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In this paper, we define and explain the one-way repeated measurements model for
unbalanced data. Also next explore an alternative approaches to estimate the model's
parameters and some of its properties.

Keywords:

One-Way Repeated Measurements Model; Maximum Likelihood
Method; Restricted Maximum Likelihood Method RMLM

1.Introduction

Several disciplines, including epidemiology,
biomedical research, health and life sciences,
and others frequently use repeated
measurements  analysis. The univariate
repeated measurements analysis of variance
has received a lot of literature. [6][12]. The
term "repeated measurements"” refers to data
when each experimental unit's response
variable is measured repeatedly, sometimes
under various experimental conditions. [10].
Repeated measures in a number of research
contexts, designs with two or more
independent groups are among the most
popular. When parametric model assumptions
are broken, a number of statistical techniques
have been offered for interpreting data from
split-plot designs. [7]. Data comes in two
varieties: balanced data and unbalanced data.
In a balance RM design, all of the experimental
units' measurement occasions are the same,
however in an unbalance data design, some of
the experimental units' measurement times are

different. [11]. Several studies and research
projects are interested in examining repeated
measures models, particularly in those models'
analysis of variance and model parameter
estimation. Following are some recent research
on estimators and analysis of variance for
repeated measurement models that we will
quickly cover in this historical review: Al-
Mouel. in (2004)[2], compared estimators and
analyzed the multivariate repeated measures
models. Mohaisen and Swadi in (2014) ,
studied the one-way repeated measurements
model by using the Bayesian approach based
on Markov Chain Monte Carlo. The one-way
repeated measurements model is studied using
the Bayesian approach as a mixed model, and
they investigate the consistency property of the
Bayes factor for testing the fixed effects linear
one-way repeated measurements model
against the mixed one-way repeated
measurements  alternative  model. They
discovered the analytical form of the Bayes
factor and demonstrated its consistency under
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some prior and design matrix constraints.
[7],[8],[9],[10].AL-Mouel and Al-Isawi in
(2019)[1], They computed the quadratic
unbiased estimator that has the least variance
(best quadratic unbiased estimate (BQUE)) by
using the analysis of variance (ANOVA) method
of estimating the variance components. They
studied best quadratic unbiased estimator of
variance components for balanced data for
repeated measurement model (RMM).. AL-
Mouel and AL-Hasan in(2021)[4], analyzed
statistical inference in models with repeated
measurements and variance components..AL-
Mouel and Ali in(2021)[5], research on the
repeated measurements model's random

2.1 The Mathematical model

effects.AL-Mouel and Abd-Ali in(2021)[3],
study on the estimate of variance components
for the repeated measurements model.

In this paper, studied the maximum likelihood
estimators and restricted maximum likelihood
estimators of the parameters for our model.

2. One-Way Repeated Measurements Model
For unbalanced data, we take into account the
one-way repeated measurements model
(where the number of observations is unequal
in each levels). The model is given a
mathematical formulation. Then, we go over a
few estimator properties and methods for
estimating the model's parameters.

Consider the one-way repeated measurements model for unbalanced data,

Verye =9 + &0+ Goo + (€ e + Soqr) + €

(2.1.1)

where : vy, isthe response measurement at time » for unit £ within group L,
£ =1,2,...,n; is an index for experimental unit within group £,

L =1,2,...,q is an index for levels of the between-units factor (Group),

x =1,2,...,p is anindex for levels of the within-units factor (Time),

9 is the overall mean ,and &, is the added effect for treatment group £,

¢, isthe added effect for time s,

(€0, is the added effect for the group £ x time » (Interaction),

Secry is the random effect due to experimental unit £ within treatment group £,
€sr, 1s the random error time » for unit £ within group £,

under the following considerations for the added parameter (added effect)

Yim1ée=0 X510 =0 , X6 =0,Yx=12,...p,
with N = ZLnL ,and ZzzlanL =0

P =0, VL=12,..,q ,

}(2.1.2),

Considering that the ¢,;y's and e,,'s are independent and identically with

epr, ~i.i.d N(0,02)

C{’(L) ~lld N(O, O-CZ) )

(2.1.3),

2.2. Setting the One-way Repeated Measurements Model in Matric Form

We can rewrite the model (2.1.1) as
Verye =9 + &0+ Goo + (§D e + Worn

(2.2.1)

where, Wy, = ¢pry + €ocxe » Yoo~ N(0,08), 04 = of + o2 , thus by taking matrix notation as

