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1. Introduction 
Repeated measurements is a terminology used 
to describe data in which the response variable 
for each experimental units is observed on 
multiple times and possible under different 
experimental conditions. Repeated 
measurements analysis is used in several areas, 
for instance, in the health and life science, 
epidemiology, biomedical, agricultural, 
industrial, psychological, educational 
researches and so on,[13].   
Many studies have explored the repeated 
measurement model, for example: Vonesh and 
Chinchilli (1997) discussed the univariate 
repeated measurements model , analysis of 
variance model,[13]. Al-Mouel and Wang in 
(2004) presented the sphericity test for the 
one-way multivariate repeated measurements 
analysis of variance model,[8]. Al-Mouel and 
Batto (2010) studied analysis of nested 
repeated measures model with applications,[3]. 
Naji and et al. (2011) studied analysis of 
variance and covariance repeated 

measurements model,[11] . Al-Mouel and Faker 
(2012) studied time-independent covariates in 
two-way multivariate repeated measurements 
model,[4]. Mohaisen and Swadi (2014) 
discussed a note on bayesian one-way repeated 
measurements model,[12]. Al-Mouel and Al-
shmailawi (2016) studied a note of estimation 
of variance components by maximization,[7]. 
AL-Mouel, Mohaisen and Khawla (2017) 
studied bayesian one- way repeated 
measurements model based on bayes quadratic 
unbiased estimator,[6].  AL-Mouel and Al-Isawi 
(2018) computed the quadratic unbiased 
estimator, which has minimum variance (best 
quadratic unbiased estimate),[1]. Al-Isawi and 
Al-Mouel (2019) investigate the estimator of 
variance components of one-way repeated 
measurements model (RMM),[2]. This  paper  
studies the conditional biases and mean 
squared errors of the one-way repeated 
measurements model for two types 1 and 2 
estimators. 
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2.Setting Up The Model 
The repeated measurement model can be 
summarized as following: 
ℎabc = 𝜃 + A𝑏 + 𝜋𝑎(𝑏)+ B𝑐  + (AB)𝑏𝑐+ 𝜖𝑎𝑏𝑐                                                              

(1) 
where 
𝑎 = 1,… , 𝐼 "is an index for experimental unit 
within group (b)", 
𝑏 = 1,… , 𝐽 "is an index for levels of the 
between-units factor (Group)", 
𝑐 = 1,… , 𝐾 "is an index for levels of the within-
units factor (Time)", 
ℎabc : "is the response measurement at time (c) 
for unit (a) within group (b)", 

𝜃 : "is the overall mean", 
A𝑏 : "is the added effect for treatment group 
(b)", 
𝜋𝑎(𝑏): "is the random effect for due to 

experimental unit (𝑎) within treatment group 
(𝑏)", 
B𝑐  : "is the added effect for time (𝑐)", 
(AB)𝑏𝑐  : "is the added effect for the group 
(𝑏)  × time (𝑐) interaction", 
𝜖𝑎𝑏𝑐 : "is the random error on time (𝑐) for unit 
(𝑎) within group (𝑏)". 
For the parameterization to be of full rank, we 
imposed the following 

set of conditions: 

∑ A𝑏
𝐽
𝑏=1 = 0;  ∑ B𝑐

𝐾
𝑐=1 = 0;   ∑ (AB)𝑏𝑐

𝐽
𝑏=1 = 0  for each c = 1,…, K; 

∑ (AB)𝑏𝑐
𝐾
𝑐=1 = 0  for each b = 1,…, J. 

and let, the 𝜖𝑎𝑏𝑐  and 𝜋𝑎(𝑏)are independent  with  

𝜖𝑎𝑏𝑐  𝑖. 𝑖. 𝑑 ~𝑁(0, 𝜎𝜖
2)  and 𝜋𝑎(𝑏) 𝑖. 𝑖. 𝑑 ~𝑁(0, 𝜎π

2)                                                  (2) 

Let 
 𝜃𝑎𝑏𝑐 =  𝜃 + A𝑏 + 𝜋𝑎(𝑏)+ B𝑐  + (AB)𝑏𝑐                                                                    (3) 

represent the mean of time (c) for unit (𝑎) within group (𝑏). 
and, let  

𝐻 = ℓ0𝜃 + ∑ ℓ𝑏𝐴𝑏
𝐽
𝑏=1 +∑ ∑ ℓ𝑎ℓ𝑏

𝐽
𝑏=1

𝐼
𝑎=1 𝜋𝑎(𝑏) + ∑ ℓ𝑐𝐵𝑐

𝐾
𝑐=1 +  

          ∑ ∑ ℓ𝑏ℓ𝑐(𝐴𝐵)𝑏𝑐
𝑘
𝑐=1

𝐽
𝑏=1                (4) 

an arbitrary linear combination of parameters  𝜃, A1, … , A𝑞 , 𝜋1(1), … , 𝜋𝐼(𝐽) , B1, … , B𝐾, 

(AB)11, … , (AB)𝐽𝐾. 

the best linear unbiased estimators (BLUE's) of the estimable parameters  𝜃, 𝐴𝑏, 𝜋𝑎(𝑏), 𝐵𝑐 , (𝐴𝐵)𝑏𝑐and 

𝜃𝑎𝑏𝑐  are 𝜃 = ℎ̅…, �̂�𝑏 = ℎ̅.𝑏. − ℎ̅…, �̂�𝑎(𝑏) = (1 − 𝑟)(ℎ̅𝑎𝑏. − ℎ̅.𝑏.), �̂�𝑐 = ℎ̅..𝑐 − ℎ̅… , (𝐴�̂�)
𝑏𝑐
= ℎ̅.𝑏𝑐 + ℎ̅… −

ℎ̅.𝑏. − ℎ̅..𝑐  and 𝜃𝑎𝑏𝑐 = (1 − 𝑟)(ℎ̅𝑎𝑏. − ℎ̅.𝑏.) + ℎ̅.𝑏𝑐  

where (r) is the rate of expected mean squares, note that 0 < 𝑟 ≤ 1 is known iff 𝜎𝜖
2 𝜎π

2⁄  is known, [5]. 
by using maximum likelihood estimators and related estimators and Jeffreys' noninformative prior 
and proper bayes estimators, we have five groups as follows: [9] and [10] 
Type 1: This type consists of estimators as follows: 
𝜃1 = ℎ̅… , 
�̂�1; 𝑎(𝑏) = (1 − �̂�)(ℎ̅𝑎𝑏. − �̅�.𝑏.), 

�̂�1; 𝑏 = �̂�1,𝑧 ; 𝑏 = ℎ̅.𝑏. − ℎ̅..., 

�̂�1; 𝑐 = �̂�1,𝑧 ; 𝑐 = ℎ̅..𝑐 − ℎ̅…, 

(𝐴�̂�)
1; 𝑏𝑐

= (𝐴�̂�)
1,𝑧; 𝑏𝑐

= ℎ̅.𝑏𝑐 + ℎ̅… − ℎ̅.𝑏. − ℎ̅..𝑐 , 

𝜃1; 𝑎𝑏𝑐 = 𝜃1,𝑧; 𝑎𝑏𝑐 = ℎ̅… + Â1,𝑧; 𝑏  +  �̂�1,𝑧; 𝑎(𝑏) + B̂1,𝑧; 𝑐  +  (AB̂)1,𝑧;𝑏𝑐 , 

𝜃1,𝑧; 𝑎𝑏𝑐 = ℎ̅.𝑏𝑐 + �̂�1,𝑧; 𝑎(𝑏), 

and 

�̂�1 = ℓ0𝜃 + ∑ ℓ𝑏(ℎ̅.𝑏. − ℎ̅...)
𝐽
𝑏=1 +∑ ∑ ℓ𝑏ℓ𝑐

𝐽
𝑏=1

𝐼
𝑎=1 [(1 − �̂�)(ℎ̅𝑎𝑏. − �̅�.𝑏.)]   

+∑ ℓ𝑐(ℎ̅..𝑐 − ℎ̅…)
𝐾
𝑐=1 +∑ ∑ ℓ𝑏ℓ𝑐(ℎ̅.𝑏𝑐 + ℎ̅… − ℎ̅.𝑏. − ℎ̅..𝑐)

𝐾
𝑐=1

𝐽
𝑏=1

          
,   

  

with 
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�̂�1 = �̂�1,𝑧 = 𝑧 
𝑆𝑆𝜖

𝑆𝑆𝜋
.  

where (𝑎 = 1,… , 𝐼;  𝑏 = 1,… , 𝐽;  𝑐 = 1,… , 𝐾) and z is an arbitrary positive constant. [9] and [10] 
Type 2: This type consists of estimators as follows: 

𝜃2 = ℎ̅… , 
�̂�2; 𝑎(𝑏) = (1 − �̂�)(ℎ̅𝑎𝑏. − �̅�.𝑏.), 

�̂�2; 𝑏 = �̂�2,𝑧 ; 𝑏 = ℎ̅.𝑏. − ℎ̅..., 

�̂�2; 𝑐 = �̂�2,𝑧 ; 𝑐 = ℎ̅..𝑐 − ℎ̅…, 

(𝐴�̂�)
2; 𝑏𝑐

= (𝐴�̂�)
2,𝑧; 𝑏𝑐

= ℎ̅.𝑏𝑐 + ℎ̅… − ℎ̅.𝑏. − ℎ̅..𝑐 , 

𝜃2; 𝑎𝑏𝑐 = 𝜃2,𝑧; 𝑎𝑏𝑐 = ℎ̅… + Â2,𝑧; 𝑏  +  �̂�2,𝑧; 𝑎(𝑏) + B̂2,𝑧; 𝑐  +  (AB̂)2,𝑧;𝑏𝑐 , 

𝜃2,𝑧; 𝑎𝑏𝑐 = ℎ̅.𝑏𝑐 + �̂�2,𝑧; 𝑎(𝑏), 

and 

�̂�1 = ℓ0𝜃 + ∑ ℓ𝑏(ℎ̅.𝑏. − ℎ̅...)
𝐽
𝑏=1 +∑ ∑ ℓ𝑏ℓ𝑐

𝐽
𝑏=1

𝐼
𝑎=1 [(1 − �̂�)(ℎ̅𝑎𝑏. − �̅�.𝑏.)]   

+∑ ℓ𝑐(ℎ̅..𝑐 − ℎ̅…)
𝐾
𝑐=1 +∑ ∑ ℓ𝑏ℓ𝑐(ℎ̅.𝑏𝑐 + ℎ̅… − ℎ̅.𝑏. − ℎ̅..𝑐)

𝐾
𝑐=1

𝐽
𝑏=1

          
,   

  

with 

�̂�2 = �̂�2,𝑧 = min {𝑧
𝑆𝑆𝜖

𝑆𝑆𝜋
, 1},  

where (𝑎 = 1,… , 𝐼;  𝑏 = 1,… , 𝐽;  𝑐 = 1,… , 𝐾) and z is an arbitrary positive constant. [9] and [10] 
Type 3: This type consists of estimators as follows: 
𝜃3 = ℎ̅… , 
�̂�3; 𝑎(𝑏) = (1 − �̂�)(ℎ̅𝑎𝑏. − �̅�.𝑏.), 

�̂�3; 𝑏 = �̂�3,𝑧 ; 𝑏 = ℎ̅.𝑏. − ℎ̅..., 

�̂�3; 𝑐 = �̂�3,𝑧 ; 𝑐 = ℎ̅..𝑐 − ℎ̅…, 

(𝐴�̂�)
3; 𝑏𝑐

= (𝐴�̂�)
3,𝑧; 𝑏𝑐

= ℎ̅.𝑏𝑐 + ℎ̅… − ℎ̅.𝑏. − ℎ̅..𝑐 , 

𝜃3; 𝑎𝑏𝑐 = 𝜃3,𝑧; 𝑎𝑏𝑐 = ℎ̅… + Â3,𝑧; 𝑏  +  �̂�3,𝑧; 𝑎(𝑏) + B̂3,𝑧; 𝑐  +  (AB̂)3,𝑧;𝑏𝑐 , 

𝜃3,𝑧; 𝑎𝑏𝑐 = ℎ̅.𝑏𝑐 + �̂�3,𝑧; 𝑎(𝑏), 

and 

�̂�3 = ℓ0𝜃 + ∑ ℓ𝑏(ℎ̅.𝑏. − ℎ̅...)
𝐽
𝑏=1 +∑ ∑ ℓ𝑏ℓ𝑐

𝐽
𝑏=1

𝐼
𝑎=1 [(1 − �̂�)(ℎ̅𝑎𝑏. − �̅�.𝑏.)]   

