Volume 15| February 2023 ISSN: 2795-7667

Eurasian Journal of Phuysics,
Chermistry and Mathematics

Statistical analysis of some random
truncation models

Dr.Hussain Ali. Abbdllah. Department of Economics
Aleagobe Faculty of Administration and Economics University of Thi-Qar,Iraq
hussainaliabbed@yahoo.com

Statistical analysis of some method with empirical Statistical information collected from
an experimental distribution of a data set and in many fields such as statistical mechanics
and economics has attracted the attention of many authors. The empirical (E), the
unknown probabilities it estimates, are always negative. Unknown parameters estimated
from this method have a bounded influence function. In this paper, we investigate the
empirical (E) method in the truncated data and we prove that it has an asymptotic
distribution, a weighted chi-square. We show that when the data is contaminated,
empirical (E) method behaves better than empirical likelihood (EL) method and has a
better coverage probability.
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Abstract
1. Introduction distribution (i.i.d). In the random truncation,

Survival data are incomplete in many studies {(X,Yi),i = 1,.,n} is observed only when Xi> Y.
and are generally presented as truncated data. {(U,Vi)} are a sub sequence of {(X;Yi)} that is
This data is of great interest in various fields, also an ii.d. sequence. Suppose X and Y have F
including astronomy and economics. suppose and G distributions, respectively. The truncated
{(X;Yi)} be independent and identically parameter, denoted by «, is defined as follows:

(1.1) a=PX=Y)=[G(s)dF(s)

If Fnand Gnare the limit estimates of F and G, respectively, we show the a estimate with a»and define it
as follows.

(1.2) an= | Gn(s)dFn(s).

Key words and phrases. empirical (E), Empirical likelihood, weighted chi-square, asymptotic
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For any cumulative distribution function F, suppose (arbr) be the confine of F defined by
ar=inf{x: F(x) > 0} br=sup{x: F(x) < 1}.
Assuming ac < br, then we can be sure that a > 0. Under random truncation, assume F* and G* have the
marginal distributions of Uiand Vi. From Woodroof (1985) we know

F'(2)=P(Ui <2)=— [ G(s)dF(s),
(23) xy oo
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G*(z) = P(Vi < x) = — [ (1— Fis)dG(s)
(24) 0 S e )
and
1
R(x) = G*(a) ~ F*(2) = -Gla)(1 - F(x)
(2.5) t¥p

The empirical dlstrlbutlons Fx(x),G*(x) and R(x) are deflned by

!-;f.;-;:—Lﬁ{, <x),  Ghz) =—Lmja x)

and
Ro(z) = G*(z) — F*(x) —ZH <z <)

(2.6)
The product-limit estimators for F(x) and G(x) are introduced as follows:

'F_nl. ] '.rrI ln'.
Fol: 1 — 1 — ; Galx) 1 —
.-lq.!.l H{ IPII],-“.'} ! [[‘{ I|]||,'|"|

L

Under truncate sampling, the distribution functlon estimate was obtained by Woodroofe (1985)
and the properties of this estimate were also studied. Kaplan-Meyer estimate uses the MLE for
nonparametric and semi-parametric models. For randomly truncated data, the MLE estimation is used
to the truncation product-limit in nonparametric models. Wang (1989) introduced the MLE for
estimating truncated data in semi-parametric models and the large-sample properties of the estimate
are presented. the proportional hazards model for censorship and truncated data have studied by
Alioum and Commenges (1996) and in this study have attained a suitable method for this model.
under left truncated data, He and Yang (2003) proposed the estimation of regression parameters .
Ould-Said and Mohamed Lemdani (2006) introduced a new kernel estimator of the regression
function for truncated data and they constructed the pointwise and uniform strong consistency and
offered a rate of convergence of the estimate. Winfried and Wang (2008) proved the central limit
theorem for the truncated data. This paper is organized as follows. In a linear model with left-
truncated data, the weighted composite quantile regression considered by Yao et al (2018). The
adaptive penalized procedure for variable choice is offered. The asymptotic normality and oracle
property of the resulting estimators are also determined.

