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The main goal of this paper is to introduce the general integral operator's definition of a
class of multivalent harmonic functions. Coefficients calculation, extreme point and
distortion theorem, convolution property, radii of starlikeness, and convexity are some
of the geometric properties we obtain.
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1. Introduction if real harmonic isr and v in T. Clune and Shel-

The complex domain T c C harmonic, the Smal[4] are two examples. P(1) denotes the
function w = r + iu is said to be continuous. We family of all multivalent harmonic functions w =
can writew =p + v, In any simply connected p + v [5,6], that are sense-preserving in the open
domain T, where p and v are analytic in T [1,2,3], unitdiscA = {t: |t|] < 1}, where

o)

PO =t 4 ) diyaz, 0(0) = ) eprg 2 (1)
k=2

k=1

Recently Muhammed and Darius [7] defined by M(el-; lj; a)a)(t): A—-A:

T (e @k (e g
M(e;li;a)w(t) =t +Z Ay L, (2)
( v ) = (@ )g-1 -, -1 o (L D1 ot
The Srivastva-Atiya[8] operator N.,: A — A is defined in:
S 1+e
Neow(®) = ¢+ ;<m)c diriatF1 3)

wheret € A,e € C/{0,—1,-2,...},c € Cand w € A. Linear operator N, as well as
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k
Neew(t) =Ree*w(t) = (1+e)(@(tce) —e ) xw(t), ©(t,ce)= Z,‘;‘;O(ki—e)c , the renowned

Horwitz -Lerich zeta function (see[8-10]), as well as

(e

The linear operatorNg “(e;, [;)(w): A = A and by [11,12] as

Ny (£) = Z — td(t,c,1).
k=0

(61, W)g—1 - (€5, Ag—1 (1 t+e
k=1 - (ll' a)k_l (lx, a)k_l k+e

NE (e lpo®) = £+ ) s ) deriat (@)
k=2

(teAeeC/{0,-1,-2,..},c€Cl € C/{0,—1,-2,-3,..},|a| <lands =x + 1,x € N,.
This class of multivalent harmonic functions was created byN; (¢, @4, 1), a favorable condition
n n
(NE*(dive)p(®) " — (N&*(ew 1)v(®))
n-1 n—
t (Ng’e (d;, ej)p(t)) +z (N(f'e(ei, lj)v(t))

fort=>1, 0<u<l, [t]| <1.

‘Re T (= Y, (5)

The multvalent harmonic functionsw in Ny (¢, @4, 1) such that wand v are function of

P(O) =t = ) [dpialtH, 0(0) = ) ey 41 (6)
k=2 k=1

2. MAIN RESULTS
We demonstrate that the class Ny (¢, a4, ) satisfies the necessary coefficient requirements

Theorem 2.1: Assume w € Ny (¢, aq, p) if and only if

= (k+:—1)! (e1, Q) k-1 - (€5, @)1 1+e .

kZZU‘ RSO 2} fonpp n)!l @D o Drs Loy Gex e vl +
= (k+:—1)! (1,@) -1 - (€5, @) j—1 l+e

;(k Tl +w = [(k +i- n)!l @ @es ol Drer @y e (el

<m-wlO"m - D] (7)
(teAeeC/{0,-1,-2,..},c€Cl € C/{0,-1,-2,-3,..},|al| <lands = x + 1,x € N,.

Proof: Assuming that the condition is both necessary and sufficient for w via (5), we obtain



p
_ o (k+:—1)! (€1, @)1 - (€5, Q) - 1+e., e

Re | O =3 [ T ] @ s ey G o) it

_ _ - (k+:—1)! (1, @) -1 - (€5, Q) 1+e,,
it 3 U e s e G
t

o (k+:—1)! (1, )1 - (€5, A)j—1 1+e,, e (-

.l Zic=1 (k+i—1-(-D)|(@a)k-1 (L, k-1 oo (L @1 % + e G e

p
o (k+1—1)! (1, @) -1 - (€5, Q) 1+e, k1
e Li=1 [(k+¢— 1—n)!] @Dt (e~ ey e Cenma 7
[ Np—1pn 1-1 _ v (k+:—1)! (1, @) g_1 - (€5,0) 5 1+e,,
(O e o R oy mae e Y o e
o (k+:—1)! (e1,)g—1 - (€5, Q)5 1+e,, 1o
\ l 2kt (k+t— 1_(77_1))! (a'a)k_ll ---(l1ia)k—1 ---(lxl'a)k—1 (k+e) €y tETT (n
> w (8)

