This 
issue with the situation for 𝜔(𝑡) ∈ 𝑁𝑘

∗(𝜄, 𝛼1, 𝜇), and as a result, the verification is completed.  

Corollary 2.2[13,14]: If 𝜂 = 1, then𝜔 ∈ 𝑁𝑘
∗(𝜄, 𝛼1, 𝜇) if and only if  

 ∑(𝑘 + 𝜄(1 − 𝜇) − 1) 
(𝑒1, 𝑎)𝑘−1 …(𝑒𝑠, 𝑎)𝑘−1  

(𝑎, 𝑎)𝑘−1  …(𝑙1, 𝑎)𝑘−1  …(𝑙𝑥, 𝑎)𝑘−1  
(
1 + 𝑒

𝑘 + 𝑒
)𝑐|𝑑𝑘+𝜄−1| +

∞

𝑘=2

 

∑(𝑘 + 𝜄(1 + 𝜇) − 1)
(𝑒1, 𝑎)𝑘−1 …(𝑒𝑠, 𝑎)𝑘−1  

(𝑎, 𝑎)𝑘−1  …(𝑙1, 𝑎)𝑘−1  …(𝑙𝑥, 𝑎)𝑘−1  
(
1 + 𝑒

𝑘 + 𝑒
)𝑐 |𝑒𝑘+𝜄−1|

∞

𝑘=1

≤ (1 − 𝜇)𝜄,        



 

(𝑡 ∈ Δ, 𝑒 ∈ ℂ {0,−1, −2,… }⁄ , 𝑐 ∈ ℂ, 𝑙𝑗 ∈ ℂ {0, −1,−2,−3,… }, |𝑎| < 1⁄ and 𝑠 = 𝑥 + 1, 𝑥 ∈ ℕ0. 

 
 

3. EXTREME POINT 

Theorem 3.1: Suppose 𝜔(𝑡) given and (6). Then 𝜔 ∈ 𝑁𝑘
∗(𝜄, 𝛼1, 𝜇) if and only if         

𝜔(𝑡) = ∑ (𝑋𝑘+𝜄−1
∞
𝑘=1 𝑝𝑘+𝜄−1(𝑡) + 𝑌𝑘+𝜄−1𝑣𝑘+𝜄−1(𝑡)) ,  

where 
 𝑝𝜄(𝑡) = 𝑡𝜄 , 

 
 𝑝𝑘+𝜄−1(𝑡)

= 𝑡𝜄 −∑
(𝑟 − 𝜇)[(𝜄)𝑟(𝑟 − 1)!]

(𝑘 + 𝜄(1 − 𝜇) − 𝑟) [
(𝑘 + 𝜄 − 1)!
(𝑘 + 𝜄 − 𝑟)!

] 
(𝑒1, 𝑎)𝑘−1 …(𝑒𝑠, 𝑎)𝑘−1  

(𝑎, 𝑎)𝑘−1  …(𝑙1, 𝑎)𝑘−1  …(𝑙𝑥, 𝑎)𝑘−1  
(
1 + 𝑒
𝑘 + 𝑒

)𝑐
𝑡𝑘+𝜄−1−𝑟

 
,

∞

𝑘=2

 

 and   
𝑣𝑘+𝜄−1(𝑡)

= 𝑡𝜄 −∑
(𝑢 − 𝜇)[(𝜄)𝑟(𝑟 − 1)!]

(𝑘 + 𝜄(1 + 𝜇) − 𝑟) [
(𝑘 + 𝜄 − 1)!
(𝑘 + 𝜄 − 𝑟)!

] 
(𝑒1, 𝑎)𝑘−1 …(𝑒𝑠, 𝑎)𝑘−1  

(𝑎, 𝑎)𝑘−1  …(𝑙1, 𝑎)𝑘−1  …(𝑙𝑥, 𝑎)𝑘−1  
(
1 + 𝑒
𝑘 + 𝑒

)𝑐
𝑡𝑘+𝜄−1−𝑟

 
,

∞

𝑘=1

 

𝑝𝑘+𝜄−1(𝑡) ≥ 0  , 𝑣𝑘+𝜄−1(𝑡) ≥ 0 , 𝑥𝜄 = 1 −∑𝑋𝑘+𝜄−1

∞

𝑘=2

+∑𝑌𝑘+𝜄−1

∞

𝑘=1

. 