+∑ ℓ𝑐(ℎ̅..𝑐 − ℎ̅…)
𝐾
𝑐=1 + ∑ ∑ ℓ𝑏ℓ𝑐(ℎ̅.𝑏𝑐 + ℎ̅… − ℎ̅.𝑏. − ℎ̅..𝑐)

𝐾
𝑐=1

𝐽
𝑏=1

          
,   

  

with 
�̂�3 = �̂�3,𝑧 = f3 (𝑆𝑆𝜋 , 𝑆𝑆𝜖),  
where (𝑎 = 1,… , 𝐼;  𝑏 = 1,… , 𝐽;  𝑐 = 1,… , 𝐾) and f3(𝑥, 𝑦) is an arbitrary function of 𝑥, 𝑦 > 0. [9] and 
[10] 
Type 4: This type consists of the following estimators: 

𝜃4 = ℎ̅… , 
�̂�4; 𝑎(𝑏) = (1 − �̂�)(ℎ̅𝑎𝑏. − �̅�.𝑏.), 

�̂�4; 𝑏 = �̂�4,𝑧 ; 𝑏 = ℎ̅.𝑏. − ℎ̅..., 

�̂�4; 𝑐 = �̂�4,𝑧 ; 𝑐 = ℎ̅..𝑐 − ℎ̅…, 

(𝐴�̂�)
4; 𝑏𝑐

= (𝐴�̂�)
4,𝑧; 𝑏𝑐

= ℎ̅.𝑏𝑐 + ℎ̅… − ℎ̅.𝑏. − ℎ̅..𝑐 , 

𝜃4; 𝑎𝑏𝑐 = 𝜃4,𝑧; 𝑎𝑏𝑐 = ℎ̅… + Â4,𝑧; 𝑏  +  �̂�4,𝑧; 𝑎(𝑏) + B̂4,𝑧; 𝑐  +  (AB̂)4,𝑧;𝑏𝑐 , 

𝜃4,𝑧; 𝑎𝑏𝑐 = ℎ̅.𝑏𝑐 + �̂�4,𝑧; 𝑎(𝑏), 

and 



               7667-2795ISSN:                                               2021 November| 1Volume 
                                                                                                                                                      

 

www.geniusjournals.org                                    Eurasian Journal of Physics, Chemistry and Mathematics  

P a g e  | 42 

�̂�4 = ℓ0𝜃 + ∑ ℓ𝑏(ℎ̅.𝑏. − ℎ̅...)
𝐽
𝑏=1 +∑ ∑ ℓ𝑏ℓ𝑐

𝐽
𝑏=1

𝐼
𝑎=1 [(1 − �̂�)(ℎ̅𝑎𝑏. − �̅�.𝑏.)]   

+∑ ℓ𝑐(ℎ̅..𝑐 − ℎ̅…)
𝐾
𝑐=1 + ∑ ∑ ℓ𝑏ℓ𝑐(ℎ̅.𝑏𝑐 + ℎ̅… − ℎ̅.𝑏. − ℎ̅..𝑐)

𝐾
𝑐=1

𝐽
𝑏=1

          
,   

  

with 

�̂�4 = �̂�4, 𝑧 = f4 (
𝑆𝑆𝜖

𝑆𝑆𝜋
),  

where (𝑖 = 1,… , 𝑛, 𝑗 = 1,… , 𝑞, 𝑘 = 1,… , 𝑞) and f4(𝑥1, 𝑥2) is an arbitrary positive function of 𝑥1 > 0 
and 𝑥2 > 0. [9] and [10] 
Type 5: this type consists of estimators as follows: 

𝜃5 =
𝐿ℎ̅...+𝐿

∗ℎ̅...
∗

(𝐿+𝐿∗)
,  

�̂�5; 𝑎(𝑏) = �̂�5,𝑧 ;𝑎(𝑏) = (1 − �̂�5,𝑧)(ℎ̅𝑎𝑏. − ℎ̅.𝑏.),   (𝑎 = 1, … , 𝐼;  𝑏 = 1, … , 𝐽) 

�̂�5,𝑧;𝑏 =
𝐿(ℎ̅.𝑏.−ℎ̅…)+𝐿

∗(ℎ̅.𝑏.
∗ −ℎ̅…

∗ )

(𝐿+𝐿∗)
,     

�̂�5,𝑧;𝑐 =
𝐿(ℎ̅..𝑐−ℎ̅…)+𝐿

∗(ℎ̅..𝑐
∗ −ℎ̅…

∗ )

(𝐿+𝐿∗)
,  

(𝐴�̂�)
5,𝑧; 𝑏𝑐

=
𝐿(ℎ̅.𝑏𝑐+ℎ̅…−ℎ̅.𝑏.−ℎ̅..𝑐)+𝐿

∗(ℎ̅.𝑏𝑐
∗ +ℎ̅…

∗ −ℎ̅.𝑐.
∗ −ℎ̅..𝑐

∗ )

(𝐿+𝐿∗)
, (𝐿 = 𝐼𝐽𝐾, 𝐿∗ = 𝑙𝜖

∗ + 𝑙𝜋
∗ + 1)  

𝜃5;𝑎𝑏𝑐 =
𝐿ℎ̅...−𝐿

∗ℎ̅...
∗

(𝐿+𝐿∗)
+ 

𝐿(ℎ̅.𝑏.−ℎ̅…)+𝐿
∗(ℎ̅.𝑏.

∗ −ℎ̅…
∗ )

(𝐿+𝐿∗)
 +  �̂�5,𝑧 ; 𝑎(𝑏) + 

𝐿(ℎ̅..𝑐−ℎ̅…)+𝐿
∗(ℎ̅..𝑐

∗ −ℎ̅…
∗ )

(𝐿+𝐿∗)
 +

 
𝐿(ℎ̅.𝑏𝑐+ℎ̅…−ℎ̅.𝑏.−ℎ̅..𝑐)+𝐿

∗(ℎ̅.𝑏𝑐
∗ +ℎ̅…

∗ −ℎ̅.𝑏.
∗ −ℎ̅..𝑐

∗ )

(𝐿+𝐿∗)
  

𝜃5; 𝑎𝑏𝑐 =
𝐿ℎ̅𝑏𝑐−2𝐿

∗ℎ̅...
∗+𝐿∗ℎ̅.𝑏𝑐

∗

(𝐿+𝐿∗)
+ �̂�5,𝑧 ; 𝑎(𝑏)  

and 

�̂�5 = ℓ0𝜃5; 𝑎𝑏𝑐 + ∑ ℓ𝑏𝐴5,𝑧; 𝑏
𝐽
𝑏=1 + ∑ ∑ ℓ𝑎ℓ𝑏

𝑗
𝑏=1

𝐼
𝑎=1 �̂�5,𝑧 ; 𝑎(𝑏) +∑ ℓ𝑐𝛾5,𝑧; 𝑐

𝐾
𝑐=1 + ∑ ∑ ℓ𝑏ℓ𝑐(𝜏𝛾)5,𝑧; 𝑏𝑐

𝐾
𝑐=1

𝐽
𝑏=1   

where (𝑎 = 1,… , 𝐼;  𝑏 = 1,… , 𝐽;  𝑐 = 1,… , 𝐾) and �̂�5 depends (nontrivially) on 𝐺 as well as 𝑆𝑆𝜖  and 
𝑆𝑆𝜋 .We will discussed types 1 , 2. [9] and [10] 
Let 𝒙 = (𝑥11, 𝑥12, … , 𝑥𝐽(𝐼−1))

𝑇 be a normally distributed random matrix with mean 𝜽 =

(𝜃11, 𝜃12, … , 𝜃𝐽(𝐼−1))
𝑇 and variance covariance matrix I. Then 𝒙𝑇𝒙~𝜒2(𝐽(𝐼 − 1), 𝜀), with 𝜀 =

𝝀𝑇𝝀

2
. 

Define N be a Poisson random variable with parameter 𝜀 > 0 (if 𝜀 = 0 → 𝑁 = 0), let v represent a 
random variable whose joint distribution, with N, which is conditional distribution of v given 
𝑁~𝜒2(𝐽(𝐼 − 1) + 2𝑁). Then, the p.d.f of the marginal distribution of v is: 

𝑔(𝑥) = ∑
𝑒−𝜀𝜀𝜙

𝜙!

∞
𝜙=0 𝜒2(𝑥; 𝐽(𝐼 − 1) + 2𝜙)                                                              (5) 

where 𝜒2(. ; 𝑣) denote the p.d.f. of a central chi-square distribution with v degree of freedom.  
Let f(.) be a measurable positive  function such that: 

1- 𝐸[|𝑥𝑎𝑏|𝑓(𝒙
𝑇𝒙)] < ∞. 

2- 𝐸[|𝑥𝑎𝑏𝑥𝑏𝑐|𝑓(𝒙
𝑇𝒙)] < ∞.     (𝑎 = 1,… , 𝐼 − 1;  𝑏 = 1,… , 𝐽; 𝑐 = 1,… , 𝐾) 

let 𝑔(𝑁) = 𝐸[𝑓(𝑣)|𝑁]                                                                                            (6) 

𝐸[𝑓(𝒙𝑇𝒙)] = 𝐸 [∑
𝑒
− 
𝜀
2(
𝜀

2
)
𝐽(𝐼−1)

𝐽(𝐼−1)!
𝑓(2𝐼+𝐽(𝐼−1))(𝑥)

∞
𝐽(𝐼−1)=0 ]  

                    𝐸[𝑓(𝒙𝑇𝒙)] = 𝐸[𝐸[𝑓(𝑣)|𝑁]] = 𝐸[𝑔(𝑁)]                                           (7) 

In particular, 

𝐸 [
1

𝒙𝑇𝒙
] = 𝐸 [

1

2𝑁+𝐽(𝐼−1)−2
]                                                                              (8) 

𝐸 [
1

(𝒙𝑇𝒙)2
] = 𝐸 [

1

(2𝑁+𝐽(𝐼−1)−2)(2𝑁+𝐽(𝐼−1)−4)
]                                   (9) 

an important recursive property of the Poisson distribution is    
𝐸[𝑁𝑔(𝑁)] = 𝜀𝐸[𝑔(𝑁 + 1)]                                                                                 (10) 
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Take the model to be the repeated measurements  model.  

Let �̅� = (ℎ̅11., … , ℎ̅𝐼𝐽.)
𝑇

 and 𝜽 = (𝜃111, … , 𝜃𝐼𝐽𝐾)
𝑇
. Then conditional at 𝜋 , �̅�~𝑁 (𝜽,

𝜎𝜖
2

𝐾
𝑰). Define 1 to be 

an 𝐼𝐽 × 1 vector of 1's, and take  

𝑪 = 𝑰 −
  1  

𝐼
𝟏𝑻𝟏                                                                                                     (11) 

Where 𝑪 is a symmetric idempotent matrix of rank 𝐽(𝐼 − 1) and that 

𝑆𝑆𝜋 = 𝐾∑ ∑ (ℎ̅𝑎𝑏. − ℎ̅.𝑏.)
2𝐽

𝑏=1
𝐼
𝑎=1 = 𝐾�̅�𝑇(𝑪�̅�)                                                   (12) 

let 𝚸 be an orthogonal 𝐼𝐽 × 𝐼𝐽 matrix such that 

𝑷𝑇(𝑪𝑷) = [
𝑰 𝟎
𝟎 𝟎

].                                                                                               (13)  

define  

𝒙 = (𝑥11, … , 𝑥𝑰𝑱)
𝑻
=

√𝐾

𝜎𝜖
𝑷𝑇�̅�                                                                               (14) 

 and 

𝝀 = (𝜆11, … , 𝜆𝑰𝑱)
𝑻
=

√𝐾

𝜎𝜖
𝑷𝑇𝜽                                                                                (15) 

note that, conditional at 𝝅, 𝒙~𝑁(𝝀, 𝑰). We also have that 

𝑆𝑆𝜋 = 𝐾�̅�
𝑇(𝑪ℎ) = 𝐾

𝜎𝜖

√𝐾
𝒙𝑻(𝑷𝑻)−𝟏

𝜎𝜖

√𝐾
(𝑪𝑷−𝟏𝒙),  𝑷−𝟏 = 𝑷𝑻 

       = 𝜎𝜖
2𝒙𝑻𝑷𝑻(𝑪𝑷𝒙) 

       = 𝜎𝜖
2 ∑ ∑ 𝑥𝑎𝑏

2𝐽
𝑏=1

𝐼−1
𝑎=1                                                                                        (16)  

define  

𝚼 = [

𝜀11 ⋯ 𝜀1𝐽
⋮ ⋱ ⋮
𝜀𝐼1 ⋯ 𝜀𝐼𝐽

] =
𝜎𝜖

√𝐾
(𝑪𝑷)                                                                            (17)  

note that 𝜀𝑎𝐽 = 0 for 𝑎 = 1,… , 𝐼, this mean that the last column of  𝚼 is null. We have that  

𝑪�̅� =
𝜎𝜖

√𝐾
(𝑪𝑷𝒙) = 𝚼𝒙                                                                                          (18)  

and hence,  

ℎ̅𝑎𝑏. − ℎ̅.𝑏. = 𝑎𝑏 𝑡ℎ components of  𝑪�̅� = ∑ 𝜀𝑎𝑏𝑐𝑥𝑐
𝐽(𝐼−1)
𝑐=1  

   (𝑎 = 1,… , 𝐼; 𝑏 = 1,… , 𝐽)                                                                                  (19) 
 we have that 

𝚼𝚼𝑇 = (
𝜎𝜖

√𝐾
(𝑪𝑷)) (

𝜎𝜖

√𝐾
(𝑪𝑷))

𝑇

=
𝜎𝜖
2

𝐾
(𝑪𝑷𝑷𝑻)𝑪 =

𝜎𝜖
2

𝐾
𝑷                                        (20)  

we implying that   

 ∑ 𝜃𝑎𝑏𝑐
2𝐽(𝐼−1)

𝑐=1 = ∑ 𝜃𝑎𝑏𝑐
2 =𝐼𝐽

𝑐=1
𝜎𝜖
2

𝐾
 (𝑎𝑏 𝑡ℎ diagonal element of 𝐂)  

                      =
𝜎𝜖
2(𝐼−1)