Y=NO+V¥
where

Y = (Yllll ---JYnllerIZIr ...,Ynzzp, ""anql’ ...,anqp

N = Z%:l ng,

(2.2.2)

T
) is Npx1 -dimensional response vector, where

X = [Ry, Ry, ..., 8] isa Np X (g + 1)(p + 1) design matrix
®:is (q + 1)(p + 1)x 1 -dimensional vector of fixed effects parameters, and

lIJ = (qjlll, ""LIJTlllp' LIJ121, ...,I'Pnzzp, ""‘anql’ e
The matrices of model in (2.2.1) are defined as :

T
) is Npx1 -dimensional
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|

($12
= : ;and eNle = (ellll”'penllpp 6121'”.’6712217"“’enqqp)ll (223)

1D oo

And design matrices X is

l ‘ | 22

INpx(q+1)(p+1)
where R = j, & JP'eﬁ@fp'ln'eL®In]px(q+1)(p+1)’
NIL _]nﬁ®[ ]px(q+1)(p+1): (225)

e =1, = [e1, e, e4]" and ® denotes the Kronecker product .From the model (2.2.2) we have
Y~Ny,(R®, 0) , where
G) = E(YYT),
= Iy ® (621, + clee’),
=02(ly ® I,) + a2 (Iy @ ee™),
replaceI by (E +]p) and ee” by pJp, where ], = —ee andE, =1,—J,,
then
0 =02 (Iy ® (Ey +1,)) + 02 (In ® ply),
= O¢ (IN X Ep) + oc (IN ®]p) + po; (IN ®]p)
By assembling concepts that have the same matrices, we obtain
=d¢(Iy ® Ep) + (62 + pag)(Iy ®]p) = 02A + 0?B,
where,a1 = ae +pa§ JA=Iy QE, , B=1Iy ®]p ,and 071 =%+£2,

1
10| = (62)N-DP-1D(52)N=a) 'where |0| =product of its characteristic roots .
2.3 Estimation
There are various methods available for estimating the model parameters from unbalanced data, we
discuss some these methods and their properties.
2.3.1- Maximum Likelihood Method
The density function of Y~NNp(N(D, 0), is

—Np -1 1
fQY/®,0) = (2m) 2 102 exp <— S (= R®)TOH(Y - Nq?)) :
Then, the likelihood function is the joint density of the Y's that is

-N -1
LY /®,0) = (21) 2|0 exp (— L —xe)TO (Y - Ncp)) , then
—Np -(N-q)(p—1) -N—-q) 4 B
LOr/®,07,02) = @n) 7 (02 = (o) 7 exp(—; (X =R (G+ (¥ ~X),(23.1)
—N N-q)(p—-1) (N-q) 1 A B
In(L) = Z2In(2m) - L2 n(02) - =L1In(o?) — 5 (¥ — RD)T (0— + J—) (Y — RD).

Since, (¥ — X®)TO1(Y — X)) = YTOY —20"RTO71Y + #TRTOIXRD
the result is obtained by differentiating In(L) with respect to ¢ and equalizing to zero.

0lIn(L -1 -
aqg ) = 7(2NT@"1NCD —28T071Y) =0,=> RTOIR® = RTO1Y,

@ = (RTOIR)L(RTOLY). (2.3.2)
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We can write In(L) as
In(L) = =21n(2m) — S22V (52) - L=Lin(o7 + po?) =3 (¥ - Nd))T(

Now, differentiate In(L) with respect to ac and ¢Z and equate to zero, we get

) ¥ — X).

Z+p

o) _ _ WN-@)(p-1) _ WN-q)
GLers B 207 2(0'3"'170'() t3 (Y N(p) ( (0 +p02) >(Y N(P) 0, (233)

and 220 _W-ap_ 1 (Y N(D) <

a0} 2(oZ+po?)

m) (Y —-8®)=0, (234
ain(L) _ -(N-q@)(p-1)52+-8D)TA(Y-RD)
do? - 264
- (v - x@)TA(Y R®) = (N — q)(p — 1)62 ,
(¥ —x®) A(Y — 8). (2.3.5)

From (2.3.3), we get — =0,

“OE =G q)(p 1
Now, from (2.3.4)

din(L) —(N - qp(62 +p62) +p(¥ — ’®) B(Y — x®)
g0 2(62 + pé¢ )