This article is organized as follows. In Section 3, an empirical log-likelihood ratio is concluded and
its asymptotic distribution is demonstrated that be a weighted chi-square. In Section 4, a simulation
study is given to compare the performance of the proposed EE method to the introduced EL method
for truncated data in terms of coverage probability and length of the interval. Proof of the main results
have been deferred in the last Section

3. Main results

In this section, we introduce EE and EL methods. Both methods prove to have a weighted
asymptotic chi-square distribution.
3.1. Empirical entropy. Empirical E method the unknown probabilities it estimates are ever
nonnegative and unknown parameters, which are influence functions with abound is estimated.
According to the evidence from Monte Carlo, tests based on the EE method with a limited number of
samples have better characteristics than the EL method.

For a discrete probability distribution p on the countable set x1,x2,..., with pi= p(xi), the entropy of p
is shown as

hipl = prlo.ﬂ; i
|

Then, in a continuous probability density function p(:) on an interval J, its entropy is defined as
h(p) = | p(x)logp(x)dx.
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Monti and Ronchetti (1993) expressed the relationship between the EE method and the EL method.
they presented that EE method provides very accurate inference in independent samples. Efron
(1981) showed that the EE method is related to biased bootstrap. Test the general parametric
hypothesis in time-series regressions using the EE method has performed by Bravo (2005) and used
blocking techniques to receive a weak dependence of the observations. Zhao et al (2015) used the EE
method in the right-censored data and showed that if the data is contaminated and right-censored,
they have a better coverage probability than the EL method. From (2.3), we have

(1— ——)dF*(s) =0

(3.1 . Gis)

For i.i.d. random variable

(3.2) " Cls)
Now consider the empirical entropy at the true value ao,

Rlog) = hll|:{ - Z;x; log p; - Z,u; = ].Z;:;t'”; =0 =0,1=i<= :J}
i=1 i=1 i=1 .

By Lagrange multiplier, we get

Pi uxp[—i..r.'.._-],-“'Zt'xl]{—x;,e';,;'}_ i=1,..n

j=1
¥

1
(A) = — Ui exp —Atlni) = 0
f ” Z I ]

(3.3) J=1
Define

f”f":-:rl ] = X I'!\']}[ :II.LFI Ui )
(3.4) i=1

it is seen thatRin] — log #4%), we define the empirical entropy difference at the true
value ao by

- o pltha).
(3.5) AR [og) = Riog) — logn = log| - _I.

According to theorem (3.2) of Newey and Smith (2004) and entropy concentration theorem of
Jaynes (1982), the following two adjusted empirical entropy differences are defined,

(3.6) Z1(a0) = -2n{exp[AR(a0)] - 1}
(3.7) Z2(a0) = -2nAR(a),

Correspondingly, Z1(0) is called the adjusted Newey-Smith empirical entropy difference at 6 and
Z2(0) the adjusted Jaynes empirical entropy difference at 6. We have the following theorem about
Z1(ao) and Z2(ao).

Theorem 1. Let F and G be continuous and satisfy the following moment conditions

b (5] o e f”"[.-_r} B
(3.8) ,/_x A < /; Gy <
Then

(39) {Ell:ﬂu} e 22':-":“]} '."?':- -'1'1.|2,

whereX' is the standard X?variable with one degree of freedom, and

i

b=

(3.10) 03,
7 and’ are obtained from the following equations:

(3.11)4% /J aF(s) fq. dG(s) L, | (e b
oLy = — =+ =l . T e e, b
) | Jow f:i'l:.'-i:lf'll:.‘i] , H'."‘J(p'r":l JI-{:-?I 0 i I

= ]

J
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. [T dFls)
52— SEg

(3.12) Jup Gl
Proof. See the Proofs.

In order to obtain the confidence interval, it is necessary to use estimate (3.10). As a result,
according to equatlon (3.13) and (3.14), we have:

5f / rH-”: P / d by s)

(3.13) Jooo Rals)Fy 77 f,, Guls) )
(3.14). i
3.2. Empirical likelihood. The empirical likelihood method is a non-parametric inference
method that has very interesting properties and this method was first introduced by Owen (1990).1t is
not easy to computation of the empirical likelihood ratios with censored/truncated data and
parameter of mean Therefore, Zhou (?) used the EM algorithm to obtain the tests and the confidence
interval. The most well-known method for interval estimation of probabilities for randomly truncated
data is the asymptotic normal method, but this method has a fundamental problem and that is that the
given distance may be out of range [0,1] and is not satisfactory in small samples. Li (1995) proposed
another way to obtain this distance, which is to use a conditional nonparametric likelihood ratio. It
also demonstrated a better small-sample performance in our simulation studies. This approach is
generalized to obtain confidence intervals for the ratio of two probabilities. Shen and Hi (2006) used
the empirical likelihood method to create a confidence interval for the truncation parameter in the
random truncation model and showed that it has an asymptotlc distribution of weighted chi-square.