𝐼𝐽𝐾
   (𝑎 = 1,… , 𝐼 − 1; 𝑏 = 1, … , 𝐽)                                       (21) 

and, 

𝚼𝝀 =
𝜎𝜖

√𝐾
(𝑪𝑷)

√𝐾

𝜎𝜖
𝑷𝑇𝜽 = 𝑪𝑷𝑷𝑇𝜽 = 𝑪𝜽,                                                              (22)  

so that 

  ∑ 𝜀𝑎𝑏𝑐𝜆𝑐 = 𝑎𝑏 𝑡ℎ
𝐼𝐽
𝑐=1  element of 𝑪𝜽 = 𝜋𝑎(𝑏) − �̅�.(𝑏) = 𝜋𝑎(𝑏)

∗                     

 (𝑎 = 1,… , 𝐼 − 1; 𝑏 = 1, … , 𝐽).                                                              (23) 

Recall that 𝝅∗ = (𝜋1(𝑏)
∗ , … , 𝜋𝑎(𝑏)

∗ )
𝑻

, (𝑏 = 1,… , 𝐽). Using result (13), we have 

∑ 𝜆𝑡
2𝐽(𝐼−1)

𝑡=1 = 𝝀𝑇𝑷𝑇(𝑪𝑷𝝀) =
√𝐾

𝜎𝜖
𝑷𝜽𝑻𝑷𝑇 (𝑪𝑷

√𝐾

𝜎𝜖
𝑷𝑇𝜽) =

𝐾

𝜎𝜖
2 𝑷𝜽

𝑻𝑷𝑇𝑪𝑷𝑷𝑇𝜽  

                  =
𝐾

𝜎𝜖
2 𝝁

𝑻𝑷𝑇(𝑷𝜽) =
𝐾

𝜎𝜖
2
∑ ∑ 𝜋𝑎(𝑏)

∗2𝐽
𝑏=1

𝐼
𝑎=1 =

𝐾

𝜎𝜖
2𝝅

∗𝑇𝝅∗.                          (24) 

From (24) we implies that 
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𝜀 =
𝐾

2𝜎𝜖
2𝝅

∗𝑇𝝅∗ =
 1 

 2 
∑ 𝜆𝑡

2𝐽(𝐼−1)
𝑡=1                                                                               (25)  

Take N to be a random variable whose distribution is Poisson with parameter  𝜀. If N = 0 which 
implies that 𝜀 = 0. And also 𝜀 = 0 iff 𝝅∗ = 𝟎. Let 𝑡1, 𝑡2, 𝑡3, 𝑡4 and 𝑡5 be a random variables such that, 

conditional on N, 𝑡1~𝜒
2(𝐽(𝑝𝐾 − 1)(𝐼 − 1)),   𝑡2~𝜒

2(𝐽(𝐼 − 1) + 2𝑁), 𝑡3~𝜒
2(𝐽(𝐼 + 1) +

2𝑁), 𝑡4~𝜒
2(𝐽(𝐼 − 1)) and  𝑡5~𝜒

2(𝐽(𝐼 − 1)) with 𝑡1 is distributed independently of 𝑡2, 𝑡3, 𝑡4 and 𝑡5. 

Define 𝑠𝜋, 𝑠𝑏, 𝑠𝑐  𝑎𝑛𝑑 𝑠𝑑  to be random variables such that, conditional on N, 

𝑠𝑎~𝑏𝑒𝑡𝑎(𝑣𝜖 , 𝑣𝜋),  𝑠𝑏~𝑏𝑒𝑡𝑎(𝑣𝜖 , 𝑣𝜋), 𝑠𝑐~𝑏𝑒𝑡𝑎(𝑣𝜖, 𝑣𝜋) and 𝑠𝑑~𝑏𝑒𝑡𝑎(𝑣𝜖 , 𝑣𝜋) with 𝑣𝜖 =
𝐽(𝐾−1)(𝐼−1)

2
, 𝑣𝜋 =

𝐽(𝐼−1)+2𝑁

2
 , 𝑣𝑏 =

𝐽(𝐼+1)+2𝑁

2
, 𝑣𝑐 =

𝐽(𝐼+1)

2
 and 𝑣𝑑 =

𝐽(𝐼−1)

2
. 

Notice: the symbol 𝐶𝐸[. ] refer to the conditional expectations, 𝑇𝐶𝑀𝑆𝐸[. ]  refer to total conditional 
mean square error and 𝑇𝐶𝐵[. ] denote the total conditional bias. 
Theorem 1: Under the model (1), we have that, 

𝐶𝐸 [
(ℎ̅𝑎𝑏.−ℎ̅.𝑏.)

(𝑆𝑆𝜋)
]
2

=

{
 
 

 
 1

𝐾𝜎𝜖
2 {

(𝐼−1)

𝐼
𝐸[(𝐽(𝐼 − 1) + 2𝑁))−1(𝐽(𝐼 − 1) + 2𝑁 − 2)−1] +

2𝜋𝑎(𝑏)
∗ (𝝅∗𝑇𝝅∗)−1𝐸[𝑁(𝐽(𝐼 − 1) + 2𝑁))−1(𝐽(𝐼 − 1) + 2𝑁 − 2)−1]

} ,   if 𝝅∗ ≠ 𝟎

    
1

𝐼𝐽𝐾
(𝐽(𝐼 − 1) − 2)−1                                                                                                if 𝝅∗ = 𝟎

   

                                    ( 𝐼 > 1; 𝑎 = 1, … , 𝐼;  𝑏 = 1, . . , 𝐽)                                      (26) 

Corollary 1: Let �̂�3 = 𝑓3(
𝑆𝑆𝜖

𝑆𝑆𝜋
) for some positive function 𝑓3, and 𝜃3;𝑎𝑏𝑐  be the corresponding type 3 

estimator of  𝜃𝑎𝑏𝑐  (𝑎 = 1, … , 𝐼;  𝑏 = 1, . . , 𝐽; 𝑐 = 1,… ,𝐾). Then, under the model (1), we have that, 

𝐶𝑀𝑆𝐸[(𝜃3;𝑎𝑏𝑐 , 𝜃𝑎𝑏𝑐)] =

{
 
 

 
 𝐶𝐸 [(𝜃3;𝑎𝑏𝑐 − 𝜃𝑎𝑏𝑐)

2
] =

𝜎𝜖
2

𝐾
{
(𝐾+𝐼−1)

𝐼
+ 𝐸 [(𝐽(𝐼 − 1)(𝐾 − 2) + 2𝑁 )𝐸 [𝑔3 ( 

𝑠𝑏

1−𝑠𝑏
)]] +

2𝜋𝑎(𝑏)
∗ (𝝅∗𝑇𝝅∗)−1 (𝐸 [𝑁𝑔3 ( 

𝑠𝑏

1−𝑠𝑏
)] + 𝐸 [2𝑁𝑓3 ( 

𝑠𝑎

1−𝑠𝑎
)])},                           if 𝝅∗ ≠ 𝟎

𝜎𝜖
2

𝐾
{
(𝐾+𝐼−1)

𝐼
+ 𝐸 [(𝐽(𝐼 − 1)(𝐾 − 2) + 2𝑁 )𝑔3 ( 

𝑠𝑐

1−𝑠𝑐
)]}                            if  𝝅∗ = 𝟎

  

                            (𝑎 = 1, … , 𝐼;  𝑏 = 1, . . , 𝐽; 𝑐 = 1,… ,𝐾)                                     (27) 

Corollary 2: Let �̂�3 = 𝑓3(
𝑆𝑆𝜖

𝑆𝑆𝜋
) and �̂�𝟑 be the corresponding type 3 estimator of  𝜽. Then, under the 

model (1), we have that, 

𝑇𝐶𝑀𝑆𝐸(�̂�3, 𝜽) = ∑ ∑ ∑ 𝐶𝐸 [(𝜃3;𝑎𝑏𝑐 − 𝜃𝑎𝑏𝑐)
2
]𝐾

𝑐=1
𝐽
𝑏=1

𝐼
𝑎=1 = ∑ ∑ ∑

𝜎𝜖
2

𝐾
𝐸 {

(𝐾+𝐼−1)

𝐼
+ (𝐽(𝐼 − 1)(𝐾 −𝐾

𝑐=1
𝐽
𝑏=1

𝐼
𝑎=1

2) + 2𝑁 )𝐸 [𝑔3 ( 
𝑠𝜋

1−𝑠𝜋
) (1 − 𝑠𝜋)] + 2𝜋𝑎(𝑏)

∗ (𝝅∗𝑇𝝅∗)−1 (𝑁𝑔3 ( 
𝑠𝜋

1−𝑠𝜋
) (1 − 𝑠𝜋) + 2𝑁𝑓3 (  

𝑠𝜋

1−𝑠𝜋
))}  

∴ 𝑇𝐶𝑀𝑆𝐸(�̂�3, 𝜽) = 𝐽𝜎𝜖
2𝐸{(𝐾 + 𝐼 − 1) + 𝐼𝐾(𝐽(𝐼 − 1)(𝐾 − 2) + 2𝑁 ) 

× 𝐸 [𝑔3 ( 
𝑠𝜋

1−𝑠𝜋
) (1 − 𝑠𝜋)] + 2 ([𝑔3 ( 

𝑠𝜋

1−𝑠𝜋
) (1 − 𝑠𝜋)] + 2 [2𝑁𝑓3 ( 

𝑠𝜋

1−𝑠𝜋
)])}       (28) 

Corollary 3: Let �̂�3 = 𝑓3(
𝑆𝑆𝜖

𝑆𝑆𝜋
 ) for some positive function 𝑓3  such that 𝐶𝐸[�̂�3( ℎ̅𝑎𝑏. − ℎ̅.𝑏.)], (𝑎 =

1,… , 𝐼;  𝑏 = 1, . . , 𝐽) exsists. Then, under the one-way repeated measurement random model, we have 
that, 

𝐶𝐸 [𝑓3(
𝑆𝑆𝜖
𝑆𝑆𝜋

)( ℎ̅𝑎𝑏. − ℎ̅.𝑏.)] = {
2𝜎𝜖

2

𝐾
2𝜋𝑎(𝑏)

∗ (𝝅∗𝑇𝝅∗)−1𝐸 [𝑁𝑓3 (
𝑠𝜋

1 − 𝑠𝜋
)]   if 𝝅∗ ≠ 𝟎

 0                                                                        if  𝝅∗ = 𝟎

 

                                                (𝑎 = 1, … , 𝐼;  𝑏 = 1, . . , 𝐽)                                     (29) 

Lemma 1: Let �̂�3 = 𝑓3(
𝑆𝑆𝜖

𝑆𝑆𝜋
), under the model (1), if 𝐶𝐸 [𝑓3

2(
𝑆𝑆𝜖

𝑆𝑆𝜋
)( ℎ̅𝑎𝑏. − ℎ̅.𝑏.)( ℎ̅𝑎′𝑏′. − ℎ̅.𝑏′.)] exists, then 
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𝐶𝐸 [𝑓3
2(
𝑆𝑆𝜖

𝑆𝑆𝜋
)( ℎ̅𝑎𝑏. − ℎ̅.𝑏.)( ℎ̅𝑎′𝑏′ . − ℎ̅.𝑏′.)] = 𝜋𝑎(𝑏)

∗ 𝜋𝑎′(𝑏′)
∗ 𝐶𝐸 [(1 − 𝑠𝑎)𝑓3

2(
𝑠𝜋

1−𝑠𝜋
)]  

                             (𝑎 > 𝑎′ = 1,… , 𝐼;  𝑏 > 𝑏′ = 1, . . , 𝐽)                                       (30)  
                                           
Theorem 2: Let 𝜃1,𝑧; 𝑎𝑏𝑐  be the corresponding type 1 estimator of 𝜃𝑎𝑏𝑐 , and 𝑧 > 0. Then, under model 

(1), we have 

𝐶𝐸[𝜃1,𝑧; 𝑎𝑏𝑐 − 𝜃𝑎𝑏𝑐] = {
−
2𝑧𝜎𝜖

2

𝐾
𝜋𝑎(𝑏)
∗ (𝝅∗𝑇𝝅∗)−1𝐸 [𝑁

𝐽(𝐾 − 1)(𝐼 − 1)

𝐽(𝐼 − 1) + 2(𝑁 − 1)
] , 𝑖𝑓𝝅∗ ≠ 0

0                                                                                               𝑖𝑓𝝅∗ = 0

 

                               0 
                 (𝐼 > 1, 𝑎 = 1,… , 𝐼; 𝑏 = 1,… , 𝐽; 𝑐 = 1, … , 𝐾)                                     (31) 
Proof:   

𝐶𝐸[(�̂�1,𝑧; 𝑎𝑏𝑐 − 𝜽𝑎𝑏𝑐)] = 𝐶𝐸[(ℎ̅.𝑏𝑐 + (1 − �̂�1)(ℎ̅𝑎𝑏. − ℎ̅.𝑏.) − 𝜃𝑎𝑏𝑐)]  

= 𝐶𝐸[ℎ̅.𝑏𝑐 + ℎ̅𝑎𝑏. − ℎ̅.𝑏. − 𝜃𝑎𝑏𝑐 − �̂�1(ℎ̅𝑎𝑏. − ℎ̅.𝑐.)]  

= 𝐶𝐸[(𝜖.̅𝑏𝑐 + 𝜖�̅�𝑏. − 𝜖.̅𝑏.) − �̂�1(ℎ̅𝑎𝑏. − ℎ̅.𝑏.)]  