The extrme points of 𝜔 ∈ 𝑁𝑘
∗(𝜄, 𝛼1, 𝜇) are { 𝑝𝑘+𝜄−1} and{𝑣𝑘+𝜄−1}. 

 
 Proof: Suppose  

𝜔(𝑡) = ∑(𝑋𝑘+𝜄−1

∞

𝑘=1

𝑝𝑘+𝜄−1(𝑡) + 𝑌𝑘+𝜄−1𝑣𝑘+𝜄−1(𝑡)) = ∑(𝑋𝑘+𝜄−1

∞

𝑘=1

+ 𝑌𝑘+𝜄−1)𝑡
𝜄 

−∑
(𝑟 − 𝜇)[(𝜄)𝑟(𝑟 − 1)!]

(𝑘 + 𝜄(1 − 𝜇) − 𝑟) [
(𝑘 + 𝜄 − 1)!
(𝑘 + 𝜄 − 𝑟)!

] 
(𝑒1, 𝑎)𝑘−1 …(𝑒𝑠, 𝑎)𝑘−1  

(𝑎, 𝑎)𝑘−1  …(𝑙1, 𝑎)𝑘−1  …(𝑙𝑥, 𝑎)𝑘−1  
(
1 + 𝑒
𝑘 + 𝑒

)𝑐
𝑋𝑘+𝜄−1𝑡

𝑘+𝜄−1−𝑟 
∞

𝑘=2

 

+∑
(𝑟 − 𝜇)[(𝜄)𝑟(𝑟 − 1)!]

(𝑘 + 𝜄(1 + 𝜇) − 𝑟) [
(𝑘 + 𝜄 − 1)!
(𝑘 + 𝜄 − 𝑟)!

] 
(𝑒1, 𝑎)𝑘−1 …(𝑒𝑠, 𝑎)𝑘−1  

(𝑎, 𝑎)𝑘−1  …(𝑙1, 𝑎)𝑘−1  …(𝑙𝑥, 𝑎)𝑘−1  
(
1 + 𝑒
𝑘 + 𝑒

)𝑐
𝑌𝑘+𝜄−1𝑡

𝑘+𝜄−1−𝑟 
∞

𝑘=1

 

= 𝑡𝜄 −∑
(𝑟 − 𝜇)[(𝜄)𝑟(𝑟 − 1)!]

(𝑘 + 𝜄(1 − 𝜇) − 𝑟) [
(𝑘 + 𝜄 − 1)!
(𝑘 + 𝜄 − 𝑟)!

] 
(𝑒1, 𝑎)𝑘−1 …(𝑒𝑠, 𝑎)𝑘−1  

(𝑎, 𝑎)𝑘−1  …(𝑙1, 𝑎)𝑘−1  …(𝑙𝑥, 𝑎)𝑘−1  
(
1 + 𝑒
𝑘 + 𝑒

)𝑐
𝑋𝑘+𝜄−1𝑡

𝑘+𝜄−1 
∞

𝑘=2

 

+∑
(𝑟 − 𝜇)[(𝜄)𝑟(𝑟 − 1)!]

(𝑘 + 𝜄(1 − 𝜇) − 𝑟) [
(𝑘 + 𝜄 − 1)!
(𝑘 + 𝜄 − 𝑟)!

] 
(𝑒1, 𝑎)𝑘−1 …(𝑒𝑠, 𝑎)𝑘−1  

(𝑎, 𝑎)𝑘−1  …(𝑙1, 𝑎)𝑘−1  …(𝑙𝑥, 𝑎)𝑘−1  
(
1 + 𝑒
𝑘 + 𝑒

)𝑐
𝑌𝑘+𝜄−1𝑡

𝑘+𝜄−1−𝑟 
∞

𝑘=1

. 

Additionally, 



 

 

 

∑
(𝑘 + 𝜄(1 − 𝜇) − 𝑟) [

(𝑘 + 𝜄 − 1)!
(𝑘 + 𝜄 − 𝑟)!

] 
(𝑒1, 𝑎)𝑘−1 …(𝑒𝑠, 𝑎)𝑘−1  

(𝑎, 𝑎)𝑘−1  …(𝑙1, 𝑎)𝑘−1  …(𝑙𝑥, 𝑎)𝑘−1  
(
1 + 𝑒
𝑘 + 𝑒

)𝑐

(𝑟 − 𝜇)[(𝜄)𝑟(𝑟 − 1)!]
|𝑑𝑘+𝜄−1|

∞

𝑘=2

+∑
(𝑘 + 𝜄(1 − 𝜇) − 𝑟) [

(𝑘 + 𝜄 − 1)!
(𝑘 + 𝜄 − 𝑟)!

