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Consider the case when a scale of 

relations is used for measurements. Suppose 
there is an experimental group consisting of N 
people and a control group consisting of M 
people. Let's assume that as a result of 
measuring the same indicator using the same 
measurement procedure, the following data 
were obtained: : 𝑥 = (𝑥1, 𝑥2, … , 𝑥𝑁)  is a sample 
for the experimental group and 𝑦 =
(𝑦1, 𝑦2, … , 𝑦𝑀)  is a sample for the control 
group, where 𝑥𝑖  is the sample element – the 
value of the studied indicator for the i–th 
member of the experimental group, i = 1, 2, ..., N 
and 𝑦𝑗  is the value of the studied indicator for 

the j–th member of the control group, j = 1, 2, ..., 
M. Since the measurements were made in the 
scale of relations, {xi} and {yj} are positive, 
including, possibly, integers, numbers for 
which all arithmetic operations make sense. As 
an example, we will consider the results of 
measurements of the level of knowledge in the 

control and experimental groups before and 
after the experiment (see Table 1) – the 
number of correctly solved tasks. 

For data measured in the scale of 
relations, it is advisable to use either the 
Kramer-Welch criterion [6, 7] or the Wilcoxon-
Mann-Whitney criterion [1, 4, 6] to test the 
hypothesis that the characteristics of the two 
groups coincide. The Kramer-Welch criterion is 
designed to test the hypothesis that the 
averages of two samples are equal, the 
Wilcoxon-Mann-Whitney criterion is more 
"subtle" (but also more time–consuming) - it 
allows you to test the hypothesis that two 
samples are "the same" (including that their 
averages, variances and all other indicators 
coincide). 

The Kramer-Welch criterion. The 
empirical value of this criterion is calculated 
based on information about the volumes of N 
and M samples x and y, sample averages x and 
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y, and sample variances Dx and Dy of the 
compared samples according to the following 
formula: 

𝑇𝑒𝑚𝑝 =
√𝑀𝑁 |�̅� − �̅�|

√𝑀𝐷𝑥 + 𝑁𝐷𝑦

                       (1) 

The algorithm for determining the 
reliability of coincidences and differences in 
the characteristics of the compared samples for 
experimental data measured in the ratio scale 
using the Kramer-Welch criterion is as follows: 

1. Calculate the empirical value of the 
Kramer–Welch criterion for the compared 
samples using the formula (1). 

2. Compare this value with the critical 
value 

  𝑊𝑘𝑟𝑖𝑡 = 𝑊0,05 = 1,96:  
if  𝑊𝑒𝑚𝑝 ≤ 1,96, then conclude: "the 

characteristics of the compared samples 
coincide at a significance level of 0.05"; 

if  𝑊𝑒𝑚𝑝 > 1,96, then conclude "the 

reliability of the differences in the 
characteristics of the compared samples is 
95%". 

Note that we do not consider the 
question of "which way" the experimental 
group differs from the control group, that is, 
whether the studied characteristics have 
improved or worsened. 

The Wilcoxon-Mann-Whitney criterion. 
This criterion does not operate with the 
absolute values of the elements of two samples, 
but with the results of their paired 
comparisons. Let's take two samples: 

𝑥1, 𝑥2, … , 𝑥𝑁          ;          𝑦1, 𝑦2, … , 𝑦𝑀     
and for each element of the first sample 

𝑥1, 𝑥2, … , 𝑥𝑁 we determine the number 𝑎𝑖 of 
elements of the second sample that exceed it in 
value (that is, the number 𝑦𝑗   such that 𝑦𝑗 > 𝑥𝑖).  

The amount 

∑ 𝑎𝑖

𝑁

𝑖=1

 

these numbers for all N members of the 
first sample is called the empirical value of the 
Mann-Whitney criterion and is denoted by 

∑ 𝑎𝑖

𝑁

𝑖=1

= 𝑈. 

Let 's define the empirical value of the 
Wilcoxon criterion: 

𝑾𝒆𝒎𝒑 =
|
𝑵𝑴

𝟐 − 𝑼|

√𝑵𝑴(𝑵𝑴 + 𝟏)
𝟏𝟐

                (𝟐) 

The algorithm for determining the 
validity of coincidences and differences for 
experimental data measured in the scale of 
relations using the Wilcoxon-Mann-Whitney 
criterion is as follows: 

1. Calculate the empirical value of the 
Wilcoxon criterion for the compared samples 
using the formula (2). 

2. Compare this value with the critical 
value 

 𝑊𝑘𝑟𝑖𝑡 = 𝑊0,05 = 1,96:  
if 𝑊𝑒𝑚𝑝 ≤ 1,96, then we conclude: "the 

characteristics of the compared samples 
coincide with the significance level of 0.05"; 

if 𝑊𝑒𝑚𝑝 > 1,96, then we conclude "the 

reliability of the differences in the 
characteristics of the compared samples is 
95%". 

The restriction on using the Wilcoxon-
Mann-Whitney criterion is as follows: each 
sample must contain at least three elements, if 
there are only two elements in one of the 
samples, then there must be at least five in the 
second one. It does not matter which sample is 
considered the first and which is the second, 
although it is more convenient to calculate the 
first sample with fewer members. 