∴ 𝐶𝐸[(𝜃1,𝑧; 𝑎𝑏𝑐 − 𝜃𝑎𝑏𝑐)] = −𝐶𝐸[�̂�1(ℎ̅𝑎𝑏. − ℎ̅.𝑏.)]   

using corollary (3), 

𝐶𝐸 [𝑓3(
𝑆𝑆𝜖

𝑆𝑆𝜋
)( ℎ̅𝑎𝑏. − ℎ̅.𝑏.)] =

2𝜎𝜖
2

𝐾
𝜋𝑎(𝑏)
∗ (𝝅∗𝑇𝝅∗)−1𝐸 [𝑁𝑓3 (

𝑠𝜋

1−𝑠𝜋
)]  

and put 𝑓3(𝑡) = 𝑧𝑡, 𝑡 > 0                                                                                     (32) 
we have, 

𝐶𝐸[𝜃1,𝑧; 𝑎𝑏𝑐 − 𝜃𝑎𝑏𝑐] = −
2𝑧𝜎𝜖

2

𝑝
𝜋𝑎(𝑏)
∗ (𝝅∗𝑇𝝅∗)−1𝐸[𝑁𝑠𝜋(1 − 𝑠𝜋)

−1]  

𝑠𝜋(1 − 𝑠𝜋)
−1 = ∫ 𝑠𝜋(1 − 𝑠𝜋)

−1 1

𝛽(𝑣𝜖,𝑣𝜋)
𝑠𝜋
𝑣𝜖−1(1 − 𝑠𝜋)

𝑣𝜋−1
∞

0
𝑑𝑠𝜋  

=
𝑣𝜖

(𝑣𝜋−1)
,  where 𝑣𝜖 =

𝐽(𝐾−1)(𝐼−1)

2
, 𝑣𝜋 =

𝐽(𝐼−1)+2𝑁

2
, we get 

𝐶𝐸[𝜃1,𝑧; 𝑎𝑏𝑐 − 𝜃𝑎𝑏𝑐] = −
2𝑧𝜎𝜖

2

𝐾
𝜋𝑎(𝑏)
∗ (𝝅∗𝑇𝝅∗)−1𝐸 [𝑁

𝐽(𝐾−1)(𝐼−1)

𝐽(𝐼−1)+2(𝑁−1)
]  

Corollary 4: Let 𝜃1,𝑧; 𝑎𝑏𝑐  be the corresponding type 1 Estimator of 𝜃𝑎𝑏𝑐 , and 𝑧 > 0. Then, under the 

model (1), we have 

𝑇𝐶𝐵[�̂�1,𝑧 − 𝜽|𝝅] = 0                                                                                           (33) 

Proof:  

𝑇𝐶𝐵[�̂�1,𝑧 − 𝜽] = 𝐸[∑ ∑ ∑ (𝜃1,𝑧; 𝑎𝑏𝑐 − 𝜃𝑎𝑏𝑐)
𝐾
𝑐=1

𝐽
𝑏=1

𝐼
𝑎=1 |𝝅]  

= 𝐸[∑ ∑ ∑ ℎ̅.𝑏𝑐 + (1 − �̂�1,𝑧)(ℎ̅𝑎𝑏. − ℎ̅.𝑏.) − 𝜃𝑎𝑏𝑐|𝝅
𝐾
𝑐=1

𝐽
𝑏=1

𝐼
𝑎=1 ]  

= 𝐸[∑ ∑ ∑ (ℎ̅.𝑏𝑐 + ℎ̅𝑎𝑏. − ℎ̅.𝑏. − 𝜃𝑎𝑏𝑐) − ∑ ∑ ∑ �̂�1,𝑧(ℎ̅𝑎𝑏. − ℎ̅.𝑏.)
𝐾
𝑐=1

𝐽
𝑏=1

𝐼
𝑎=1

𝐾
𝑐=1

𝐽
𝑏=1

𝐼
𝑎=1 |𝝅]  

= 𝐸[∑ ∑ ∑ (𝜖.̅𝑏𝑐 + 𝜖�̅�𝑏. − 𝜖.̅𝑏.) − ∑ ∑ ∑ �̂�1,𝑧(𝜋(𝑎)𝑏 − �̅�.(𝑏) + 𝜖�̅�𝑏. − 𝜖.̅𝑏.)
𝐾
𝑐=1

𝐽
𝑏=1

𝐼
𝑎=1

𝐾
𝑐=1

𝐽
𝑏=1

𝐼
𝑎=1 |𝝅] = 0.  

Theorem 3: Let 𝜃1,𝑧; 𝑎𝑏𝑐  be the corresponding type 1 estimator of 𝜃𝑎𝑏𝑐 , and 𝑧 > 0. Then, under the 

model (1), we have 

𝐶𝐸[𝜃1,𝑧; 𝑎𝑏𝑐 − 𝜃𝑎𝑏𝑐] = −
2𝑧𝜎𝜖

2

𝐾
𝜋𝑎(𝑏)
∗ (𝝅∗𝑇𝝅∗)−1 (

𝐽(𝐾−1)(𝐼−1)

𝐽(𝐼−1)+2(𝑁−1)
) 𝐸[𝑁]                (34) 

Proof:   
𝐶𝐸[(𝜃1,𝑧; 𝑎𝑏𝑐 − 𝜃𝑎𝑏𝑐)] = 𝐶𝐸[(ℎ̅.𝑏𝑐 + (1 − �̂�1)(ℎ̅𝑎𝑏. − ℎ̅.𝑏.) − 𝜃𝑎𝑏𝑐)]  

 = 𝐶𝐸[ℎ̅.𝑏𝑐 + ℎ̅𝑎𝑏. − ℎ̅.𝑏. − 𝜃𝑎𝑏𝑐 − �̂�1(ℎ̅𝑎𝑏. − ℎ̅.𝑏.)]  

= 𝐶𝐸[(𝜖.̅𝑏𝑐 + 𝜖�̅�𝑏. − 𝜖.̅𝑏.) − �̂�1(ℎ̅𝑎𝑏. − ℎ̅.𝑏.)]  

∴ 𝐶𝐸[(𝜃1,𝑧; 𝑎𝑏𝑐 − 𝜃𝑎𝑏𝑐)] = −𝐶𝐸[�̂�1(ℎ̅𝑎𝑏. − ℎ̅.𝑏.)]   

using corollary (3), 

𝐶𝐸 [𝑓3(
𝑆𝑆𝜖

𝑆𝑆𝜋
)( ℎ̅𝑎𝑏. − ℎ̅.𝑏.)] =

2𝜎𝜖
2

𝐾
𝜋𝑎(𝑏)
∗ (𝝅∗𝑇𝝅∗)−1𝐸 [𝑁𝑓3 (

𝑠𝜋

1−𝑠𝜋
)]  



               7667-2795ISSN:                                               2021 November| 1Volume 
                                                                                                                                                      

 

www.geniusjournals.org                                    Eurasian Journal of Physics, Chemistry and Mathematics  

P a g e  | 46 

using result (32), we have 

𝐶𝐸[𝜃1,𝑧; 𝑎𝑏𝑐 − 𝜃𝑎𝑏𝑐] = −
2𝜎𝜖

2

𝐾
𝜋𝑎(𝑏)
∗ (𝝅∗𝑇𝝅∗)−1𝐸[𝑁𝑠𝜋(1 − 𝑠𝜋)

−1]  

𝐸[𝑠𝜋(1 − 𝑠𝜋)
−1] = ∫ 𝑠𝜋(1 − 𝑠𝜋)

−1 1

𝛽(𝑣𝜖,𝑣𝜋)
𝑠𝜋
𝑣𝜖−1(1 − 𝑠𝜋)

𝑣𝜋−1
1

0
𝑑𝑠𝜋 =

𝑣𝜖

(𝑣𝜋−1)
  

where 𝑣𝜖 =
𝐽(𝐾−1)(𝐼−1)

2
, 𝑣𝜋 =

𝐽(𝐼−1)+2𝑁

2
, we get 

𝐶𝐸[𝜃1,𝑧; 𝑎𝑏𝑐 − 𝜃𝑎𝑏𝑐] = −
2𝜎𝜖

2

𝐾
𝜋𝑎(𝑏)
∗ (𝝅∗𝑇𝝅∗)−1 (

𝐽(𝐾−1)(𝐼−1)

𝐽(𝐼−1)+2(𝑁−1)
)𝐸[𝑁]  

Theorem 4: Let �̂�𝟏,𝒛 be the corresponding type 1 estimator of  𝜽  and z > 0. Then, under the model (1), 

we have that, 

𝑇𝐶𝑀𝑆𝐸(�̂�𝟏,𝒛, 𝜽) = 𝐽𝜎𝜖
2𝐸{(𝐾 + 𝐼 − 1) + 𝐼𝐾(𝐽(𝐼 − 1)(𝐾 − 2) + 2𝑁 )  

× [
𝑧2𝐽(𝐼−1)(𝐾−1)[𝐽(𝐼−1)(𝐾−1)+2]

[𝐽(𝐼−1)(𝐾−1)+𝐽(𝐼−1)+2𝑁][𝐽(𝐼−1)+2𝑁−2]
−

2𝑧𝐽(𝐼−1)(𝐾−1)

[𝐽(𝐼−1)(𝐾−1)+𝐾(𝐼−1)+2𝑁]
] + 2 ([

𝑧2𝐽(𝐼−1)(𝐾−1)[𝐽(𝐼−1)(𝐾−1)+2]

[𝐽(𝐼−1)(𝐾−1)+𝐽(𝐼−1)+2𝑁][𝐽(𝐼−1)+2𝑁−2]
−

2𝑧𝐽(𝐼−1)(𝐾−1)

[𝐽(𝐼−1)(𝐾−1)+𝐽(𝐼−1)+2𝑁]
] + 2 [2𝑧

𝐽(𝐼−1)(𝐾−1)

[𝐽(𝐼−1)+2𝑁−2]
])}      (35) 

Proof: using corollary (2), we have 

∴ 𝑇𝐶𝑀𝑆𝐸(�̂�3, 𝜽) = 𝐽𝜎𝑒
2𝐸 {(𝐾 + 𝐼 − 1) + 𝐼𝐾(𝐽(𝐼 − 1)(𝐾 − 2) + 2𝑁 ) [𝑔3 ( 

𝑠𝜋

1−𝑠𝜋
) (1 − 𝑠𝜋)] +

2 ([𝑔3 ( 
𝑠𝜋

1−𝑠𝜋
) (1 − 𝑠𝜋)] + 2 [2𝑁𝑓3 (

𝑠𝜋

1−𝑠𝜋
)])}    

we define 𝑔3(. ) and 𝑓3(. ) as 
𝑔3(𝑢) = 𝑧

2𝑢2 − 2𝑧𝑢,                                 (𝑢 > 0).                                                    (36) 

𝐸 [𝑔3 ( 
𝑠𝜋

1−𝑠𝜋
) (1 − 𝑠𝜋)| 𝑁] = 𝐸 [𝑧

2 (
𝑠𝜋

1−𝑠𝜋
)
2
(1 − 𝑠𝜋) − 2𝑧 (

𝑠𝜋

1−𝑠𝜋
) (1 − 𝑠𝜋)|𝑁]  

                                           = 𝐸[𝑧2𝑠𝜋
2(1 − 𝑠𝜋)

−1 − 2𝑧𝑠𝜋|𝑁] , we have 
𝑇𝐶𝑀𝑆𝐸(�̂�1, 𝝁) = 𝑞𝜎𝜖

2𝐸{(𝐾 + 𝐼 − 1) + 𝐼𝐾(𝐽(𝐼 − 1)(𝐾 − 2) + 2𝑁 )[𝑧2𝑠𝜋
2(1 − 𝑠𝜋)

−1 − 2𝑧𝑠𝜋|𝑁] +
2([𝑧2𝑠𝜋

2(1 − 𝑠𝜋)
−1 − 2𝑧𝑠𝜋|𝑁] + 2[2𝑧𝑠𝜋(1 − 𝑠𝜋)

−1])}     (37)  

𝐸[𝑠𝜋
2(1 − 𝑠𝜋)

−1] = ∫ 𝑠𝜋
2(1 − 𝑠𝜋)

−1 1

𝛽(𝑣𝜖, 𝑣𝜋 )
𝑠𝜋
𝑣𝜖−1(1 − 𝑠𝜋)

𝑣𝜋−1
1

0
𝑑𝑠𝜋  

                            =
𝑣𝜖(𝑣𝜖+1)

(𝑣𝜖+𝑣𝜋)(𝑣𝜋−1 )
  

𝐸[𝑠𝜋
2(1 − 𝑠𝜋)

−1] =
𝐽(𝐼−1)(𝐾−1)[𝐽(𝐼−1)(𝐾−1)+2]

[𝐽(𝐼−1)(𝐾−1)+𝐽(𝐼−1)+2𝑁][𝐽(𝐼−1)+2𝑁−2]
                                        (38) 

𝐸[𝑠𝜋] = ∫ 𝑠𝜋
1

𝛽(𝑣𝜖, 𝑣𝜋 )
𝑠𝜋
𝑣𝜖−1(1 − 𝑠𝜋)

𝑣𝜋−1
1

0
𝑑𝑠𝜋 =

𝑣𝜖

(𝑣𝜖, 𝑣𝜋 )
  

𝐸[𝑠𝜋] =
𝐽(𝐼−1)(𝐾−1)