] 
(𝑒1, 𝑎)𝑘−1 …(𝑒𝑠, 𝑎)𝑘−1  

(𝑎, 𝑎)𝑘−1  …(𝑙1, 𝑎)𝑘−1  …(𝑙𝑥, 𝑎)𝑘−1  
(
1 + 𝑒
𝑘 + 𝑒

)𝑐

(𝑟 − 𝜇)[(𝜄)𝑟(𝑟 − 1)!]
|𝑒𝑘+𝜄−1|

∞

𝑘=1

 

 = ∑
(𝑘 + 𝜄(1 − 𝜇) − 𝑟) [

(𝑘 + 𝜄 − 1)!
(𝑘 + 𝜄 − 𝑟)!

] 
(𝑒1, 𝑎)𝑘−1 …(𝑒𝑠, 𝑎)𝑘−1  

(𝑎, 𝑎)𝑘−1  …(𝑙1, 𝑎)𝑘−1  …(𝑙𝑥, 𝑎)𝑘−1  
(
1 + 𝑒
𝑘 + 𝑒

)𝑐

(𝑟 − 𝜇)[(𝜄)𝑟(𝑟 − 1)!]

∞

𝑘=2

×  

(∑
(𝑟 − 𝜇)[(𝜄)𝑟(𝑟 − 1)!]

(𝑘 + 𝜄(1 − 𝜇) − 𝑟) [
(𝑘 + 𝜄 − 1)!
(𝑘 + 𝜄 − 𝑟)!

] 
(𝑒1, 𝑎)𝑘−1 …(𝑒𝑠, 𝑎)𝑘−1  

(𝑎, 𝑎)𝑘−1  …(𝑙1, 𝑎)𝑘−1  …(𝑙𝑥, 𝑎)𝑘−1  
(
1 + 𝑒
𝑘 + 𝑒

)𝑐
𝑋𝑘+𝜄−1

∞

𝑘=2

) 

+∑
(𝑘 + 𝜄(1 − 𝜇) − 𝑟) [

(𝑘 + 𝜄 − 1)!
(𝑘 + 𝜄 − 𝑟)!

] 
(𝑒1, 𝑎)𝑘−1 …(𝑒𝑠, 𝑎)𝑘−1  

(𝑎, 𝑎)𝑘−1  …(𝑙1, 𝑎)𝑘−1  …(𝑙𝑥, 𝑎)𝑘−1  
(
1 + 𝑒
𝑘 + 𝑒

)𝑐

(𝑟 − 𝜇)[(𝜄)𝑟(𝑟 − 1)!]

∞

𝑘=1

 × 

(∑
(𝑟 − 𝜇)[(𝜄)𝑟(𝑟 − 1)!]

(𝑘 + 𝜄(1 − 𝜇) − 𝑟) [
(𝑘 + 𝜄 − 1)!
(𝑘 + 𝜄 − 𝑟)!

] 
(𝑒1, 𝑎)𝑘−1 …(𝑒𝑠, 𝑎)𝑘−1  

(𝑎, 𝑎)𝑘−1  …(𝑙1, 𝑎)𝑘−1  …(𝑙𝑥, 𝑎)𝑘−1  
(
1 + 𝑒
𝑘 + 𝑒

)𝑐
𝑌𝑘+𝜄−1

∞

𝑘=1

) 

=∑𝑋𝑘+𝜄−1

∞

𝑘=2

+∑𝑌𝑘+𝜄−1

∞

𝑘=1

= 1 − 𝑋𝜄 ≤ 1. 

Hence, 𝜔(𝑡) ∈ 𝑁𝑘
∗(𝜄, 𝛼1, 𝜇). 

Conversely, if 𝜔(𝑡) ∈ 𝑁𝑘
∗(𝜄, 𝛼1, 𝜇). Suppose 

𝑋𝜄 = 1 −∑𝑋𝑘+𝜄−1

∞

𝑘=2

+∑𝑌𝑘+𝜄−1

∞

𝑘=1

. 

Set 

 𝑋𝑘+𝜄−1 = (𝑘 + 𝜄(1 − 𝜇) − 𝑟) [
(𝑘 + 𝜄 − 1)!