Methodology determination of the 
validity of coincidences and differences for 
experimental data measured in an ordinal scale 

Consider the case when an ordinal scale 
with L different scores is used. The 
characteristic of the group will be the number 
of its members who scored one or another 
point. For the experimental group, the score 
vector is 𝑛𝑘 = (𝑛1, 𝑛2, … , 𝑛𝐿)    where 𝑛𝑘  is the 
number of members of the experimental group 
who received the kth score, k = 1, 2, ..., L. For 
the control group, the score vector is 𝑚𝑘 =
(𝑚1, 𝑚2, … , 𝑚𝐿)   , where  𝑚𝑘, is the number of 
members of the control group who received the 
k–th score, k = 1, 2, ..., L. For the numerical 
example we are considering (L = 3 - "low", 
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"medium" or "high" level of knowledge), the 
data are given in Table 1. 

For data measured on an ordinal scale, it 
is advisable to use the uniformity criterion 𝝌2 
("chi" is a letter of the Greek alphabet, the 
name of the criterion reads: "chi–square") [5], 
the empirical value of 𝝌𝒆𝒎𝒑

𝟐  of which is 

calculated by the following formula: 
𝝌𝒆𝒎𝒑

𝟐

= 𝑴 ∙ 𝑵

∙ ∑
(
𝒏𝒊

𝑵 −
𝒎𝒊

𝑴 )𝟐

𝒏𝒊 + 𝒎𝒊
                                        (𝟑)  .

𝑳

𝒊=𝟏

 

Critical values 𝝌𝟎,𝟎𝟓
𝟐  criteria𝝌2 for the 

significance level of 0.05 are given in Table 1 
(statistical tables of critical values of statistical 
criteria for various levels of significance and 
various – including large 1 – gradations of the 
scale of relations can be found, practically, in 
any textbook on statistical methods, or in 
special statistical tables [3]). 

Table 1. Critical values of the criterion 
𝝌2 for the significance level α= 0.05. 
L-
1 

1 2 3 4 56 6 7 8 9 

𝝌𝟎,𝟎𝟓
𝟐  3,

8
4 

5,
99 

7,
82 

9,
49 

11,
07 

12,
59  

14,
07  

1
5,
5
2 

1
6,
9
2 

The algorithm for determining the 
validity of coincidences and differences for 
experimental data measured on an ordinal 
scale is as follows:  

1. Calculate for the compared samples 
𝝌𝒆𝒎𝒑

𝟐  – the empirical value of the criterion 𝝌2 

according to the formula (3). 
2. Compare this value with the critical 

value 𝝌𝟎,𝟎𝟓
𝟐  : 

if 𝝌𝒆𝒎𝒑
𝟐 ≤ 𝝌𝟎,𝟎𝟓

𝟐  , then conclude: "the 

characteristics of the compared samples 
coincide with with a significance level of 0.05"; 

if 𝝌𝒆𝒎𝒑
𝟐 > 𝝌𝟎,𝟎𝟓

𝟐 , then conclude "the 

reliability of the differences in the 
characteristics of the compared samples is 
95%. 

The chi-square criterion is applicable 
provided that for any value of the score in any 
of the compared samples, at least five of its 

members received this score, that is:  𝑛𝑖 ≥
5 , 𝑚𝑖 ≥ 5  , 𝑖 = 1,2,3, … . , 𝐿.  In addition, it is 
desirable that the number of gradations L be at 
least three. If L = 2, that is, a dichotomous scale 
is used ("yes" – "no", "decided" – "not decided", 
etc.), then the Fisher criterion can be applied. 

Table 2. The results of measurements of 
the level of knowledge in the control and 
experimental groups before and after the 
experiment. 
Level 
of 
knowl
edge  

Contro
l group 
before 
the 
experi
ment 
(pers.) 

Experim
ental 
group 
before 
the 
experim
ent 
(pers.)  

Contro
l group 
after 
the 
experi
ment 
(pers.)  

E
xperime
ntal 
group 
after the 
experim
ent 
(pers.) 
 

Low 11 8 13 3 
Averag
e 

16 13 15 12 

Tall 9 7 8 13 
The 
amoun
t 

36 28 36 28 

Let's apply the algorithm for the data 
from Table 2. First, we calculate the empirical 
values for the criterion 𝝌2 using formula (3). 
For example, here is a calculation.  

Parameters of the experimental group 
(N = 28) after the end of the experiment: : n1 = 
3 n2 = 12, n3 = 13 (that is, 3 students 
demonstrated a "low" level of knowledge, 12 – 
"average" and 13 – "high"), control group (M = 
36): m1 = 13, m2 = 15, m3 = 8. Substituting into 
the formula (3), we get: 

𝝌𝒆𝒎𝒑
𝟐 =

𝟏

𝟑𝟔⸱𝟐𝟖
∙ (

(11⸱28−8⸱36)2

11+8
+

(16⸱28−13⸱36)2

16+13
+

(9⸱28−7⸱36)2

9+7
) = 0,03.  

𝝌𝒆𝒎𝒑
𝟐 =

𝟏

𝟑𝟔⸱𝟐𝟖
∙ (

(13⸱28−3⸱36)2

13+3
+

(15⸱28−12⸱36)2

15+12
+

(8⸱28−13⸱36)2

8+13
) = 6,88. 

Before the experiment :  𝜒𝑒𝑚𝑝
2 = 0,03, 

𝜒𝑘𝑟𝑖𝑡
2 (0,05; 2) = 5,99  ,  0,03 < 5,99       ⟹  H0 

After the experiment: 𝜒𝑒𝑚𝑝
2 = 6,88,  

𝜒𝑘𝑟𝑖𝑡
2 (0,05; 2) = 5,99, 6,88 > 5,99 ⟹  H1.   

So, the initial (before the start of the 
experiment) states of the experimental and 
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control groups coincide, and the final (after the 
end of the experiment) – differ. Therefore, it 
can be concluded that the effect of changes is 
due to the use of experimental teaching 
methods. 
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