[𝐽(𝐼−1)(𝐾−1)+𝐽(𝐼−1)+2𝑁]
                                        (39) 

and 

𝐸[𝑠𝜋(1 − 𝑠𝜋)
−1] = ∫ 𝑠𝜋(1 − 𝑠𝜋)

−1 1

𝛽(𝑣𝜖, 𝑣𝜋 )
𝑠𝜋
𝑣𝜖−1(1 − 𝑠𝜋)

𝑣𝜋−1
1

0
𝑑𝑠𝜋  

𝐸[𝑠𝜋(1 − 𝑠𝜋)
−1] =

𝐽(𝐼−1)(𝐾−1)

[𝐽(𝐼−1)+2𝑁−2]
                             (40) 

substituting the results (38), (39) and (40) in (37), we have 

𝑇𝐶𝑀𝑆𝐸(�̂�1, 𝜽) = 𝐽𝜎𝜖
2𝐸{(𝐾 + 𝐼 − 1) + 𝐼𝐾(𝐽(𝐼 − 1)(𝐾 − 2) + 2𝑁 )  

× [
𝑧2𝐽(𝐼−1)(𝐾−1)[𝐽(𝐼−1)(𝐾−1)+2]

[𝐽(𝐼−1)(𝐾−1)+𝐽(𝐼−1)+2𝑁][𝐽(𝐼−1)+2𝑁−2]
−

2𝑧𝐽(𝐼−1)(𝐾−1)

[𝐽(𝐼−1)(𝐾−1)+𝐽(𝐼−1)+2𝑁]
] + 2 ([

𝑧2𝐽(𝐼−1)(𝐾−1)[𝐽(𝐼−1)(𝐾−1)+2]

[𝐽(𝐼−1)(𝐾−1)+𝐽(𝐼−1)+2𝑁][𝐽(𝐼−1)+2𝑁−2]
−

2𝑧𝐽(𝐼−1)(𝐾−1)

[𝐽(𝐼−1)(𝐾−1)+𝐽(𝐼−1)+2𝑁]
] + 2 [2𝑧

𝐽(𝐼−1)(𝐾−1))

[𝐽(𝐼−1)+2𝑁−2]
])}             

result (46) is minimized uniformly with respect to z by 

𝑧∗ =
𝐽(𝐼−3)

(𝐼𝐽𝐾−𝐽𝐾−𝐼𝐽−𝐽+2)
,    (𝐼 > 3).                                                                    (41) 

The value of  𝑧∗ is minimizes of 𝑀𝑆𝐸(�̂�1,𝑧; 𝑎𝑏𝑐 − 𝜽𝑎𝑏𝑐) uniformly. The estimator  

Theorem 5: Let 𝜃1,𝑧;𝑎𝑏𝑐  be the corresponding type 1 estimator of  𝜃𝑎𝑏𝑐  (𝑎 = 1, … , 𝐼; 𝑏 = 1, . . , 𝐽; 𝑐 =

1, . . , 𝐾) and z > 0. Then, under the model (1), we have that, 



               7667-2795ISSN:                                               2021 November| 1Volume 
                                                                                                                                                      

 

www.geniusjournals.org                                    Eurasian Journal of Physics, Chemistry and Mathematics  

P a g e  | 47 

𝐶𝑀𝑆𝐸[(�̂�1,𝑧; 𝑎𝑏𝑐 − 𝜽𝑎𝑏𝑐)] =
𝜎𝜖
2

𝐾
{
(𝐾 + 𝐼 − 1)

𝐼
+ 𝐸[(𝐽(𝐼 − 1)(𝐾 − 2) + 2𝑁 ) 

(
𝑧2𝐽(𝐼−1)(𝐾−1)[𝐽(𝐼−1)(𝐾−1)+2]

[𝐽(𝐼−1)(𝐾−1)+𝐽(𝐼−1)+2𝑁][𝐽(𝐼−1)+2𝑁−2]
−

2𝑧𝐽(𝐼−1)(𝐾−1)

[𝐽(𝐼−1)(𝐾−1)+𝐽(𝐼−1)+2𝑁]
)] +

2𝛼𝑖(𝑗)
∗ (𝝅∗𝑇𝝅∗)−1 ([

𝑧2𝐽(𝐼−1)(𝐾−1)[𝐽(𝐼−1)(𝐾−1)+2]

[𝐽(𝐼−1)(𝐾−1)+𝐽(𝐼−1)+2𝑁][𝐽(𝐼−1)+2𝑁−2]
−

2𝑧𝐽(𝐼−1)(𝐾−1)

[𝐽(𝐼−1)(𝐾−1)+𝐽(𝐼−1)+2𝑁]
] + [2𝑧

𝐽(𝐼−1)(𝐾−1)

[𝐽(𝐼−1)+2𝑁−2]
])} 

                    𝑖𝑓 𝝅∗ ≠ 0 𝐶𝑀𝑆𝐸[(𝜃1,𝑧;𝑎𝑏𝑐 , 𝜃𝑎𝑏𝑐)] =
𝜎𝜖
2

𝐾
{
(𝐾+𝐼−1)

𝐼
+

𝐸[𝐽(𝐼 − 1)(𝐾 − 2) 

× [
𝑧2𝐽(𝐼−1)(𝐾−1)[𝐽(𝐼−1)(𝐾−1)+2]

[𝐽(𝐼−1)(𝐾−1)+𝐽(𝐼−1)][𝐽(𝐼−1)−2]
−

2𝑧𝐽(𝐼−1)(𝐾−1)

[𝐽(𝐼−1)(𝐾−1)+𝐽(𝐼−1)]
]]}         𝑖𝑓 𝝅∗ = 0 

                                         (𝑎 = 1, … , 𝐼; 𝑏 = 1, … , 𝐽; 𝑐 = 1,… ,𝐾)                        (42) 
Proof: Using theorem (1), we have  

𝐶𝑀𝑆𝐸[(𝜃3;𝑎𝑏𝑐 , 𝜃𝑎𝑏𝑐)] = 𝐶𝐸 [(𝜃3;𝑎𝑏𝑐 − 𝜃𝑎𝑏𝑐)
2
] =

𝜎𝜖
2

𝐾
{
(𝐾+𝐼−1)

𝐼
+ 𝐸 [(𝐽(𝐼 − 1)(𝐾 − 2) +

2𝑁 )𝐸 [𝑔3 ( 
𝑠𝜋

1−𝑠𝜋
) (1 − 𝑠𝜋)]] + 2𝜋𝑎(𝑏)

∗ (𝝅∗𝑇𝝅∗)−1 (𝐸 [𝑁𝑔3 ( 
𝑠𝜋

1−𝑠𝜋
) (1 − 𝑠𝜋)] + 𝐸 [2𝑁𝑓3 ( 

𝑠𝜋

1−𝑠𝜋
) (1 − 𝑠𝜋)])}        

using results (32) and (36), we have 

𝐶𝑀𝑆𝐸[(𝜃3;𝑎𝑏𝑐 , 𝜃𝑎𝑏𝑐)] =
𝜎𝜖
2

𝐾
{
(𝐾+𝐼−1)

𝐼
+ 𝐸[(𝐽(𝐼 − 1)(𝐾 − 2) + 2𝑁 )𝐸[𝑧2𝑠𝜋

2(1 − 𝑠𝜋)
−1 − 2𝑧𝑠𝜋|𝑁]] +

2𝜋𝑎(𝑏)
∗ (𝝅∗𝑇𝝅∗)−1(𝐸[𝑧2𝑠𝜋

2(1 − 𝑠𝜋)
−1 − 2𝑧𝑠𝜋|𝑁] + 𝐸[2𝑧𝑠𝜋(1 − 𝑠𝜋)

−1])}         (43) 

 substituting  results (38), (39) and (40) in (43), we have 

𝐶𝑀𝑆𝐸 [((𝜃3;𝑎𝑏𝑐 , 𝜃𝑎𝑏𝑐))] =
𝜎𝜖
2

𝐾
{
(𝐾+𝐼−1)

𝐼
+ 𝐸 [(𝐽(𝐼 − 1)(𝐾 − 2) +

2𝑁 ) [(
𝑧2𝐽(𝐼−1)(𝐾−1)[𝐽(𝐼−1)(𝐾−1)+2]

[𝐽(𝐼−1)(𝐾−1)+𝐽(𝐼−1)+2𝑁][𝐽(𝐼−1)+2𝑁−2]
−

2𝑧𝐽(𝐼−1)(𝐾−1)

[𝐽(𝐼−1)(𝐾−1)+𝐽(𝐼−1)+2𝑁]
]] +

2𝜋𝑎(𝑏)
∗ (𝝅∗𝑇𝝅∗)−1 ([

𝑧2𝐽(𝐼−1)(𝐾−1)[𝐽(𝐼−1)(𝐾−1)+2]

[𝐽(𝐼−1)(𝐾−1)+𝐽(𝐼−1)+2𝑁][𝐽(𝐼−1)+2𝑁−2]
−

2𝑧𝐽(𝐼−1)(𝐾−1)

[𝐽(𝐼−1)(𝐾−1)+𝐽(𝐼−1)+2𝑁]
] + [2𝑧

𝐽(𝐼−1)(𝐾−1)

[𝐽(𝐼−1)+2𝑁−2]
])}  

                 𝑖𝑓 𝝅∗ ≠ 0 

𝑀𝑆𝐸 [((𝜃3;𝑎𝑏𝑐 , 𝜃𝑎𝑏𝑐))] =
𝜎𝜖
2

𝐾
{
(𝐾+𝐼−1)

𝐼
+ 𝐸 [(𝐽(𝐼 − 1)(𝐾 − 2) ) [(

𝑧2𝐽(𝐼−1)(𝐾−1)[𝐽(𝐼−1)(𝐾−1)+2]

[𝐽(𝐼−1)(𝐾−1)+𝐽(𝐼−1)+2𝑁][𝐽(𝐼−1)+2𝑁−2]
−

2𝑧𝐽(𝐼−1)(𝐾−1)

[𝐽(𝐼−1)(𝐾−1)+𝐽(𝐼−1)+2𝑁]
]]}                      𝑖𝑓 𝝅∗ = 0  

Theorem 6: Let 𝜃1,𝑧;𝑎𝑏𝑐  be the corresponding type 1 estimator of  𝜃𝑎𝑏𝑐  (𝑎 = 1, … , 𝐼; 𝑏 = 1, . . , 𝐽; 𝑐 =

1, . . , 𝐾) and z > 0. Under the model (1), we have that, 

𝐶𝐸[(𝜃1,𝑧;𝑎𝑏𝑐 − 𝜃𝑎𝑏𝑐)(𝜃1,𝑧;𝑎′𝑏′𝑐′ − 𝜃𝑎′𝑏′𝑐′)] =

{
 
 

 
 𝜋𝑎(𝑏)

∗ 𝜋𝑎′(𝑏′)
∗ (

𝑧2𝐽(𝐼−1)(𝐾−1)[𝐽(𝐼−1)(𝐽−1)+2]

[𝐽(𝐼−1)(𝐾−1)+𝐽(𝐼−1)][𝐽(𝐼−1)−2]
−

2𝑧𝐽(𝐼−1)(𝐾−1)

[𝐽(𝐼−1)(𝐾−1)+𝐽(𝐼−1)+2𝑁]
)

+
2𝜎𝜖

2

𝑘
(𝝅∗𝑇𝝅∗)−1 (

𝐽(𝐼−1)(𝐾−1)

[𝐽(𝐼−1)+2𝑁−2]
)                                                                        𝑖𝑓𝝅∗ ≠ 𝟎

0                                                                                                                                 𝑖𝑓𝝅∗ = 𝟎 

            

      𝐼, 𝐾 > 1    (𝑎 = 1, … , 𝐼; 𝑏 = 1, … , 𝐽; 𝑐 = 1, … ,𝐾)                            (44) 
Proof: Since  

𝐶𝐸[(𝜃1,𝑧;𝑎𝑏𝑐 − 𝜃𝑎𝑏𝑐)(𝜃1,𝑧;𝑎′𝑏′𝑐′ − 𝜃𝑎′𝑏′𝑐′)] =
(𝐾+𝐼−1)

𝐼𝐾
𝜎𝜖
2 − 2𝜋𝑎(𝑏)

∗ 𝜋𝑎′(𝑏′)
∗ 𝐸 [𝑔3 (

𝑠𝑏

1−𝑠𝑏
) +

2𝜎𝜖
2

𝐾
(𝝅∗𝑇𝝅∗)−1𝑁𝑓3 (

𝑠𝜋

1−𝑠𝜋
)]  

                (𝑎 > 𝑎′ = 1,… , 𝐼;  𝑏 > 𝑏′ = 1, . . , 𝐽);  𝑐 > 𝑐′ = 1, . . , 𝐾) 
using results (32) and (36). then, we have      
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𝐶𝐸[(𝜃1,𝑧;𝑎𝑏𝑐 − 𝜃𝑎𝑏𝑐)(𝜃1,𝑧;𝑎′𝑏′𝑐′ − 𝜃𝑎′𝑏′𝑐′)] = 𝜋𝑎(𝑏)
∗ 𝜋𝑎′(𝑏′)

∗ 𝐸[𝑧2𝑠𝜋
2(1 − 𝑠𝜋)

−1 − 2𝑧𝑠𝜋|𝑁] +

2𝜎𝜖
2

𝐾
(𝝅∗𝑇𝝅∗)−1𝐸[𝑧𝑠𝜋(1 − 𝑠𝜋)