(𝑘 + 𝜄 − 𝑟)!
] 

(𝑒1, 𝑎)𝑘−1 …(𝑒𝑠, 𝑎)𝑘−1  
(𝑎, 𝑎)𝑘−1  …(𝑙1, 𝑎)𝑘−1  …(𝑙𝑥 , 𝑎)𝑘−1  

(
1 + 𝑒

𝑘 + 𝑒
)𝑐|𝑑𝑘+𝜄−1|, 

 𝑌𝑘+𝜄−1 = (𝑘 + 𝜄(1 + 𝜇) − 𝑟) [
(𝑘 + 𝜄 − 1)!

(𝑘 + 𝜄 − 𝑟)!
] 

(𝑒1, 𝑎)𝑘−1 …(𝑒𝑠, 𝑎)𝑘−1  
(𝑎, 𝑎)𝑘−1  …(𝑙1, 𝑎)𝑘−1  …(𝑙𝑥, 𝑎)𝑘−1  

(
1 + 𝑒

𝑘 + 𝑒
)𝑐|𝑒𝑘+𝜄−1|,  

Now, 

 𝜔(𝑡) = 𝑡𝜄 −∑𝑑𝑘+𝜄−1

∞

𝑘=2

𝑡𝑘+𝜄−1−𝑟 +∑𝑒𝑘+𝜄−1

∞

𝑘=1

𝑡𝑘+𝜄−1−𝑟̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ 

= 𝑡𝜄 −∑
(𝑟 − 𝜇)[(𝜄)𝑟(𝑟 − 1)!]𝑋𝑘+𝜄−1

(𝑘 + 𝜄(1 + 𝜇) − 𝑟) [
(𝑘 + 𝜄 − 1)!
(𝑘 + 𝜄 − 𝑟)!

] 
(𝑒1, 𝑎)𝑘−1 …(𝑒𝑠, 𝑎)𝑘−1  

(𝑎, 𝑎)𝑘−1  …(𝑙1, 𝑎)𝑘−1  …(𝑙𝑥 , 𝑎)𝑘−1  
(
1 + 𝑒
𝑘 + 𝑒

)𝑐

∞

𝑘=2

𝑡𝑘+𝜄−1−𝑟 



 

+ ∑
(𝑟 − 𝜇)[(𝜄)𝑟(𝑟 − 1)!]𝑌𝑘+𝑚−1

(𝑘 + 𝜄(1 + 𝜇) − 𝑟) [
(𝑘 + 𝜄 − 1)!
(𝑘 + 𝜄 − 𝑟)!

] 
(𝑒1, 𝑎)𝑘−1 …(𝑒𝑠, 𝑎)𝑘−1  

(𝑎, 𝑎)𝑘−1  …(𝑙1, 𝑎)𝑘−1  …(𝑙𝑥, 𝑎)𝑘−1  
(
1 + 𝑒
𝑘 + 𝑒

)𝑐

∞

𝑘=1

𝑡𝑘+𝜄−1−𝑟̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ 

= 𝑡𝜄 −∑[𝑡𝜄 − 𝑝𝑘+𝜄−1 (𝑡)]𝑋𝑘+𝜄−1 +∑[𝑡𝜄 − 𝑣𝑘+𝜄−1 (𝑡)]𝑌𝑘+𝜄−1

∞

𝑘=1

∞

𝑘=2

 

=  [1 −∑𝑋𝑘+𝜄−1

∞

𝑘=2

−∑𝑌𝑘+𝜄−1

∞

𝑛=1

] 𝑡𝜄 +∑𝑋𝑘+𝜄−1𝑝𝑘+𝜄−1 (𝑡) +∑𝑌𝑘+𝜄−1 𝑣𝑘+𝜄−1 (𝑡)

∞

𝑘=1

∞

𝑘=2

 

=∑𝑋𝑘+𝜄−1𝑝𝑘+𝜄−1 (𝑡) +∑𝑌𝑘+𝜄−1 𝑣𝑘+𝜄−1 (𝑡).