Suppose p = (p1,..,pn) be a probability vector for which?_i= = 1 and pi2 0 foreachiforl<i<nat
a stable time t. So, the eval“uated EL ?t po(t), is given by

ailt)) == sup { H np; z m=1, Z;m i) i]}
i=1 i=1 i=1 .

By using the Lagrange multiplier method, we get
pi={n(1+ B()yYni(t))}-1 i=1,..,n,
where f(t) is from solving of
- Z Vi 0
(3.15) o "“‘"'“

It is explicit that S(t) and ni(t) are functlons of t. So that, they are considered and calculated at a
constant and optional time to, where 0 < to< 7. Therefore we utilized of B(to) and Pni(to).

We know thatl[i= | #: , subjecting to the condition 2-i=i Pi= 1, its maximum at pi= n-lis n-". So, the
EL ratio for yn;, is deflned by
R(tpni) := [ [(npi) = TT{1 + B()mil)}
(3.16) i1 i1 )
Hence the empirical log-likelihood ratio is given by
Hjl:n'_',,.[f]:l = —2]og Rt (1)) =2 Z |ng{ L + 3(t)1ln, If‘.}
(3.17) i=1 ,

where [(t) is the solution of (3.15).

Let Xi,..,Xnbe independent random variables with common distribution F. Let u = E(Xi), and suppose
that 0 < V ar(Xi) < co. Then R'(a0) converges in distribution to as n — o, that as

(3 18) Rlion) X

where — denotes convergence in distribution. See the proof (3.18) in theorem (2.1) of Shen and He
(2006).
4. Simulation studies

In the simulation, the contaminated lifetime Xis a (1 - m/n)I'(2,1) + (m/n)I'(2,5) random variable,
where I'(a,f) is the Gamma distribution with shape parameter a and scale parameter  and I'(2,5) is
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the contaminating distribution, m is the number of contaminated data and n is the sample size. That
means there are m lifetimes contaminated by I'(2,5) distributed random variables within n iid.
lifetimes. In the simulation, we use m = 0,1,2,...,7 for sample size n = 20,50,100. The process is repeated
for N = 5000 times and the coverage ratios are calculated by using the N data sets. In Table 1, NS-EE is
used for the adjusted Newey-Smith empirical entropy difference, AJ-EE is used for the adjusted Jaynes
empirical entropy difference, EL is used for empirical likelihood , c.p is used for the coverage
probability and A is used for the average length. The simulation results reveal that, in terms of
coverage probability, for m= 0,1,2, the empirical likelihood method performs better than that of the
empirical entropy method. For m = 3,4,5,6,7 the empirical entropy method performs better than that
of the empirical likelihood method.

m n cp.NS-EE ANS-EE  c.p.AJ-EE AAJ-EE c.p.EL AEL

20 0.762 0.481 0.785 0.452 0.812 0.391
0 50 0.775 0.489 0.791 0.459 0.817 0.397
100 0.782 0.498 0.805 0.473 0.831 0.403
20 0.773 0.488 0.789 0.455 0.805 0.407
1 50 0.787 0.495 0.793 0.462 0.807 0.415
100 0.794 0.507 0.809 0.476 0.819 0.427
20 0.786 0.492 0.792 0.461 0.796 0.409
2 50 0.798 0.502 0.796 0.465 0.801 0411
100 0.803 0.511 0.810 0.481 0.809 0.419
20 0.791 0.501 0.799 0.469 0.783 0.421
3 50 0.802 0.511 0.809 0.471 0.791 0.435
100 0.811 0.513 0.815 0.485 0.801 0.443
20 0.804 0.509 0.803 0.474 0.769 0.435
4 50 0.811 0.519 0.811 0.482 0.778 0.451
100 0.827 0.521 0.819 0.491 0.781 0.467
20 0.813 0.510 0.807 0.484 0.758 0.449
5 50 0.819 0.521 0.815 0.491 0.762 0.461
100 0.832 0.527 0.821 0.502 0.771 0.472
20 0.824 0.515 0.811 0.499 0.751 0.460
6 50 0.831 0.526 0.819 0.509 0.752 0471
100 0.839 0.529 0.822 0.517 0.763 0.483
20 0.839 0.521 0.814 0.519 0.742 0.475
7 50 0.857 0.529 0.822 0.531 0.744 0.486
100 0.861 0.531 0.829 0.542 0.751 0.501

m n cpNS-EE ANS-EE  cp.AJ-EE AAJ-EE c.p.EL AEL

20 0.801 0.511 0.813 0.491 0.829 0.479
0 50 0.809 0.519 0.821 0.501 0.838 0.488
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Figure 1. compare of plots for n=20, n=50 and n=100 in AJ-EE method