−1]                                                          (45) 

                  (𝑎 > 𝑎′ = 1,… , 𝐼;  𝑏 > 𝑏′ = 1, . . , 𝐽);  𝑐 > 𝑐′ = 1, . . , 𝐾) 
substituting  results (38), (39) and (50) in (45), we have 

𝐶𝐸[(𝜃1,𝑧;𝑎𝑏𝑐 − 𝜃𝑎𝑏𝑐)(𝜃1,𝑧;𝑎′𝑏′𝑐′ − 𝜃𝑎′𝑏′𝑐′)] = 𝜋𝑎(𝑏)
∗ 𝜋𝑎′(𝑏′)

∗ (
𝑧2𝐽(𝐼−1)(𝐾−1)[𝐽(𝐼−1)(𝐾−1)+2]

[𝐽(𝐼−1)(𝐾−1)+𝐽(𝐼−1)][𝐽(𝐼−1)−2]
−

2𝑧𝐽(𝐼−1)(𝐾−1)

[𝐽(𝐼−1)(𝐾−1)+𝐽(𝐼−1)+2𝑁]
+

2𝜎𝜖
2

𝐾
(𝝅∗𝑇𝝅∗)−1 (

𝐽(𝐼−1)(𝐾−1)

[𝐽(𝐼−1)+2𝑁−2]
)  

Lemma 2: Let 𝜃1,𝑧;𝑎𝑏𝑐  be the corresponding type 1 estimator of  𝜃𝑎𝑏𝑐  (𝑎 = 1, … , 𝐼; 𝑏 = 1, . . , 𝐽; 𝑐 =

1, . . , 𝐾) and z > 0. Under the model (1), we have that, 

𝐶𝐸 [𝑧
𝑆𝑆𝜖

𝑆𝑆𝜋
( ℎ̅𝑎𝑏. − ℎ̅.𝑏.)( ℎ̅𝑎′𝑏′. − ℎ̅.𝑏′.)] = 𝑧𝜋𝑎(𝑏)

∗ 𝜋𝑎′(𝑏′)
∗ 𝐽(𝐼−1)(𝐾−1)

[𝐽(𝐼−1)(𝐾−1)+𝐽(𝐼−1)+2𝑁]
  

                             (𝑎 > 𝑎′ = 1,… , 𝐼;  𝑏 > 𝑏′ = 1, . . , 𝐽)                                       (46)  
Proof: Since 

𝐶𝐸 [𝑓3(
𝑆𝑆𝜖

𝑆𝑆𝜋
 )( ℎ̅𝑎𝑏. − ℎ̅.𝑏.)( ℎ̅𝑎′𝑏′. − ℎ̅.𝑏′.)] = 𝜋𝑎(𝑏)

∗ 𝜋𝑎′(𝑏′)
∗ 𝐶𝐸 [(1 − 𝑠𝜋)𝑓3(

𝑠𝜋

1−𝑠𝜋
)]  

using result (32), we have 

𝐶𝐸 [𝑓3(
𝑆𝑆𝜖

𝑆𝑆𝜋
 )( ℎ̅𝑎𝑏. − ℎ̅.𝑏.)( ℎ̅𝑎′𝑏′. − ℎ̅.𝑏′.)] = 𝑧𝜋𝑎(𝑏)

∗ 𝜋𝑎′(𝑏′)
∗ 𝐶𝐸[𝑠𝜋]  

using result (41), we have 

𝐶𝐸 [𝑧
𝑆𝑆𝜖

𝑆𝑆𝜋
( ℎ̅𝑎𝑏. − ℎ̅.𝑏.)( ℎ̅𝑎′𝑏′. − ℎ̅.𝑏′.)] = 𝑧𝜋𝑎(𝑏)

∗ 𝜋𝑎′(𝑏′)
∗ 𝐽(𝐼−1)(𝐾−1)

[𝐽(𝐼−1)(𝐾−1)+𝐽(𝐼−1)+2𝑁]
                  

Lemma 3: Let 𝜃1,𝑧;𝑎𝑏𝑐  be the corresponding type 1 estimator of  𝜃𝑎𝑏𝑐  (𝑎 = 1, … , 𝐼; 𝑏 = 1, . . , 𝐽; 𝑐 =

1, . . , 𝐾) and z > 0. Under the model (1), we have that, 

𝐸 [(𝑧
𝑆𝑆𝜖

𝑆𝑆𝜋
)
2

( ℎ̅𝑎𝑏. − ℎ̅.𝑏.)( ℎ̅𝑎′𝑏′. − ℎ̅.𝑏′.)] = 𝜋𝑎(𝑏)
∗ 𝜋𝑎′(𝑏′)

∗ 𝐽(𝐼−1)(𝐾−1)[𝐽(𝐼−1)(𝐾−1)+2]

[𝐽(𝐼−1)(𝐾−1)+𝐽(𝐼−1)+2𝑁][𝐽(𝐼−1)+2𝑁−2]
   

                             (𝑎 > 𝑎′ = 1,… , 𝐼;  𝑏 > 𝑏′ = 1, . . , 𝐽)                                   (47)  
Proof: By using lemma (1),we have 

𝐶𝐸 [𝑓3
2(
𝑆𝑆𝜖

𝑆𝑆𝜋
)( ℎ̅𝑎𝑏. − ℎ̅.𝑏.)( ℎ̅𝑎′𝑏′. − ℎ̅.𝑏′.)] = 𝐶𝐸 [(𝑧

𝑆𝑆𝜖

𝑆𝑆𝜋
)
2

( ℎ̅𝑎𝑏. − ℎ̅.𝑏.)( ℎ̅𝑎′𝑏′. − ℎ̅.𝑏′.)] =

𝜋𝑎(𝑏)
∗ 𝜋𝑎′(𝑏′)

∗ 𝐶𝐸 [(1 − 𝑠𝜋)𝑓3
2(

𝑠𝜋

1−𝑠𝜋
)]  

using result (32), we have 

𝐶𝐸 [𝑓3
2(
𝑆𝑆𝜖

𝑆𝑆𝜋
)( ℎ̅𝑎𝑏. − ℎ̅.𝑏.)( ℎ̅𝑎′𝑏′. − ℎ̅.𝑏′.)] = 𝜋𝑎(𝑏)

∗ 𝜋𝑎′(𝑏′)
∗ 𝐶𝐸[𝑧2𝑠𝜋

2(1 − 𝑠𝜋)
−1]  

Using result (38), we have 

𝐶𝐸 [(𝑧
𝑆𝑆𝜖

𝑆𝑆𝜋
)
2

( ℎ̅𝑎𝑏. − ℎ̅.𝑏.)( ℎ̅𝑎′𝑏′. − ℎ̅.𝑏′.)] = 𝜋𝑎(𝑏)
∗ 𝜋𝑎′(𝑏′)

∗ 𝐽(𝐼−1)(𝐾−1)[𝐽(𝐼−1)(𝐾−1)+2]

[𝐽(𝐼−1)(𝐾−1)+𝐽(𝐼−1)+2𝑁][𝐽(𝐼−1)+2𝑁−2]
   

                            (𝑎 > 𝑎′ = 1,… , 𝐼;  𝑏 > 𝑏′ = 1, . . , 𝐽) 
Lemma 4 Let 𝜃1,𝑧;𝑎𝑏𝑐  be the corresponding type 1 estimator of  𝜃𝑎𝑏𝑐  (𝑎 = 1,… , 𝐼; 𝑏 = 1, . . , 𝐽; 𝑐 =

1, . . , 𝐾) and z > 0, under the model (1), we have that, 

𝐶𝐸 [𝑧
𝑆𝑆𝜖

𝑆𝑆𝜋
( ℎ̅𝑎𝑏. − 𝜃𝑎𝑏𝑐)( ℎ̅𝑎′𝑏′. − ℎ̅.𝑏′.)] = 𝜋𝑎(𝑏)

∗ 𝜋𝑎′(𝑏′)
∗ (

𝐽(𝐼−1)(𝐾−1)

[𝐽(𝐼−1)(𝐾−1)+𝐽(𝐼−1)+2𝑁]
) −

2𝜎𝜖
2

𝐾
𝜋𝑖𝑎(𝑏)
∗ (𝜋𝑎(𝑏)

∗ −

𝐷)(𝝅∗𝑇𝝅∗)−1 (
𝐽(𝐼−1)(𝐾−1)

[𝐽(𝐼−1)+2𝑁−2]
)                𝑖𝑓 𝝅∗ ≠ 𝟎  

      = 0         𝑖𝑓 𝝅∗ = 𝟎 
𝐷 = −(𝐵𝑐 + (𝐴𝐵)𝑏𝑐),(𝑎 > 𝑎

′ = 1,… , 𝐼;  𝑏 > 𝑏′ = 1, . . , 𝐽)                            (48) 
Proof: Using lemma (1), we have 

𝐶𝐸 [𝑧
𝑆𝑆𝜖

𝑆𝑆𝜋
( ℎ̅𝑎𝑏. − 𝜃𝑎𝑏𝑐)( ℎ̅𝑎′𝑏′. − ℎ̅.𝑏′.)] = 𝜋𝑎(𝑏)

∗ 𝜋𝑎′(𝑏′)
∗ 𝐸 [𝑓3 (

𝑠𝑏

1−𝑠𝑏
)] −

2𝜎𝜖
2

𝐾
𝜋𝑎(𝑏)
∗ (𝜋𝑎(𝑏)

∗ −

𝐷)(𝝅∗𝑇𝝅∗)−1𝐸 [𝑁𝑓3 (
𝑠𝜋

1−𝑠𝜋
)]  
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𝐷 = −(𝐵𝑐 + (𝐴𝐵)𝑏𝑐),(𝑎 > 𝑎
′ = 1,… , 𝐼;  𝑏 > 𝑏′ = 1, . . , 𝐽)  

using result (32), we have  

𝐶𝐸 [𝑧
𝑆𝑆𝜖

𝑆𝑆𝜋
( ℎ̅𝑎𝑏. − 𝜃𝑎𝑏𝑐)( ℎ̅𝑎′𝑏′. − ℎ̅.𝑏′.)] = 𝜋𝑎(𝑏)

∗ 𝜋𝑎′(𝑏′)
∗ 𝐸[𝑠𝜋] −

2𝜎𝜖
2

𝐾
𝜋𝑎(𝑏)
∗ (𝜋𝑎(𝑏)

∗ −𝐷)(𝝅∗𝑇𝝅∗)−1𝐸 [𝑁𝑧
𝑠𝜋

1−𝑠𝜋
]  

𝐷 = −(𝐵𝑐 + (𝐴𝐵)𝑏𝑐),(𝑎 > 𝑎
′ = 1,… , 𝐼;  𝑏 > 𝑏′ = 1, . . , 𝐽)  

Using results (39) and (40). Then, we have that     

𝐶𝐸 [𝑧
𝑆𝑆𝜖

𝑆𝑆𝜋
( ℎ̅𝑎𝑏. − 𝜃𝑎𝑏𝑐)( ℎ̅𝑎′𝑏′. − ℎ̅.𝑏′.)] = 𝜋𝑎(𝑏)

∗ 𝜋𝑎′(𝑏′)
∗ (

𝐽(𝐼−1)(𝐾−1)

[𝐽(𝐼−1)(𝐾−1)+𝐽(𝐼−1)+2𝑁]
) −

2𝜎𝜖
2

𝐾
𝜋𝑎(𝑏)
∗ (𝜋𝑎(𝑏)

∗ −

𝐷)(𝝅∗𝑇𝝅∗)−1 (
𝐽(𝐼−1)(𝐾−1)

[𝐽(𝐼−1)+2𝑁−2]
)                𝑖𝑓 𝝅∗ ≠ 𝟎  

      = 0         𝑖𝑓 𝝅∗ = 𝟎 
𝐷 = −(𝐵𝑐 + (𝐴𝐵)𝑏𝑐),(𝑎 > 𝑎

′ = 1,… , 𝐼;  𝑏 > 𝑏′ = 1, . . , 𝐽) 
 
The following theorem gives an expression ( in terms of incomplete beta function ratios) for the 
conditional bias of a type 2 estimators of 𝜃𝑎𝑏𝑐 . 
Theorem 7: Let 𝜃2,𝑧;𝑎𝑏𝑐  be the corresponding type 2 estimator of  𝜃𝑎𝑏𝑐  (𝑎 = 1, … , 𝐼; 𝑏 = 1, . . , 𝐽; 𝑐 =

1, . . , 𝐾) and z > 0, under the model (1), we have that, 

𝐶𝐸[(𝜃2,𝑧; 𝑎𝑏𝑐 − 𝜃𝑎𝑏𝑐)] = −
2𝜎𝜖

2

𝐾
𝜋𝑎(𝑏)
∗ (𝝅∗𝑇𝝅∗)−1𝐸 [𝑁 (

𝑣𝜖

𝑣𝜋−1
𝐼𝑥(𝑣𝜖+1, 𝑣𝜋−1) + 1 − 𝐼𝑥(𝑣𝜖 , 𝑣𝜋))]                                   

         𝑖𝑓 𝝅∗ ≠ 𝟎  
       = 0            𝑖𝑓 𝝅∗ = 𝟎 
                 𝐼, 𝐾 > 1    (𝑎 = 1,… , 𝐼; 𝑏 = 1,… , 𝐽; 𝑐 = 1,… , 𝐾)                               (49) 
Proof: 

 𝐶𝐸[(𝜃2,𝑧; 𝑎𝑏𝑐 − 𝜃𝑎𝑏𝑐)] = 𝐶𝐸[(ℎ̅.𝑏𝑐 + (1 − �̂�2)(ℎ̅𝑎𝑏. − ℎ̅.𝑏.) − 𝜃𝑎𝑏𝑐)]  

 = 𝐶𝐸[ℎ̅.𝑏𝑐 + ℎ̅𝑎𝑏. − ℎ̅.𝑏. − 𝜃𝑎𝑏𝑐 − �̂�1(ℎ̅𝑎𝑏. − ℎ̅.𝑏.)]  