If all t values satisfy the criteria,
When selecting values for t on the positive true axis, where 0 < t < 1, we get

O ey ey RS 1 e (0 e
=3 e e e
i (C = L—_o?i D)@ T P (e (or el = M SR T
_ T [ i T G e A (o) Cenen 1477207
O = DI L [(k i e e ) KT (o i (oo = 22 R
B e S o S s (o om0

2w (9)

When condition (7) fails, the numerator in equation (8) becomes negative as it approaches one. This
issue with the situation for w(t) € N; (i, a4, 1t), and as a result, the verification is completed.

Corollary 2.2[13,14]: If n = 1, thenw € N; (¢, @4, 1) if and only if

N (1, i1 (5 Dier 1+e,
;(k T =D o e ey ke el F

- (1, W)g—-1 - (€5, A) g1 1+e .

Z(k +id+w -1 (@ Drg (U Opq (o Drs 7o) lerrmal = A=y,

k=1



(teAde €C/{0,-1,-2,..},c€Cl €C/{0,-1,-2,-3,..},|al| <lands = x + 1,x € N,.

3. EXTREME POINT
Theorem 3.1: Suppose w(t) given and (6). Then w € Ny (¢, @4, 1) if and only if

w(t) = ZI?:l(XkH—l pk+L—1(t) + Yk+l—1vk+l—1(t)) ’

where
pl(t) =t
o pk+t—1(t)
_ r—wlO"' -1 pebi=1-r
B (k+1—1)! (e1, )g—q - (€5, Q) g 1+e,, ’
=z (k+ 11 —p) =) (k+:—7)!] (a, a)k_l1 ’((l;a)k_l ’Elxl, ) -1 G+e
and
17k+t—1(tm)3
_p (u-w[O " -1!] pebi-1-r
a (k41— 1) (e1, @) -1 (€5, @) 1+e,, ’
k=1 (kT4 w) =) [ = r)!] C D I(CZ%Za)k_l 'sz;a)k_l G+e

pk+L—1(t) =0 'Uk+L—1(t) =0 Xy = 1- z Xk+L—1 + z Yk+L—1'
k=2 k=1
The extrme points of w € Ny (1, @y, 1) are { pry,—1} and{vy4,_1}-

Proof: Suppose

w(t) = Z(Xkﬂ—l Prt1-1(8) + Yir o1 Vs -1 (8)) = Z(Xkﬂ—l + Yip-)t!
k=1 k=1
N (r— W[ -]

Xk+L_1tk+l—1—T'

B0l wat YsS Y
+ y r—wlO" -1 o
e e e =
=t — N r—w[O" -1 R
e e =
"2 (k+i— %!_ #)[(L)T(g,;)t)j o (65 D1 T e Venmat T

k=1 (k=) =) [(k o=l (@)1 U, g1 - (b D1 (k + e)

Additionally,



o (k+1—1)! (e, @)1 (€5, Q) -1 1+e,.
5 G+ -0 -0 [ =] o S e e |
P r—w[O -1 ot
o (k+:¢—1)! (e1,@) -1 - (€5, @) -1 1+e,
+ Z (k+11=-p)—7) [(k +i—r)! (@, @) k-1 .- ’((ll, A)j—1 o ]Elx,a)k_l (k + e) |
L =IO =11 St
o (k+:—1)! (1, @) -1 - (€5, Q) g—1 1+e,
_ Z (e+:Q-pw)—7) [(k +i—r)! (@, @) -1 - ’((ll,a)k_l ’((lx,a)k_l (k + e) y
- £ (r—w[O" -]
<§ (r = @ = DY . )
(k+1—1)! (e1, @)1 - (€5 @) j—1 1+e,, F+t
k=2 (ke + il - —7) k+1—0)! (@, @)1 .- ]((ll, W1 - ]((lx, Q) -1 G+e

> (k +0— 1) (e1, @)1 . (€5, Q) - 1+e,
N z (k+(1=pw)—17) [(k + i -1l (@ a)k_ll ](Cz;a)k_l '((le, Dy e .
=1 (r—w[O -1

<i (r = W = D] v )
(k+:—1)! (e1, @)1 - (€5 @) j—1 1+e,, 1
=+l - =) [(k +i—n)] (a,a)_1 .. ]((ll, W)y - ]((lx, Q) -1 G+e

=) X+ ) Vi =1-X <1
k=2 k=1

Hence, w(t) € Ny (4, aq, 1).

