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The nuclear shell model was applied using the modified surface delta interaction MSDI to
study the nuclear structure of the mirror nuclei (#2Ca, and #2Ti) in 1f7/2 model space,
where each of them contains two nucleons outside the closed core 40Ca by calculating
angular momentum |, parity m the energy levels E, and the reduced transition
probability of electric quadrupole B(E2Z) and through the results of energy levels
calculated from the angular momentum and the allowed parity, it was found that there is
a perfect agreement for the values of the ground state and an acceptable agreement for
the excited state with the experimental values.
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1. Introduction

The nuclear shell structure is basis of
particles multiplicity theory in the nuclei, as the
nucleus is divided into a closed core and
valence nucleons (particles or holes) that
occupy the outer orbits. One of the important
advantages of the nuclear shell model is the
periodic and continuous change of nuclear
properties [1-3]. According to the nuclear shell
model, the nucleons are distributed in separate
shells in the nucleus, and the capacity of each
shell is determined by the largest number of
nucleons, in line with the rules of quantum
mechanics and Pauli's principle of exception, as
each nucleon moves in its own orbit,
independent of any other nucleons, this is due
to the reason why the shell model is called the
independent particle model [4-6].

Bartlett proposed the independent
particle model in 1932 [7], in which he
assumed that the nuclei that possess the stable
structure such as the nuclei (*He and 1¢0) are
the result of arrangement of nucleons in shells
similar to those observed for electrons in
atomic physics. And during 1934 this idea was
expanded to include heavy nuclei by Elsasser
when he presented evidence for his
preoccupation with neutrons or protons in the
numbers represented by {50, 82 and 126} [8],
but at that time the available experimental data
were very limited to support the nuclear
theory, which led to the rejection of shell model
has been severely criticized by many scientists
for several years. In 1948, Mayer presented
convincing evidence using measurements of
nuclear binding energies and the abundance of
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isotopes of nuclei filled with neutrons or
protons in the numbers {20, 50, 82, and 126},
which pushed the nuclear shell model again to
nuclear physics research [9]. Despite the
success of the shell model in the low orbits, it
was unable to achieve this in the higher orbits
when using a well nuclear potential, and after
scattering studies of neutrons and protons
proved that the nucleons are arranged in
sequential energy levels according to the
quantum numbers [10]. According to the
nuclear shell model, the angular momentum
and parities of the nuclear energy levels were
predicted, as each level was named by the
radial quantum number (n), the value of the

Vo
Vo) =~ e

The Wood-Saxon potential parameters
in Eq. (1) R, a, V, and r are the average radius
of nucleus, diffuseness parameters, potential
depth and radial coordinate respectively where
the typical values of the parameters are V, =

1
Enzha)<2n+{’—§)

where h is reduced Planck's constant, w
is the natural angular frequency of the simple
harmonic oscillator, n is principal quantum
number and ¢ is orbital angular momentum
number and takes the values £ = 0,1,2,3, ..., in
addition, we can add corrections to the depth
of the well arising from the energy of symmetry
for an unequal numbers of neutrons and
protons, with the ability of the neutron to
interact with the proton in more than one way,
including a neutron with a neutron (n-n) and a
proton with a proton (p-p), which represents
Coulomb repulsion and the last interaction is a
proton and a neutron (n-p) and therefore the
(n-p) force is stronger than (n-n) and (p-p) [9].

2. Theory

orbital angular momentum (#), and value of the
angular momentum of the single particle ().
This type of level is called the single particle
level in the nuclear shell model.

The first improved step in shell model
is to choose more realistic potentials, as the
basic premise of the shell model is that the
effect of interactions between nucleons can be
represented by the single particle potential.
over the course of a single particle. But
according to Pauli's exclusion principle in
which nucleons are restricted to only a limited
number of allowed orbitals, the typical shell
model potential can be expressed [11]:

(1)

57 MeV, R~ 1253YA fm and a~ 0.65 fm.
Whereas, the eigenvalues of the total energy E,
in the presence of a Wood-Saxon potential is
according to the following mathematical
expression:

(2)

The shell model relies on another
justification, in particular using modified
surface delta interaction (MSDI). Surface delta
reaction (SDI) is known to give a good
description of energy spectra, although it
results in a number of methodological
inconsistencies with regard to the generation
of a number of experimental levels. This
discrepancy is particularly noticeable in the
nuclear binding energies and it has been shown
that this description can be greatly improved
upon changing the position of the central point
of energy with isotope spin. The modification of
SDI interaction led to the appearance of the
surface delta interaction [12-16]:

<jajb|VMSDI(F1)’T_2))|jde>]’T == 2(2] + 1)

rial: Lo 11\
x [(=1)fattotictia <Ja )b =5 |]0> <Jc

Ar (2o + (2 + D(2jc + D(2jg + 1))
(1 + Sab)(l + 5cd)

%jd _ % |]0> {1 _ (_1)£C+€d+]+T}

~(iagio 7 1) lic a3 /1) €1+ DT + (127 + 1) = 318 + €160 3)

Eurasian Journal of Physics, Chemistry and Mathematics

www.geniusjournals.org
Page |13



Volume 15| February 2023 ISSN: 2795-7667

Whereas Arg, B,C represent the interaction strength and are determined from the experimental
spectrum and given according to the following relations [17]:

A~ B ~—= MeV (4)

We can get the values of the elements of the matrix H;; from the following equation [12,16]:

Hi; = (& + &)8i; + GadoVisor LD icja) v (5)

where ¢; and ¢; are the single particle energies of the two nucleons outside the closed core, §;; is a
Kronecker Delta and energy matrix elements H;; can be expressed by the following [17]:
Hyy Hyz -+ Hip] [%p Q1p
H H H azp azp
N T ©
Hpy Hpz 0 Hpul Lnp Anp

and through the properties of the Hermitian operator H, which is characterized as being real for the
matrix of elements, we get the following mathematical formula [18]:

H;j = Hj; (7)

since the H;; matrix is symmetric, the only mathematically acceptable case is that value of the
resulting determinant is equal to zero [18]:

H11 _Ep H12 cee Hln
Hp, Hya, o Hpp — Ep

by solving Eqg. (8), we get (n) from the roots for the values of E,,. If these roots are different from each
other, we have (n) energy levels after correction, and this corresponds to (n) of the eigenstate. The

reduced transition potential is related to a single-particle electromagnetic multipolar operator 0%
[19]:

1 ~
Bo2: Ji—1p) = g 0rllo ) ©

the operator 0°% is of order A, the reduced transition matrix elements of the one-particle operator can
be decomposed into the elements of the single-particle transition matrix [20]:

Url10° ) = D" clavias ooz J)isnall 0%l J2) (10)
Jarj2
Where c(j3,j4,]f,j1,j2,]l-) represent the linear correlation coefficients of the wave functions. The

reverse (absorbent) transport can be expressed by the equation [21]:

2 +1
2, +1

B(oA; Jy — i) = B(oA; Ji — Jf) (11)

The transition probability of an electric quadrupole is given by [22]:
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whereas, M; and My represent the projections of total angular momentum for initial and final states,
respectively, while 0, , represents the transition operator of electric quadrupole and is given by [23]:

Opu =& ) 12 Vou(81, ) (13)

i

where é represents the effective charge of nucleons outside the closed core and Y,,(6;, ¢;) represents
the spherical harmonic function where (7}, 8;, ¢;) represents the coordinates of the spherical system,
and |J;M;) and | ] fo) represent The initial and final transition states, respectively.

The reduced transition probability of electric quadrupole must be reduced by the total angular
momentum projections using the Wikner-Eckart theorem, so it is [24]:

2] +1

B(F2: = Jy) = S 0.1l (a4

where (]i||02||]f) represents the elements of the reduced transition matrix which is calculated from

the sum of the elements of the reduced transition matrix for each allowed state in the initial level J;
and the final level J¢.

3. Results and discussion (two neutrons or two protons) and Eq. (3) for

The theoretical calculations of energy
levels E, and the reduced transition probability
of electric quadrupole B(E2) were carried out
using the nuclear shell model and the modified
surface delta interaction MSDI of the mirror
nuclei (#2Ca, and 42Ti) and within 1f7/2 model
space that contains two nucleons outside the
closed magic core represented by 4°Ca nucleus.

3.1 Energy levels
Eq. (5) was relied on to calculate the
Hamiltonian matrix elements for two particles

the modified surface delta interaction. The
values of the coefficients were determined by
the wvalues (Ar =0.76 MeV,B = 0.58 MeV,
and C = —0.66 MeV) and through calculating
the Hamiltonian matrix elements based on the
values of the matrix elements for two particles
as well as the energies of the particles within
the 1f7/2 model space. The theoretical results
of energy levels have been compared with the
available experimental values [25] for each
nucleus in Tables (1) and (2) and as follows:

Table (1): Comparison of the calculations of the excitation energy for the #2Ca core with the values of
the available practical energies.

Theoretical results Experimental values [25]
J E.(MeV) E.(MeV) J
0+ 0.0000 0.0000 0+
2+ 2.3140 1.5240 2+
4+ 2.6820 2.7520 4+
6+ 2.8606 3.1892 6+
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From Table (1), we note a good agreement between experimental value of 0+ level and the
theoretical value of 0* level, and we note an acceptable agreement between the experimental values of
2+, 4+, and 6* levels with the theoretical values of 2+, 4+, and 6* levels, respectively.

Table (2): Comparison of the calculations of the irritation energy for the 42Ti core with the
values of the available practical energies.

Theoretical results Experimental values [25]
Jt E,(MeV) E,(MeV) J"
0+ 0.0000 0.0000 0+
2+ 2.1028 1.5546 2+
4+ 2.4374 2.6700 4+
6+ 2.6101 3.0400 6+

From Table (2), we note a good agreement between experimental value of 0+ level and the
theoretical value of 0* level, and we note an acceptable agreement between the experimental values of
2+, 4+, and 6* levels with the theoretical values of 2+, 4+, and 6* levels, respectively.

3.2 The reduced transition probability of
electric quadrupole

The reduced transition probability of
electric quadrupole B(E2) was calculated for
calcium isotope #2Ca and the titanium isotope
42Tj for the permissible transitions, where the
eigenvectors of the energy matrix elements
were calculated from Eq. (6) within the

modified surface delta interaction, and then the
calculations for the reduced transition
probability of electric quadrupole B(E2) were
derived. From Eq. (14), the calculations have
been included in Tables (3) and (4)
respectively, which show the theoretical values
of B(E2) and compare them with the available
experimental values for two nuclei.

Table (3): Comparison of B(E2) theoretical calculations for 42Ca nucleus with available experimental

values.
; 2fm4
- ]1; Theoretical results e2fm#* Experimental values e [fzn;]
2+1 — 0+1 82.31109 82.31179
4+ — 2% 74.20631 82.12514
61 — 4+ 30.51064 37.41447

Table (4): Comparison of B(E2) theoretical calculations for 42Ti nucleus with available experimental

values.
; 2fm4
- ]}T Theoretical results e2fm#* Experimental values e [fzn;]
2+1 — 0+1 138.57730 138.751856
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4+ — 2% 74.20631
6+1 — 41 33.80681 27.75037
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