∴ 𝐶𝐸[(𝜃2,𝑧; 𝑎𝑏𝑐 − 𝜃𝑎𝑏𝑐)] = −𝐶𝐸[�̂�2(ℎ̅𝑎𝑏. − ℎ̅.𝑏.)]   

using corollary (3), 

𝐶𝐸 [𝑓3(
𝑆𝑆𝜖

𝑆𝑆𝜋
)( ℎ̅𝑎𝑏. − ℎ̅.𝑏.)] =

2𝜎𝜖
2

𝐾
𝜋𝑎(𝑏)
∗ (𝝅∗𝑇𝝅∗)−1𝐸 [𝑁𝑓3 (

𝑠𝜋

1−𝑠𝜋
)]                  

Let 𝑓3(𝑥) = 𝑚𝑖𝑛{𝑧𝑥, 1}    (𝑥 > 0)             

𝐶𝐸 [𝑓3(
𝑆𝑆𝜖

𝑆𝑆𝜋
)( ℎ̅𝑎𝑏. − ℎ̅.𝑏.)] = 𝐶𝐸 [𝑚𝑖𝑛 {

𝑧𝑠𝜋

1−𝑠𝜋
, 1} ( ℎ̅𝑎𝑏. − ℎ̅.𝑏.)] =

2𝜎𝜖
2

𝐾
𝜋𝑎(𝑏)
∗ (𝝅∗𝑇𝝅∗)−1𝐸 [𝑁𝑚𝑖𝑛 {

𝑧𝑠𝜋

1−𝑠𝜋
, 1}]                                                               

(50)                   
where 

𝐸 [min {
𝑧𝑠𝜋

1−𝑠𝜋
, 1}] = 𝐸 [

𝑧𝑠𝜋

1−𝑠𝜋
] + 1 − 𝐼𝑥(𝑣𝜖, 𝑣𝜋)   

𝐸[𝑠𝜋(1 − 𝑠𝜋)
−1] = ∫ 𝑠𝜋(1 − 𝑠𝜋)

−1 1

𝛽(𝑣𝜖, 𝑣𝜋 )
𝑠𝜋
𝑣𝜖−1(1 − 𝑠𝜋)

𝑣𝜋−1
𝑥

0
𝑑𝑠𝜋 + 1 − 𝐼𝑥(𝑣𝜖, 𝑣𝜋)   

                            =
𝑣𝜖

𝑣𝜋−1
𝐼𝑥(𝑣𝜖+1, 𝑣𝜋−1) + 1 − 𝐼𝑥(𝑣𝜖, 𝑣𝜋)                               (51)  

substituting (51) in (50), we have (49). 
Theorem 8: Let 𝜃2,𝑧;𝑎𝑏𝑐  be the corresponding type 2 estimator of  𝜃𝑎𝑏𝑐  (𝑎 = 1, … , 𝐼; 𝑏 = 1, . . , 𝐽; 𝑐 =

1, . . , 𝐾) and z > 0, under the model (1), we have that, 

𝑇𝐶𝑀𝑆𝐸(�̂�2, 𝜽) = 𝐽𝜎𝜖
2𝐸 {(𝐾 + 𝐼 − 1) + 𝐼𝐾(𝐽(𝐼 − 1)(𝐾 − 2) + 2𝑁 ) (

𝑧2𝑣𝜖(𝑣𝜖+1)

(𝑣𝜖+𝑣𝜋)(𝑣𝜋−1 )
𝐼𝑥(𝑣𝜖 + 2, 𝑣𝜋 − 1 ) −

2𝑧
𝑣𝜖

(𝑣𝜖+𝑣𝜋)
𝐼𝑥(𝑣𝜖 + 1, 𝑣𝜋 ) −

𝑣𝜋

(𝑣𝜖+𝑣𝜋)
𝐼𝑥(𝑣𝜖 + 1, 𝑣𝜋  )) + 2

𝑧2𝑣𝜖(𝑣𝜖+1)

(𝑣𝜖+𝑣𝜋)(𝑣𝜋−1 )
𝐼𝑥(𝑣𝜖 + 2, 𝑣𝜋 − 1 ) −

4𝑧
𝑣𝜖

(𝑣𝜖+𝑣𝜋)
𝐼𝑥(𝑣𝜖 + 1, 𝑣𝜋 ) − 2

𝑣𝜋

(𝑣𝜖+𝑣𝜋)
𝐼𝑥(𝑣𝜖 + 1, 𝑣𝜋  ) + 4𝑁 (

𝑧𝑣𝜖

𝑣𝜋−1
𝐼𝑥(𝑣𝜖+1, 𝑣𝜋−1) + 1 − 𝐼𝑥(𝑣𝜖 , 𝑣𝜋) )}                                           

                (52) 
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Proof: using corollary (2), we have 

𝑇𝐶𝑀𝑆𝐸(�̂�2, 𝜽) = 𝐽𝜎𝜖
2𝐸 {(𝐾 + 𝐼 − 1) + 𝐼𝐾(𝐽(𝐼 − 1)(𝑝 − 2) + 2𝑁 )𝐸 [𝑔3 ( 

𝑠𝜋

1−𝑠𝜋
) (1 − 𝑠𝜋)] +

2 ([𝑔3 ( 
𝑠𝜋

1−𝑠𝜋
) (1 − 𝑠𝜋)] + 2 [2𝑁𝑓3 (

𝑠𝜋

1−𝑠𝜋
)])}  

Let 𝑓3(𝑥) = 𝑚𝑖𝑛{𝑧𝑥, 1}     𝑎𝑛𝑑 𝑔3(𝑥) = 𝑓3
2(𝑥) − 2𝑓3(𝑥)      , (𝑥 > 0)       

𝑇𝐶𝑀𝑆𝐸(�̂�2, 𝜽) = 𝐽𝜎𝜖
2𝐸 {(𝐾 + 𝐼 − 1) + 𝐼𝐾(𝐽(𝐼 − 1)(𝐾 − 2) + 2𝑁 )𝐸 [(1 − 𝑠𝜋)𝑚𝑖𝑛 {

𝑧2𝑠𝜋
2

(1−𝑠𝜋)
2 , 1} −

2(1 − 𝑠𝜋)𝑚𝑖𝑛 {
𝑧𝑠𝜋

1−𝑠𝜋
, 1}] + 2 (𝐸 [(1 − 𝑠𝜋)𝑚𝑖𝑛 {

𝑧2𝑠𝜋
2

(1−𝑠𝜋)
2 , 1} − 2(1 − 𝑠𝜋)𝑚𝑖𝑛 {

𝑧𝑠𝜋

1−𝑠𝜋
, 1}] +

2𝐸 [2𝑁𝑚𝑖𝑛 {
𝑧𝑠𝜋

1−𝑠𝜋
, 1}])}   (53) 

𝐸[𝑠𝜋
2(1 − 𝑠𝜋)

−1] = ∫ 𝑠𝜋
2(1 − 𝑠𝜋)

−1 1

𝛽(𝑣𝜖, 𝑣𝜋 )
𝑠𝜋
𝑣𝜖−1(1 − 𝑠𝜋)

𝑣𝜋−1
𝑥

0
𝑑𝑠𝜋  

                            =
𝑣𝜖(𝑣𝜖+1)

(𝑣𝜖+𝑣𝜋)(𝑣𝜋−1 )
𝐼𝑥(𝑣𝜖 + 2, 𝑣𝜋 − 1 )                                (54) 

𝐸[𝑠𝜋] = ∫ 𝑠𝜋
1

𝛽(𝑣𝜖,𝑣𝜋  )
𝑠𝜋
𝑣𝜖−1(1 − 𝑠𝜋)

𝑣𝜋−1
𝑥

0
𝑑𝑠𝜋  =

𝑣𝜖

(𝑣𝜖+𝑣𝜋)
𝐼𝑥(𝑣𝜖 + 1, 𝑣𝜋 )                             (55) 

and 

𝐸[(1 − 𝑠𝜋)] = ∫ (1 − 𝑠𝜋)
1

𝛽(𝑣𝜖, 𝑣𝜋 )
𝑠𝜋
𝑣𝜖−1(1 − 𝑠𝜋)

𝑣𝜋−1
𝑥

0
𝑑𝑠𝜋   

                            =
𝛽𝑥(𝑣𝜖,𝑣𝜋+1 )

𝛽(𝑣𝜖,𝑣𝜋 )
=

𝑣𝜖

(𝑣𝜋+𝑣𝜖 )
𝐼𝑥(𝑣𝜖, 𝑣𝜋 + 1 )                                               (56) 

𝐸 [(1 − 𝑠𝜋)𝑚𝑖𝑛 {
𝑧2𝑠𝜋

2

(1−𝑠𝜋)
2 , 1} − 2(1 − 𝑠𝜋)𝑚𝑖𝑛 {

𝑧𝑠𝜋

1−𝑠𝜋
, 1}] = 𝐸 [

𝑧2𝑠𝜋
2

1−𝑠𝜋
− 2𝑧𝑠𝜋 − (1 − 𝑠𝜋)(1 − 𝐼𝑥(𝑣𝜖, 𝑣𝜋+1)]                                                                                   

           (57) 
Substituting (54), (55)  and (56), we have 

𝐸 [(1 − 𝑠𝜋)𝑚𝑖𝑛 {
𝑧2𝑠𝜋

2

(1−𝑠𝜋)
2 , 1} − 2(1 − 𝑠𝜋)𝑚𝑖𝑛 {

𝑧𝑠𝜋

1−𝑠𝜋
, 1}] =

𝑧2𝑣𝜖(𝑣𝜖+1)

(𝑣𝜖+𝑣𝜋)(𝑣𝜋−1 )
𝐼𝑥(𝑣𝜖 + 2, 𝑣𝜋 − 1 ) −

2𝑧
𝑣𝜖

(𝑣𝜖+𝑣𝜋)
𝐼𝑥(𝑣𝜖 + 1, 𝑣𝜋 ) −

𝑣𝜋

(𝑣𝜖+𝑣𝜋)
𝐼𝑥(𝑣𝜖 + 1, 𝑣𝜋  )                         (58) 

substituting  results (51) and (58)  in (53). we have that` 

𝑇𝐶𝑀𝑆𝐸(�̂�2, 𝜽) = 𝐽𝜎𝜖
2𝐸 {(𝐾 + 𝐼 − 1) + 𝐼𝐾(𝐽(𝐼 − 1)(𝑝 − 2) + 2𝑁 ) (

𝑧2𝑣𝜖(𝑣𝜖+1)

(𝑣𝜖+𝑣𝜋)(𝑣𝜋−1 )
𝐼𝑥(𝑣𝜖 + 2, 𝑣𝜋 − 1 ) −

2𝑧
𝑣𝜖

(𝑣𝜖+𝑣𝜋)
𝐼𝑥(𝑣𝜖 + 1, 𝑣𝜋 ) −

𝑣𝜋

(𝑣𝜖+𝑣𝜋)
𝐼𝑥(𝑣𝜖 + 1, 𝑣𝜋  )) + 2

𝑧2𝑣𝜖(𝑣𝜖+1)

(𝑣𝜖+𝑣𝜋)(𝑣𝜋−1 )
𝐼𝑥(𝑣𝜖 + 2, 𝑣𝜋 − 1 ) −

4𝑧
𝑣𝜖

(𝑣𝜖+𝑣𝜋)
𝐼𝑥(𝑣𝜖 + 1, 𝑣𝜋 ) − 2

𝑣𝜋

(𝑣𝜖+𝑣𝜋)
𝐼𝑥(𝑣𝜖 + 1, 𝑣𝜋  ) + 4𝑁 (

𝑧𝑣𝜖

𝑣𝜋−1
𝐼𝑥(𝑣𝜖+1, 𝑣𝜋−1) + 1 − 𝐼𝑥(𝑣𝜖 , 𝑣𝜋) )}  

Theorem 9: Let an arbitrary z > 0. Let the function 𝑔3(𝑢) = 𝑧2𝑢2 − 2𝑧𝑢. Then 

𝐸 {𝑔3 (
𝑠𝑏

1−𝑠𝑏
)|𝑁} = 𝑧2

𝑣𝜖(𝑣𝜖+1)

(𝑣𝑏−2)(𝑣𝑏−1)
𝐼𝑥(𝑣𝜖 + 2, 𝑣𝑏 − 2) − 2𝑧

𝑣𝜖

𝑣𝑏−1
𝐼𝑥(𝑣𝜖 + 1, 𝑣𝑏 − 1) − 1            

                     (59)      

Proof: using result (36) and let 𝑓3(𝑥) = 𝑚𝑖𝑛{𝑧𝑥, 1} 𝑎𝑛𝑑 𝑔3(𝑥) = 𝑓3
2(𝑥) − 2𝑓3(𝑥)      , (𝑥 > 0), we have 