As n increases, the coverage probability is increased. In Figure 1, the AJ-EE method is shown in the
case of n=20, n=50, and n=100, which, as we see, increases the coverage probability as n increases.
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5. proof
In what follows we define
i
Y = 1 — ST
(5.1) Ce)

Lemma 1. Under the conditions of Theorem (1), as n — oo,

1 T i ‘
_ﬁ E i — N(0,07)
i=1

J

(52)
where™ is defined by (3.13).

Proof. The proof of this Lemma is presented in Lemma (4.1) of Shen and He (2006).
O Lemma 2. Under the conditions of Theorem (1), we get

i
P 1 AT
il Z Wy 05
n ‘=

oo
I ) :‘.lﬁ—s.-.ﬁ.g.

P I T
L) r':lf—}d‘a.

Proof. You can see the proof of this Lemma in Lemma (4.3) of Shen and He (2006). 0 Proof of

1
= - s el — A1)
L $™ s expl(— St

=1

i=1

[} n

— -
= - L "-'.'.'.;ll )'i.'.-"-l'.lill Fan
n

)'Ifr + Cn—

Theorem (1) From (3.3), we get

< lyn 38 11';' T

"-r.'l — n =1 Fui’

where - o

(5.3), An ZI Wi/ Z i + &
where

By the result of Lemma(2) L
(2001), we have &n = n/ . Ui

By (3.3) and max!=i<n ot (1), we have

0= Ay

i=1

= E[L-J.'f.-,}vxlﬂf
i=1

and maxi<i<n |ni| = op(n¥/2) of Wang and Jing

Uni| = r}p{n_l-"zj

|Eﬁ' | |‘L-‘;”' | max
lin

P expl —Antni)

-,

!
"
j'i.'.-"- et

= Z':;irr"-'ri i) ijtu |-'|-.-.:|: b opl 1)
i=1 i=1 .
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That is )
n L0 4 - -
-}"U'l;-l'l”-'l | l::ll"'l'.l.} [f'lll_lll.l.lll'_] - l:.
5. 4 ; ZI
{30 . N
Hence from (3.6) ,(3.9), we have
JI.
Zilog) = —2n f’t 11— }Z I — expl— z1".|||'. nill

(5-5) i= | | i1

where
e
—3/2, 3
) max [yl E B
l=i<n |
i=

ri
[l < A3 v
i=1

Using (5.3), we get

il = Opln = opl(1)

Zylan) = {-.,.f"ﬁt'njz,-’{.'.'_] Z t'ﬁ,] + opil)
(5.6) i=1 .
O
Proof of (3.9) 1n Theorem (1). By Taylor expanswn we have

'I'l'h'
PAAn) ]—:JIZ[cx[:I )-.,,eﬁ.,—]—HIZ[ —Antmi) + - -L)'.e,, ]—
where .
-1 MR m —1 . a2
d ZT‘[JL.I. nil” = AL thax [y ni|-n Ztm
= ) ) . ;J[}l,, | oA Op(n-3/2)op(n1/2)0p(n1)
- —AD(og) = —2nlog{l + [—— — 1]} = —2n{[—— — 1] + £, } op(n-1).
From (38), we get
—za[’”l’}‘"J 1] — 2n,,.
PlAn ] 12
fp[ B2 — 1]2,
PlAR) l v \2 —1
» -1= —5" ;U\He*”;; +op(n™")

2 l.'}'.,,irr'lj 00 ‘”'::"" — 1

Since n~h 3 (Antni)
where
Note that, from (38), we have

1 ——u_l Ap il ,.,.' + w1 112
n Z[ g |

i=1
So #n= 0p(n-2) + 0p(n-2) = op(n-1) and ntn= op(l) Hence

“p(1). By Taylor expansion, we have

Zolrg) = —2nAD ag) = ..:5;“ Uni T Opl 1]
i=1
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