∞

𝑘=1

∞

𝑘=2

 

  

4.  The Distortion theorem 

Theorem 4.1: Assume 𝜔(𝑡) ∈ 𝑁𝑘
∗(𝜄, 𝛼1, 𝜇) .Then for |𝑡| = 𝑗 < 1, let 

 ѱ𝑛=
(𝑒1, 𝑎)𝑘−1 …(𝑒𝑠, 𝑎)𝑘−1  

(𝑎, 𝑎)𝑘−1  …(𝑙1, 𝑎)𝑘−1  …(𝑙𝑥, 𝑎)𝑘−1  
(
1 + 𝑒

𝑘 + 𝑒
)𝑐|𝜔(𝑡)| 

≤ (1 + |𝑒𝜄|)𝑗
𝜄 + 𝑗𝜄+1 (

𝜄(1 − 𝜇)

(𝜄(1 − 𝜇) + 𝑟)|ѱ2|
−

𝜄(1 + 𝜇)|𝑒𝜄|

(𝜄(1 − 𝜇) + 𝑟)|ѱ2|
)               (10) 

and  

|𝜔(𝑡)| ≥ (1 + |𝑒𝜄|)𝑗
𝜄 − 𝑗𝜄+1 (

𝜄(1 − 𝜇)

(𝜄(1 − 𝜇) + 𝑟)|ѱ2|
−

𝜄(1 + 𝜇)|𝑒𝜄|

(𝜄(1 − 𝜇) + 𝑟)|ѱ2|
). 

Proof: Since 

 
(𝜄(1 − 𝜇) + 𝑟

𝜄(1 − 𝜇)
|ѱ2|∑(𝑑𝑘+𝜄−1 + 𝑒𝑘+𝜄−1)

∞

𝑘=2

≤∑
𝑘 + 𝜄(1 − 𝜇) − 𝑟

𝜄(1 − 𝜇)
(𝑑𝑘+𝜄−1 + 𝑒𝑘+𝜄−1)|ѱ2|

∞

𝑘=2

 

≤∑(
𝑘 + 𝜄(1 − 𝜇) − 𝑟

𝜄(1 − 𝜇)
|𝑑𝑘+𝜄−1| +

𝑘 + 𝜄(1 − 𝜇) − 𝑟

𝜄(1 − 𝜇)
|𝑒𝑘+𝜄−1|) |ѱ2|,

∞

𝑘=2

 

Theorem 2.2 is conclusion, we obtain 

              ∑(|𝑑𝑘+𝜄−1| + |𝑒𝑘+𝜄−1|) ≤
𝜄(1 − 𝜇)

(𝜄(1 − 𝜇) + 𝑟)|ѱ2|
(1 − |𝑒𝜄|).

∞

𝑘=2

                          (11) 

 Since𝜔(𝑡) ∈ 𝑁𝑘
∗(𝜄, 𝛼1, 𝜇), and |𝑡| = 𝑗  

|𝜔(𝑡)| = |𝑡𝜄| −∑𝑑𝑘+𝜄−1

∞

𝑘=2

𝑡𝑘+𝜄−1 +∑𝑒𝑘+𝜄−1

∞

𝑘=1

𝑡�̅�+𝜄−1 

≤ |𝑡𝜄| +∑𝑑𝑘+𝜄−1

∞

𝑘=2

𝑡𝑘+𝜄−1 +∑𝑒𝑘+𝜄−1

∞

𝑘=1

𝑡̅𝑘+𝜄−1 



 

 

 

= 𝑗𝜄 +∑|𝑑𝑘+𝜄−1|

∞

𝑘=2

𝑗𝑘+𝜄−1 +∑|𝑒𝑘+𝜄−1|

∞

𝑘=1

𝑗𝑘+𝜄−1 

≤ (1 + |𝑒𝜄|)𝑗
𝜄 + (∑𝑑𝑘+𝜄−1 + 𝑒𝑘+𝜄−1

∞

𝑘=2

) 𝑗𝜄+1 

≤ (1 + |𝑒𝜄|)𝑗
𝜄 + 𝑗𝜄+1 (

𝜄(1 − 𝜇)

(𝜄(1 − 𝜇) + 𝑟)|ѱ2|
−

𝜄(1 + 𝜇)|𝑒𝜄|

(𝜄(1 − 𝜇) + 𝑟)|ѱ2|
). 