Sp(Y - qu)TB(Y x@) = (N - q)p(ae +p62),

n 62 = (v —8®) B(Y - 8&) - 152, (2.3.6)

p(N Q)
Thus, it is evident that

6% = 62 + p6} = 6% +(N—q)(y NCD) B(Y — R®) ——ae )
W62 = ﬁ(y -83)'B(r-x3) . O (2.3.7)
2.3.1.1 Important Estimators’' Characteristics
We present certain estimator qualities as theorems in this section.
Theorem 2.3.1
The maximum likelihood estimator of ¢ is the best linear unbiased estimator .
Proof:
Since ¢ = (RTOIR)"L(RTO1Y),
E($) = E[(RTOR) 1 (RTO~1Y)],
= (RTO™IR)IRTOIE(Y),
= [(RTOTIR)TI(RTOTIX)]p = ¢ .
var(¢) = var[(RTOIR)L(RTO1Y)],
= (RTO7IR)IRTO (var(Y))O~1R(RTO7IR) L,
= RTOIR)IRIOIRN)(RTO X)L = (RTOIN) T,
Now, let (,5* = DY is another unbiased estimator for ¢, where
D = (RTOIR)"IRTO"IR + G, where G is (q+1)xNp matrix,
Since, E(¢*) = ¢
E(DY) = E(((RTOIR)"IRTO1 + G V),
= [(RTOIR)"INTO1 + G |E(Y)
= [(RTOTIR)INTO1 + G |Ro ,
EDY)=RTOIR)INTOIRp+ GRp = 1.0 + 0 = ¢ ,
thatisRX¢p =0.
var(¢*) = var(DY) = D var(Y) DT,
= [(RTOIX)IRTO L+ GO [(RTOIX)INTO 1+ G T,
= RITOIRN)IRTOIN)RTOIX) T+ GOGT,
=T IX)"1+GOGT,

=0,
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= var($) + G © GT, thus var(¢p) < var(¢*). O
Theorem 2.3.2
The maximum likelihood estimators ¢, 6Z,and 62 in our model are jointly sufficient for
¢,0f,and c? .
Proof:
The density function of Y is

N -1 ~
f(Y/9,0) = (Zn)Tp|®|? exp (— % Y —Rp)TO (Y — Nqb)), by adding and subtracting Xf in the

exponent
f(Y/e,0) = (271)_TNP|@)|_71 exp <—%(Y —Rp + Rp — xcp)T@—l(y — R + Rp — Nqb)) )

= @m) 2 1017 exp (= 2[(¥ — %) + 8 — 0)] 67 [(¥ — %) + 8 (S — 9)]),
= @) 7 1017 exp (—2[(r —%¢) 072(¥ — %) + (6 — ) 67 x(6 — )]).
(r=%9) (5+2)(r —x¢) + (6 - ) x707x )
(¢-9) |

= 2my = 101 exp (=2 (r = x8) £ (r = x§) + (¥ - X)L (¥ - %) + (§ -

) X"07X(6 - 9)|).

From theorem (2.3.1) we get

f(/$,0) = (2m) = 10]7 exp (— §(HE | L) 4 (6 - ) 'O TIN(G - ¢)),

2 7

Juy

—Np -1 1
= (2m) 2 0] exp| -3

Now, we can write the density as:

flY/¢,0)= g(d;,(?ez 62, ¢, aez,alz)h(Y), where h(Y) =1, therefore by the Neyman factorization
theorem ¢, 62, and 67 are jointly sufficient for ¢, 2 ,and oZ. O

Theorem 2.3.3

The maximum likelihood estimator of ¢ is an efficient statistic for ¢, when Y~Ny,,(R¢, ©) , where X is

px(q+1)(p+1) of rank (q+1)(p+1) <Npand ¢ = [9,§,¢, p]".
Proof:

The density function of Y is

£0r/$,0) = (@ = 18] exp (-3 (r = XY 071(r = X)),
and the likelihood function is

L(/,0) = 2m) = 1017 exp(—2 (X = Xg)TO1(r —x@)),

then
- -qQ)(p- - A

In(L) = =21n(2m) — =220 (62) - CLin(o?) — 1 (r — x¢)" (G— + Ui) ¥ — R¢),

oln(L) -1, .. _. - 0%1n(L) —
- 2% —7(2?( O7Rp —28TO7Y) - 39?2 = —(R"O7'X).
Then, the Rao - Cramer lower bounded is