Conversely, if w(t) € Ny (4, ay, 1t). Suppose

X =1- zxkﬂ—l + z Yieri-1-
k=2 k=1

Set
(k+1—1)! (e1,@) -1 - (€5, @) j—1 l+e
Kerima = (k11 =) = 1) [(k o0 @O G e ey kx e [l
(k+¢—1) (1, W) p—q1 - (€5, Q) -1 1+e .
Vierioa = (k1 + 1) =) [(k Tl @O oD ey kxe (ernl
Now,
w(t) =t - Z Aipemr tHTT + Z € LFHTTT
k=2 k=1
o i (r — IO = DXpria kictor
B (k41— 1)! (e1, W)p—q - (€5, Q) j—1 1+e
k=z (k+1(1+ ) —7) [(k - r)!] RO () PN () P
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+ (r—wlO"(r = DNYeym-1 TkFi—ir

(k+1¢—1)! (e1,a) k-1 - (e5,a) 1+e,,
=+l 1) (k+t—r)!] (a,a)k_l1 ...I(cllfa)k_l ...’({lxl,a)k 1 (k+e)

= ﬂ

Ms

[t — Pr+i-1 (t)]XkH 1 + z — Vkti-1 (t)]ykﬂ 1

2 k=1
[1 = X = ) Yers
k=2 n=1

= Z Xi+1-1Pk+1-1 (t) + Z Yiti-1 Vkti—1 (t)
k=2 k=1

&
1l

(00 [ee]
tt + Z Xk+£—1pk+L—1 (t) + Z Yk+L—1 Vk+i-1 (t)
k=2 k=1

4. The Distortion theorem
Theorem 4.1: Assume w(t) € Ny (t, a1, 1) .Then for [t]| =j < 1,let

(e1, )1 (€5, Q)1

(o))
Y= D s oy ke @
L e (1 —w) 3+l )
= @ +lel)+) <<a(1 —D+OWal G -0 + Dl (10)
and
L (1 —w) 3+ plel )
lo@®= QA +leli - ((a(l R S T N T En Ews TR )
Proof: Since
1-—p)+ k+1(1—p)—
T Z(dkﬂ 1+ €rricr) < kz = iy + il
- k+i(1—p)—r k+i(1—p)—r
< ;( (1—p) | djeri-1] + (- |ek+t—1|>|1|12|.
Theorem 2.2 is conclusion, we obtain
C (1 - )
kzzzudkﬂ_ﬁ Hleent) < g 7o 4 le: (11)

Sincew(t) € Ny (y, a1, 1), and [t] =

® [00]
lw(t)]| = |t'] — Z P th+i-1 4 Z Crsi1 F+-1
k=2 k=1

(o] 0
< |t'|+ Z djepi—q tEF71 + Z Clpi—g T
k=2 k=1



(o) (°9)
=+ ) it Y el
k=2 k=1
(o)
= (1 + |etl)jl + (Z dk+£—1 + ek+L—1>jL+1
k=2

(A=) @+ plel >
A=W+l W= +0lb,l)

It yields the first outcome. Similarly, the lower bound is as follows.

<@+ IeLI)j‘+J"+1<

(O] 2 j* = D ldicrial 57+ ) el 47

= (= leDj' = ) Adercal + ) Lo
k=2 k=1

1( (1 - ) (A + e )

> (1-le))j' —j* CA—-wW+0al A= +0)l)

5. The Convolution property

We illustrate how to prove two theories, the first of which is the convolution theorem for the class
Ng (4, aq, ). Assume

O(0) = 1= Y dirg 5T Y ey B

[ee] [oe]
V(O == D fraea T4 ) By B
k=2 k=1

The complication of w and v define by, [15, 16]
(0 *)(®) = () +v(®) = ' - Z dirimt fiorima 0571 Z €icrit i1 P

Theorem 5.1: Suppose w(t) € Ny(, ay, 1) and v(t) € Ny(, @y, ). Then w*v € Ny(, aq, 1) C
Ni (1, az, p).