It yields the first outcome. Similarly, the lower bound is as follows. 

|𝜔(𝑡)| ≥ 𝑗𝜄 −∑|𝑑𝑘+𝜄−1|

∞

𝑘=2

𝑗𝑘+𝜄−1 +∑|𝑒𝑘+𝜄−1|

∞

𝑘=1

𝑗𝑘+𝜄−1 

= (1 − |𝑒𝜄|)𝑗
𝜄 −∑(|𝑑𝑘+𝜄−1|

∞

𝑘=2

+∑|𝑒𝑘+𝜄−1|)

∞

𝑘=1

𝑗𝑘+𝜄−1 

≥ (1 − |𝑒𝜄|)𝑗
𝜄 − 𝑗𝜄+1 (

𝜄(1 − 𝜇)

(𝜄(1 − 𝜇) + 𝑟)|ѱ2|
−

𝜄(1 + 𝜇)|𝑒𝜄|

(𝜄(1 − 𝜇) + 𝑟)|ѱ2|
). 

 

5. The Convolution property 

We illustrate how to prove two theories, the first of which is the convolution theorem for the class 
𝑁𝑘
∗(𝜄, 𝛼1, 𝜇). Assume 

𝜔(𝑡) = 𝑡𝜄 −∑𝑑𝑘+𝜄−1

∞

𝑘=2

𝑡𝑘+𝜄−1 +∑𝑒𝑘+𝜄−1𝑡̅
𝑘+𝜄−1

∞

𝑘=1

 

             𝑣(𝑡) = 𝑡𝜄 −∑𝑓𝑘+𝜄−1

∞

𝑘=2

𝑡𝑘+𝜄−1 +∑ℎ𝑘+𝜄−1𝑡
�̅�+𝜄−1

∞

𝑘=1

. 

The complication of 𝜔 and 𝑣  define by, [15,16]: 

(𝜔 ∗ 𝑣)(𝑡) = 𝜔(𝑡) ∗ 𝑣(𝑡) = 𝑡𝜄 −∑𝑑𝑘+𝜄−1

∞

𝑘=2

𝑓𝑘+𝜄−1𝑡
𝑘+𝜄−1 +∑𝑒𝑘+𝜄−1ℎ𝑘+𝜄−1𝑡

�̅�+𝜄−1

∞

𝑘=1

. 

Theorem 5.1: Suppose 𝜔(𝑡) ∈ 𝑁𝑘
∗(𝜄, 𝛼1, 𝜇) and 𝑣(𝑡) ∈ 𝑁𝑘

∗(𝜄, 𝛼1, 𝜇). Then 𝜔 ∗ 𝑣 ∈ 𝑁𝑘
∗(𝜄, 𝛼1, 𝜇) ⊂

𝑁𝑘
∗(𝜄, 𝛼2, 𝜇). 

 
Proof: Let  

𝜔(𝑡) = 𝑡𝜄 −∑𝑑𝑘+𝜄−1

∞

𝑘=2

𝑡𝑘+𝜄−1 +∑𝑒𝑘+𝜄−1𝑡̅
𝑘+𝜄−1

∞

𝑘=1

, 

be in 𝑁𝑘
∗(𝜄, 𝛼1, 𝜇) and  

 𝑣(𝑡) = 𝑡𝜄 −∑𝑓𝑘+𝜄−1

∞

𝑘=2

𝑡𝑘+𝜄−1 +∑ℎ𝑘+𝜄−1𝑡̅
𝑘+𝜄−1

∞

𝑘=1

, 

be in  𝑁𝑘
∗(𝜄, 𝛼2, 𝜇). 



 

Consider the concept of convolution functions𝜔 ∗ 𝑣 the following: 

∑
(𝑘 + 𝜄(1 + 𝜇) − 𝑟) [

(𝑘 + 𝜄 − 1)!
(𝑘 + 𝜄 − 𝑟)!

] 
(𝑒1, 𝑎)𝑘−1 …(𝑒𝑠, 𝑎)𝑘−1  

(𝑎, 𝑎)𝑘−1  …(𝑙1, 𝑎)𝑘−1  …(𝑙𝑥, 𝑎)𝑘−1  
(
1 + 𝑒
𝑘 + 𝑒

)𝑐

(𝑟 − 𝜇)[(𝜄)𝑟(𝑟 − 1)!]
𝑑𝑘+𝜄−1

∞

𝑘=2

𝑓𝑘+𝜄−1 

+∑
(𝑘 + 𝜄(1 + 𝜇) − 𝑟) [

(𝑘 + 𝜄 − 1)!
(𝑘 + 𝜄 − 𝑟)!