92 n(L)] L e ~

C.R.L= —E[ | = RO = var($). O

2.3.b- Restricted Maximum Likelihood Method

In this part, we take into account a set of m linear constraints on the model's coefficients (2.2.2). It
additionally examines the inferences. The one-way repeated measurements model for unbalanced
data is inferred using the constrained maximum likelihood method. Consider the model (2.2.2) , we
presume that
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RO =r, (2.3.8)
where Ris mxg ,rismx1, ® is gx1 and g=(q+1)(p+1)+1 .Then, the restricted likelihood is

-(N—-q)(p—1) -(N-q)

—Np

LY /®,0f,02) = @m) 2 (@) = (o) 7 exp(=3( =ROV (G + (¥ — X)) (23.9)
e 1

where @€ is (1xg) the restricted vector of parameters, then

In(L) = _TNpln(Zn) - (Nﬂ)z&ln(aez) - (NZ;Q)ln(alz) - % (Y — Rp)T (%

e

+2) (¥ — R€) (2.3.10)

From theorem( 2.3.1) we get
1

~2 _ c\T _ c
0f = oD Y = ROHTAY — RO©), (2.3.11)
and
52 = 1 YTB(Y — RPC 2.3.12
67 = )"B( ) (23.12)
Now, by substitute (2.3.11),(2.3.12) in (2.3.10) get
_ —Np _ W-g)(p-1) T cy | _ N-q) 1 _
In(L) = ” In(2m) 2 In <(N_ e (Y RON'AY — R )> > In <(N_q) 04
o\T C o\T C
xqu)TB(Y—xqu)) —%[ e ) ARe) l—%[ e S B m)cl (2.3.13)
m(y 8dO)TA(Y—KRDC) e q)(y 8D TB(Y—KdC)

Thus, the restricted likelihood function is given by

n -N-0)  _n—q) ) . . M —(N- q)(p 1
L= (Zn)Tp : 1 2 s 4 [(N q)l(p S(r-8oO)TA( -x )] e '

(2.3.14)
Then, we can rewrite the description ofthe problem as the following

Maxgelnl” = pln(Z) q)l [ (Y RO)'B(Y — N‘pc)] (N Wea) _

(N-q)(p-1) _ e\T _ | _ W-a)(p-1)

; [(N_q)(p_l) (¥ = KOO AY — 0 | 2.3.15)
such that
Rp®=r1. (2.3.16)

Then, we can maximize this likelihood function (2.3.15) by minimizing the terms
¥ — RONTB(Y — RD°) and (¥ — RP)TA(Y — RP€) .To satisfy (2.3.15) subject to constraint (2.3.16),
we use the form of Lagrangian function where A is (mx1) vector of Lagrangian multipliers, thus, we
can get

= YTBY — 2¢°"XTBY + ¢ " RTBR¢° — AT (r — Rp©),
a, = YTAY — 29" RTAY + ¢ RTBRPC — AT(r — Rg©),
- +a, =YTY = 20°TRTY + ¢ RTRPC — 24T (r — RP©), (2.3.17)
where A + B = Iy, , then, differentiate (2.3.17) above with respect to ¢ and A and equate zero to
obtain
—28TY + 2RTRp° + 2RTA1 =0, (2.3.18)

2(Rp¢—1r) =0, (2.3.19)

Then, by multiply the equation (2.3.18) by R(XRTX)™1, get

(RRTR) ™) (—2KRTY + 2RTRpC + 2RTA) = 0,
- —2R(RTR)TIRTY + 2R(RTR) "INTRPC + 2R(RTR)"1RTA =0,
- —2R(RTOIR)"I(RTO1Y) + 2R + 2R(XTR)"IRTA = 0, (2.3.20)
since ¢ = (RTOR)"1(XT®~1Y) .Then (2.3.20) will be
- —2R} 4+ 2R¢° + 2R(RTR)"RTA = 0,
— [R(RTX)"'RT]A = R} + R¢S,

= [RRTR)'RT]"Y(r — R}) ,since RP° =r. (2.3.21)