Proof: Let

(o] co
w(t) =t — Z dk+t—1 tk+£—1 + Z ek+L—1Ek+L_1»

be in Ng (1, a4, 1) and

(o] (o]
V(O == D fra FT ) By g B,
k=2 k=1

be in Ny (i, ay, pw).



Consider the concept of convolution functionsw * v the following:

o (k+¢—1)! (e1,@) k-1 - (€5, Q)1 1+e,
Z(k“(”“)_r)[(ﬂi—r)! (P (RO (RO S
L CEIDIONCESI e
o (k+:¢—1)! (e1,@) -1 - (€5, Q) -1 1+e,,
+ (k+1A+p)—7) (k+1—7)! (a,a)k-1 - 'Ezl, A)g—q - ]Elx, Q) g-1 (k + e) b
a =IO =11 St e
o (k+:—1)! (1, ) g—1 - (€5, Q) -1 1+e,,
< Z (k+Q+pw—7) [(k +i—-m! (a,0) k-1 - l((ll,a)k_l ’Elx, A)k—1 (k + e) d
T L r— WO - D] ot
o (k+:1—1)! (e1, Q) k-1 - (€5, @)1 1+e,
Lo fratn - [ = G e e e .,
a =IO =D Pt =5

6. The Radii of starlikeness and convexity

Theorem 6.1: Let the function w by (1) be in Ny (¢, @1, ). Then w is multivalent starlike of order 7 in
the disk |t| < j Ny (4, a4, ), where

]1(‘! 051»#»77) =

1
o (k+:¢—1)! (1, ) g—1 (€5, @) —1 1+e. k1
. Z A-—nk+(1-—p)—1) [(k Fi—w!(@a)e,; I({ll,a)k_l ’sz, Dra T2

(k+e+m)(r—w[O" - D]

k=2

Proof: Prove it

tw (D) +1|<1

w(0) =470
tw'(t) + 1‘ |ZRea e 4 0= D) dey g tEFE < Yiema (ke + = Dy, [t
w(t) th+ Yy A P | T 1= s dp— [T

Will be constrained by 1 — 7,

Yio(k + 0= D djey g 18]
1= Y2 i1 [t|F-1

< 1=, ) Get e+ )i 1614
k=2

by Theorem 2.1, we have

o (k+c—1)! (e1, ) -1 - (€5, @) -1 1+e,
Z (k+u1 =) —7) [(k e NE e oo & re

(r—wlO"(r -1

dk+l—1 <1
k=2

Hence,



k=2

o (k+:¢—1)! (e1,a) -1 - (€5, @)1 1+e.
A-mk+l-w-7) [(k+t—u)! (a,a)k_11 ...’({llfa)k_l ...I((lxl,a)k_l G+
(k+e+n)0r—wl"(r—1!] '
(k+:¢—1)! (e1, @)1 - (€5, @)1 1+e ﬁ

2 (1=K +11 = 1) = [ =,

(a' a)k—l

0 D s & e

t={)

k=2

The proof of the theorem is now completed.

k+i+n)r—wW[O"@—-1]

Theorem 6.2: The function w(t) defined by (1) be in Ny (¢, @1, #).Then w is multivalent convex of

order n in the disk |t| < j, (4, a4, 4, 17), where

rZ(Lr a1, U, 5 ) =

(k+:—1)!

1

(e1, Wg—1 - (€5, A)g—1 1+e k1

2 (1= ) +(1-p) -7 |

k+i—w(@aad)-q U, a)g-1 U @)1

& e

inf z

k=2

(k+1+6)r - -1

Proof: We can demonstrate this using the same method we used to prove Theorem 6.1.

tw" (t)
w'(t)

+2

<1-5,

0<6<1).

In relation |t| < j, with the assistance of a Theorem 2.1, we now have proof of the Theorem 6.2.

7. Conclusions

We've shown that a class of harmonic
multivalent functions can be described by the
general integral operator, which leads to some
interesting results. Finally, geometric properties
such as coefficients conditions, extreme points,
distortion theorem, convolution property, and
starlikeness radii have been investigated.
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