] 
(𝑒1, 𝑎)𝑘−1 …(𝑒𝑠, 𝑎)𝑘−1  

(𝑎, 𝑎)𝑘−1  …(𝑙1, 𝑎)𝑘−1  …(𝑙𝑥, 𝑎)𝑘−1  
(
1 + 𝑒
𝑘 + 𝑒

)𝑐

(𝑟 − 𝜇)[(𝜄)𝑟(𝑟 − 1)!]
𝑒𝑘+𝜄−1

∞

𝑘=2

ℎ𝑘+𝜄−1 

≤∑
(𝑘 + 𝜄(1 + 𝜇) − 𝑟) [

(𝑘 + 𝜄 − 1)!
(𝑘 + 𝜄 − 𝑟)!

] 
(𝑒1, 𝑎)𝑘−1 …(𝑒𝑠, 𝑎)𝑘−1  

(𝑎, 𝑎)𝑘−1  …(𝑙1, 𝑎)𝑘−1  …(𝑙𝑥, 𝑎)𝑘−1  
(
1 + 𝑒
𝑘 + 𝑒

)𝑐

(𝑟 − 𝜇)[(𝜄)𝑟(𝑟 − 1)!]
𝑑𝑘+𝜄−1

∞

𝑘=2

 

+∑
(𝑘 + 𝜄(1 + 𝜇) − 𝑟) [

(𝑘 + 𝜄 − 1)!
(𝑘 + 𝜄 − 𝑟)!

] 
(𝑒1, 𝑎)𝑘−1 …(𝑒𝑠, 𝑎)𝑘−1  

(𝑎, 𝑎)𝑘−1  …(𝑙1, 𝑎)𝑘−1  …(𝑙𝑥, 𝑎)𝑘−1  
(
1 + 𝑒
𝑘 + 𝑒

)𝑐

(𝑟 − 𝜇)[(𝜄)𝑟(𝑟 − 1)!]
𝑒𝑘+𝜄−1

∞

𝑘=2

≤ 1. 

 

6. The Radii of starlikeness and convexity  

Theorem 6.1: Let the function 𝜔 by (1) be in 𝑁𝑘
∗(𝜄, 𝛼1, 𝜇). Then 𝜔 is multivalent starlike of order 𝜂 in 

the disk |𝑡| < 𝑗1𝑁𝑘
∗(𝜄, 𝛼1, 𝜇),where 

𝐽1(𝜄, 𝛼1, 𝜇, 𝜂 ) = 

inf {∑
(1 − 𝜂)(𝑘 + 𝜄(1 − 𝜇) − 𝑟) [

(𝑘 + 𝜄 − 1)!
(𝑘 + 𝜄 − 𝑢)!

]
(𝑒1, 𝑎)𝑘−1 …(𝑒𝑠, 𝑎)𝑘−1  

(𝑎, 𝑎)𝑘−1  …(𝑙1, 𝑎)𝑘−1  …(𝑙𝑥, 𝑎)𝑘−1  
(
1 + 𝑒
𝑘 + 𝑒

)𝑐

(𝑘 + 𝜄 + 𝜂 )(𝑟 − 𝜇)[(𝜄)𝑟(𝑟 − 1)!]

∞

𝑘=2

}

1
𝑘−1

 

 
Proof: Prove it  

|
𝑡𝜔′(𝑡)

𝜔(𝑡)
+ 1| ≤ 1 − 𝜂, 

|
𝑡𝜔′(𝑡)

𝜔(𝑡)
+ 1| = |

∑ (𝑘 + 𝜄 − 1)𝑑𝑘+𝜄−1
∞
𝑘=2 𝑡𝑘+𝜄−1

𝑡𝜄 + ∑ 𝑑𝑘+𝜄−1
∞
𝑘=2 𝑡𝑘+𝜄−1

| ≤
∑ (𝑘 + 𝜄 − 1)𝑑𝑘+𝜄−1
∞
𝑘=2 |𝑡|𝑘−1

1 − ∑ 𝑑𝑘+𝜄−1
∞
𝑘−=2 |𝑇|𝑘−1

. 

Will be constrained by 1 − 𝜂, 

∑ (𝑘 + 𝜄 − 1)𝑑𝑘+𝜄−1
∞
𝑘=2 |𝑡|𝑘−1

1 − ∑ 𝑑𝑘+𝜄−1
∞
𝑘=2 |𝑡|𝑘−1

≤ 1 − 𝜂,∑(𝑘 + 𝜄 + 𝜂 )𝑑𝑘+𝜄−1

∞

𝑘=2

|𝑡|𝑘−1, 

 
by Theorem 2.1, we have 
 

∑
(𝑘 + 𝜄(1 − 𝜇) − 𝑟) [

(𝑘 + 𝜄 − 1)!
(𝑘 + 𝜄 − 𝑢)!