Now, substitute (2.3.21) in the equation(2.3.18) ,we get
—2KRTY + 2K8TRp¢ — 2RT[R(RTR)IRT]" 1 (r —RP) =0,
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— —RTY + RTR¢p¢ — RT[R(RTR)IRT]"Y(r —R$) =0,
- &TRp¢ = RTY + RT[R(RTR)RT]"Y(r — RP),
- 0° = (RTO7IR)TIRTO1Y + (RTR)RT[R(RTR)1RT]™1(r — R$),
¢ =¢+ RTR)TRT[R(RTR)IRT]™1(r — R), (2.3.22)
Then
¢ — ¢ = (R"R)'RT[R(R"R)'RT] "} (r — R$),
- (RTR)(¢¢ — ¢) = RT[R(RTR)"LRT]"1(r — RP)[R(RTR)"IRT]1R(RTX) ™1
RT[R(RTR)"IRT]"Y(r — RP),
= (¢° = 8) RTX)(¢° — @) = (r — RP) [RTR)RTI RN
RT[R(RTR)™IRT]"Y(r — RP),
We can rewrite (2.3.22) by multiply by X, we get
RopC = X + R(RTR)'RT[R(RTR)*RT] " (r — R$),
> Y —Rp® =Y — Rp — R(RTR)LRT[R(RTR)LRT]™1(r — R$),
> W= — RRTR)IRT[R(RTR)RT]™1(r — RP) .
Where W€ is the estimator residual from the constrained model.
o peTye = [@T —(r- R¢3)T[R(NTN)—lRT]-lR(NTx)-le]
[P — RRTR)IRT[R(RTR)IRT] " (r — RP)],
Where ¥¢" ¢ sum of squared errors from the constrained model.
= PTP — PR(XTR)IRT[R(RTR)IRT] " (r — RP) —(r- RJ;)T[R(NTN)—lRT]—lR(xTx)—lelff
+(r - R¢3)T[R(NTN)-lRT]-1R(NTN)-1NTN(NTN)-1RT[R(xTx)—lRT]—l(r —R}), (2.3.23)
where, ¥ is the estimated residual from unconstrained model

PTP = (Y —8P) (¥ — &) = YTY — 27XRTY + FTRTR, (2.3.24)
where
RTP = RT(Y — &p) = RT(Y — R[(RKTOIR)"L(RTOIY)]),

= RTY — (RTR)(RTR)"L(RTY) = 8TV — (RTY) = 0, (2.3.25)

By taking information in equation(2.3.23)and (2.3.25),we get
Yelye = PP — PTR(RTR) IRT[R(RTR)RT](r — RP) — (r —
R)' [R(RTR)IRT]IR(RTR)IRTP + (r — RP)' [R(XTX)"RT]"1(r — R)
= PTP + (r — RP)' [R(XTX)IRT]1(r — RG),
pelwe _ QTP = (r — RP)' [R(XTX)"RT]"!(r — R}P). (2.3.26)
We can write (2.3.22) as following
¢ = (RTOTIR)L(RTOY) = (RTOIR)IRTO1(Rp + W),
v p=¢+RTOTIR)URTOY), (2.3.27)
then, substitute (2.3.27) in (2.3.22) to obtain
¢ = ¢+ (R"R)T'RT[RR"R) 'R (r — Rp),
= ¢+ (RTOTIR)I(RTO1Y) + (RTR)RT[R(RTR)IRT]?
(r —R[¢p + (RTOIR)L(KTOY)]),r = R,

- ¢ — ¢ = (RTOTIR)I(RTO1Y) — (RTR)LRT[R(RTR)RT]IR(RTOIR) "L (RTO~ 1Y),

= [I — (RTR)TIRT[R(RTR)IRT]IRI(RTOIR)"L(RTO~ 1Y),

= MC(RTO™IR)"1(RTO~1Y),
where, M€ = [I — (RTX)"'RT[R(RTX)"'RT]"'R]land ¥ = Y — K¢ ,
P — = M(P— ). (2.3.28)

3.Conclusions
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In this paper, we reached the following
conclusions.:

1.

The maximum likelihood estimators of
parameters of repeated measurements
model are
® = (RTOIR)"L(RTO"1Y),62 =

L (¥ —x®) A(Y —X®),and

(N—q)(p—ll) r
fg = (Y —R®) B(Y —R®P) —
A2

_0-6’

The maximum likelihood estimator of ¢
is the best linear unbiased estimator.

. The maximum likelihood estimators q§,

6% ,and 62  in our model are jointly
sufficient for ¢,0? ,and o2 .

The maximum likelihood estimator of ¢
is an efficient statistic for ¢.

The restricted maximum likelihood
estimators of parameter¢¢ of repeated
measurements model is ¢ =¢ +

Me(¢ - ¢),
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