𝐸 {𝑔3 (min {
𝑠𝑏

1−𝑠𝑏
 , 1})|𝑁} = 𝐸 {𝑚𝑖𝑛 {

𝑧2𝑠𝑏
2

(1−𝑠𝑏)
2 , 1} − 𝑚𝑖𝑛 {

2𝑧𝑠𝑏

1−𝑠𝑏
, 1}|𝑁}  

=
𝑧2

𝛽(𝑣𝜖,𝑣𝜋) 
∫

𝑠𝑏
2

(1−𝑠𝑏)
2

𝑥

0
𝑠𝑏
𝑣𝜖−1(1 − 𝑠𝑏)

𝑣𝑏−1𝑑𝑠𝑏 + 1 −
2𝑧

𝛽(𝑣𝜖,𝑣𝑏)
∫

𝑠𝑏

1−𝑠𝑏

𝑥

0
𝑠𝑏
𝑣𝜖−1(1 − 𝑠𝑏)

𝑣𝑏−1𝑑𝑠𝑏 − 2   

=
𝑧2𝛽(𝑣𝜖+2,𝑣𝑏−2)

𝛽(𝑣𝜖,𝑣𝑏)
𝐼𝑥(𝑣𝜖 + 2, 𝑣𝑏 − 2) −

2𝑧𝛽(𝑣𝜖+1,𝑣𝑏−1)

𝛽(𝑣𝜖,𝑣𝑏)
𝐼𝑥(𝑣𝜖 + 1, 𝑣𝑏 − 1) − 1  

𝐸 {𝑔3 (
𝑠𝑏

1−𝑠𝑏
)|𝑁} = 𝑧2

𝑣𝜖(𝑣𝜖+1)

(𝑣𝑏−2)(𝑣𝑏−1)
𝐼𝑥(𝑣𝜖 + 2, 𝑣𝑏 − 2) − 2𝑧

𝑣𝜖

𝑣𝑏−1
𝐼𝑥(𝑣𝜖 + 1, 𝑣𝑏 − 1) − 1  

 Theorem 10: Let �̂�2,𝑧;𝑎𝑏𝑐  be the corresponding Type 2 estimator of  𝜃𝑎𝑏𝑐  (𝑎 = 1,… , 𝐼; 𝑏 = 1, . . , 𝐽; 𝑐 =

1, . . , 𝐾) and z > 0, under the model (1), we have that, 
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𝐶𝑀𝑆𝐸[(𝜃2;𝑎𝑏𝑐 , 𝜃𝑎𝑏𝑐)] =
𝜎𝜖
2

𝐾
{
(𝐾+𝐼−1)

𝐼
+ 𝐸 [(𝐽(𝐼 − 1)(𝐾 − 2) + 2𝑁 )𝑧2

𝑣𝜖(𝑣𝜖+1)

(𝑣𝑏−2)(𝑣𝑏−1)
𝐼𝑥(𝑣𝜖 + 2, 𝑣𝑏 −

2) − 2𝑧
𝑣𝜖

𝑣𝑏−1
𝐼𝑥(𝑣𝜖 + 1, 𝑣𝑏 − 1) − 1 + 2𝜋𝑎(𝑏)

∗ (𝝅∗𝑇𝝅∗)−1 (𝑧2
𝑣𝜖(𝑣𝜖+1)

(𝑣𝑏−2)(𝑣𝑏−1)
𝐼𝑥(𝑣𝜖 + 2, 𝑣𝑏 − 2) −

2𝑧
𝑣𝜖

𝑣𝑏−1
𝐼𝑥(𝑣𝜖 + 1, 𝑣𝑏 − 1) − 1 + 2𝑁 (

𝑣𝜖

(𝑣𝜋−1 )
𝐼𝑥(𝑣𝜖 + 1, 𝑣𝜋 − 1 )))]}                 𝑖𝑓 𝝅

∗ ≠ 𝟎 

   𝐼, 𝐾 > 1    (𝑎 = 1, … , 𝐼; 𝑏 = 1,… , 𝐽; 𝑐 = 1,… ,𝐾)                       (60)          
Proof: using corollary (1),  

𝐶𝑀𝑆𝐸[(𝜃2;𝑎𝑏𝑐 , 𝜃𝑎𝑏𝑐)] =
𝜎𝜖
2

𝑝
{
(𝐾+𝐼−1)

𝐼
+ 𝐸[(𝐽(𝐼 − 1)(𝐾 − 2) + 2𝑁 )𝑔2 (𝑚𝑖𝑛 {

𝑠𝑏

1−𝑠𝑏
, 1}) +

2𝜋𝑎(𝑏)
∗ (𝝅∗𝑇𝝅∗)−1 (𝑁𝑔2 (𝑚𝑖𝑛 {

𝑠𝑏

1−𝑠𝑏
 , 1}) + 2𝑁𝑓2 ( 𝑚𝑖𝑛 {

𝑠𝜋

1−𝑠𝜋
, 1}))]}  

Using result(59) and  

𝐸 [𝑚𝑖𝑛 {
𝑠𝜋

1 − 𝑠𝜋
, 1}|𝑁] = ∫

1

𝛽(𝑣𝜖 ,  𝑣𝜋 )
𝑠𝜋
(𝑣𝜖+1)−1(1 − 𝑠𝜋)

(𝑣𝜋−1)−1
𝑥

0

𝑑𝑠𝜋 

                            =
𝛽𝑥(𝑣𝜖+1,𝑣𝜋−1 )

𝛽(𝑣𝜖,𝑣𝜋  )
=

𝑣𝜖

(𝑣𝜋−1 )
𝐼𝑥(𝑣𝜖 + 1, 𝑣𝜋 − 1 )                              (61) 

we have that 

𝐶𝑀𝑆𝐸[(𝜃2;𝑎𝑏𝑐 , 𝜃𝑎𝑏𝑐)] =
𝜎𝜖
2

𝐾
{
(𝐾+𝐼−1)

𝐼
+ 𝐸 [(𝐽(𝐼 − 1)(𝐾 − 2) + 2𝑁 )𝑧2

𝑣𝜖(𝑣𝜖+1)

(𝑣𝑏−2)(𝑣𝑏−1)
𝐼𝑥(𝑣𝜖 + 2, 𝑣𝑏 −

2) − 2𝑧
𝑣𝜖

𝑣𝑏−1
𝐼𝑥(𝑣𝜖 + 1, 𝑣𝑏 − 1) − 1 + 2𝜋𝑎(𝑏)

∗ (𝝅∗𝑇𝝅∗)−1 (𝑧2
𝑣𝜖(𝑣𝜖+1)

(𝑣𝑏−2)(𝑣𝑏−1)
𝐼𝑥(𝑣𝜖 + 2, 𝑣𝑏 − 2) −

2𝑧
𝑣𝜖

𝑣𝑏−1
𝐼𝑥(𝑣𝜖 + 1, 𝑣𝑏 − 1) − 1 + 2𝑁 (

𝑣𝜖

(𝑣𝜋−1 )
𝐼𝑥(𝑣𝜖 + 1, 𝑣𝜋 − 1 )))]}                𝑖𝑓 𝝅

∗ ≠ 𝟎 

   𝐼, 𝐾 > 1    (𝑎 = 1, … , 𝐼; 𝑏 = 1,… , 𝐽; 𝑐 = 1,… ,𝐾)    

Theorem 11: Let 𝜃2,𝑧;𝑎𝑏𝑐  be the corresponding type 2 estimator of  𝜃𝑎𝑏𝑐  (𝑎 = 1,… , 𝑛; 𝑗 = 1, . . , 𝑞; 𝑘 =

1, . . , 𝑝) and z > 0. Then, under the one-way repeated measurement random model, we have that, 

𝐶𝐸[( 𝜃2,𝑧;𝑎𝑏𝑐 − 𝜃𝑎𝑏𝑐)( 𝜃2;𝑎′𝑏′𝑐′ − 𝜃𝑎′𝑏′𝑐′)] =
(𝐾+𝐼−1)

𝐼𝐾
𝜎𝜖
2 + 𝜋𝑎(𝑏)

∗ 𝜋𝑎′(𝑏′)
∗ 𝐸 [𝑧2

𝑣𝜖(𝑣𝜖+1)

(𝑣𝑏−2)(𝑣𝑏−1)
𝐼𝑥(𝑣𝜖 + 2, 𝑣𝑏 −

2) − 2𝑧
𝑣𝜖

𝑣𝑏−1
𝐼𝑥(𝑣𝜖 + 1, 𝑣𝑏 − 1) − 1 +

2𝜎𝜖
2

𝐾
(𝝅∗𝑇𝝅∗)−1𝑁(

𝑣𝜖

(𝑣𝜋−1 )
𝐼𝑥(𝑣𝜖 + 1, 𝑣𝜋 − 1 ))]            𝑖𝑓  𝝅

∗ ≠ 𝟎  

=
(𝐾+𝐼−1)

𝐼𝐾
𝜎𝜖
2 + 𝜋𝑎(𝑏)

∗ 𝜋𝑎′(𝑏′)
∗ 𝐸 [𝑧2

𝑣𝜖(𝑣𝜖+1)

(𝑣𝑏−2)(𝑣𝑏−1)
𝐼𝑥(𝑣𝜖 + 2, 𝑣𝑏 − 2) − 2𝑧

𝑣𝜖

𝑣𝑏−1
𝐼𝑥(𝑣𝜖 + 1, 𝑣𝑏 − 1) − 1]           

          𝑖𝑓  𝝅∗ = 𝟎 
𝐼, 𝐾 > 1    (𝑎 = 1, … , 𝐼; 𝑏 = 1, … , 𝐽; 𝑐 = 1,… ,𝐾)                       (62) 
Proof: Since  

𝐶𝐸[( 𝜃3;𝑎𝑏𝑐 − 𝜃𝑎𝑏𝑐)( 𝜃3;𝑎′𝑏′𝑐′ − 𝜃𝑎′𝑏′𝑐′)] =
(𝐾+𝐼−1)

𝐼𝐾
𝜎𝜖
2 + 𝜋𝑎(𝑏)

∗ 𝜋𝑎′(𝑏′)
∗ 𝐸 [𝑔3 (

𝑠𝑏

1−𝑠𝑏
) +

2𝜎𝜖
2

𝐾
(𝝅∗𝑇𝝅∗)−1𝑁𝑓3 (

𝑠𝜋

1−𝑠𝜋
)]  

                (𝑎 > 𝑎′ = 1,… , 𝐼;  𝑏 > 𝑏′ = 1, . . , 𝐽);  𝑐 > 𝑐′ = 1, . . , 𝐾)     
 let 𝑓3(𝑥) = min{𝑧𝑥, 1}  , 𝑥 > 0, we have 

𝐶𝐸[( 𝜃2,𝑧;𝑎𝑏𝑐 − 𝜃𝑎𝑏𝑐)( 𝜃2;𝑎′𝑏′𝑐′ − 𝜃𝑎′𝑏′𝑐′)] =
(𝐾+𝐼−1)

𝐼𝐾
𝜎𝜖
2 + 𝜋𝑎(𝑏)

∗ 𝜋𝑎′(𝑏′)
∗ 𝐸 [min {

𝑠𝑏

1−𝑠𝑏
, 1} +

2𝜎𝑒
2

𝑝
(𝝅∗𝑇𝝅∗)−1𝑁min {

𝑠𝜋

1−𝑠𝜋
, 1}]  
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using result (59) and (61), we have 

𝐶𝐸[( 𝜃2,𝑧;𝑎𝑏𝑐 − 𝜃𝑎𝑏𝑐)( 𝜃2;𝑎′𝑏′𝑐′ − 𝜃𝑎′𝑏′𝑐′)] =
(𝐾+𝐼−1)

𝐼𝐾
𝜎𝜖
2 + 𝜋𝑎(𝑏)

∗ 𝜋𝑎′(𝑏′)
∗ 𝐸 [𝑧2

𝑣𝜖(𝑣𝜖+1)

(𝑣𝑏−2)(𝑣𝑏−1)
𝐼𝑥(𝑣𝜖 + 2, 𝑣𝑏 −

2) − 2𝑧
𝑣𝜖

𝑣𝑏−1
𝐼𝑥(𝑣𝜖 + 1, 𝑣𝑏 − 1) − 1 +

2𝜎𝜖
2

𝐾
(𝝅∗𝑇𝝅∗)−1𝑁(

𝑣𝜖

(𝑣𝜋−1 )
𝐼𝑥(𝑣𝜖 + 1, 𝑣𝜋 − 1 ))]            𝑖𝑓  𝝅

∗ ≠ 𝟎  

=
(𝐾+𝐼−1)

𝐼𝐾
𝜎𝜖
2 + 𝜋𝑎(𝑏)

∗ 𝜋𝑎′(𝑏′)
∗ 𝐸 [𝑧2

𝑣𝜖(𝑣𝜖+1)

(𝑣𝑏−2)(𝑣𝑏−1)
𝐼𝑥(𝑣𝜖 + 2, 𝑣𝑏 − 2) − 2𝑧

𝑣𝜖

𝑣𝑏−1
𝐼𝑥(𝑣𝜖 + 1, 𝑣𝑏 − 1) − 1]      

               𝑖𝑓  𝝅∗ = 𝟎 
𝐼, 𝐾 > 1    (𝑎 = 1, … , 𝐼; 𝑏 = 1, … , 𝐽; 𝑐 = 1,… ,𝐾)     
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