]
(𝑒1, 𝑎)𝑘−1 …(𝑒𝑠, 𝑎)𝑘−1  

(𝑎, 𝑎)𝑘−1  …(𝑙1, 𝑎)𝑘−1  …(𝑙𝑥, 𝑎)𝑘−1  
(
1 + 𝑒
𝑘 + 𝑒

)𝑐

(𝑟 − 𝜇)[(𝜄)𝑟(𝑟 − 1)!]
𝑑𝑘+𝜄−1 ≤ 1.

∞

𝑘=2

 

Hence, 



 

 

 

 |𝑡|𝑘−1 ≤∑
(1 − 𝜂)(𝑘 + 𝜄(1 − 𝜇) − 𝑟) [

(𝑘 + 𝜄 − 1)!
(𝑘 + 𝜄 − 𝑢)!

]
(𝑒1, 𝑎)𝑘−1 …(𝑒𝑠, 𝑎)𝑘−1  

(𝑎, 𝑎)𝑘−1  …(𝑙1, 𝑎)𝑘−1  …(𝑙𝑥, 𝑎)𝑘−1  
(
1 + 𝑒
𝑘 + 𝑒

)𝑐

(𝑘 + 𝜄 + 𝜂 )(𝑟 − 𝜇)[(𝜄)𝑟(𝑟 − 1)!]

∞

𝑘=2

 , 

|𝑡| ≤ {∑
(1 − 𝜂)(𝑘 + 𝜄(1 − 𝜇) − 𝑢) [

(𝑘 + 𝜄 − 1)!
(𝑘 + 𝜄 − 𝑢)!

]
(𝑒1, 𝑎)𝑘−1 …(𝑒𝑠, 𝑎)𝑘−1  

(𝑎, 𝑎)𝑘−1  …(𝑙1, 𝑎)𝑘−1  …(𝑙𝑥, 𝑎)𝑘−1  
(
1 + 𝑒
𝑘 + 𝑒

)𝑐

(𝑘 + 𝜄 + 𝜂 )(𝑟 − 𝜇)[(𝜄)𝑟(𝑟 − 1)!]

∞

𝑘=2

}

1
𝑘−1

. 

The proof of the theorem is now completed. 
 
Theorem 6.2: The function 𝜔(𝑡) defined by (1) be in 𝑁𝑘

∗(𝜄, 𝛼1, 𝜇).Then 𝜔 is multivalent convex of 
order 𝜂 in the disk |𝑡| < 𝑗2(𝜄, 𝛼1, 𝜇, 𝜂), where 

 𝑟2(𝜄, 𝛼1, 𝜇, 𝛿 ) = 

inf {∑
(1 − 𝛿)(𝑘 + 𝜄(1 − 𝜇) − 𝑟) [

(𝑘 + 𝜄 − 1)!
(𝑘 + 𝜄 − 𝑢)!

]
(𝑒1, 𝑎)𝑘−1 …(𝑒𝑠, 𝑎)𝑘−1  

(𝑎, 𝑎)𝑘−1  …(𝑙1, 𝑎)𝑘−1  …(𝑙𝑥, 𝑎)𝑘−1  
(
1 + 𝑒
𝑘 + 𝑒

)𝑐

(𝑘 + 𝜄 + 𝛿 )(𝑟 − 𝜇)[(𝜄)𝑟(𝑟 − 1)!]

∞

𝑘=2

}

1
𝑘−1

. 

Proof: We can demonstrate this using the same method we used to prove Theorem 6.1. 

|
𝑡𝜔′′(𝑡)

𝜔′(𝑡)
+ 2| ≤ 1 − 𝛿, (0 ≤ 𝛿 < 1). 

In relation |𝑡| < 𝑗2 with the assistance of a Theorem 2.1, we now have proof of the Theorem 6.2. 
 

7. Conclusions 
We've shown that a class of harmonic 

multivalent functions can be described by the 
general integral operator, which leads to some 
interesting results. Finally, geometric properties 
such as coefficients conditions, extreme points, 
distortion theorem, convolution property, and 
starlikeness radii have been investigated.  
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