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ABSTRACT
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1. Introduction

Repeated measurements is a terminology used
to describe data in which the response variable
for each experimental units is observed on
multiple times and possible under different
experimental conditions. Repeated
measurements analysis is used in several areas,
for instance, in the health and life science,
epidemiology, biomedical, agricultural,
industrial, psychological, educational
researches and so on,[13].

Many studies have explored the repeated
measurement model, for example: Vonesh and
Chinchilli (1997) discussed the univariate
repeated measurements model , analysis of
variance model,[13]. Al-Mouel and Wang in
(2004) presented the sphericity test for the
one-way multivariate repeated measurements
analysis of variance model,[8]. Al-Mouel and
Batto (2010) studied analysis of nested
repeated measures model with applications,[3].
Naji and et al. (2011) studied analysis of
variance and covariance repeated

measurements model,[11] . Al-Mouel and Faker
(2012) studied time-independent covariates in
two-way multivariate repeated measurements
model,[4]. Mohaisen and Swadi (2014)
discussed a note on bayesian one-way repeated
measurements model,[12]. Al-Mouel and Al-
shmailawi (2016) studied a note of estimation
of variance components by maximization,[7].
AL-Mouel, Mohaisen and Khawla (2017)
studied bayesian one- way repeated
measurements model based on bayes quadratic
unbiased estimator,[6]. AL-Mouel and Al-Isawi
(2018) computed the quadratic unbiased
estimator, which has minimum variance (best
quadratic unbiased estimate),[1]. Al-Isawi and
Al-Mouel (2019) investigate the estimator of
variance components of one-way repeated
measurements model (RMM),[2]. This paper
studies the conditional biases and mean
squared errors of the one-way repeated
measurements model for two types 1 and 2
estimators.
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2.Setting Up The Model

The repeated measurement model can be

summarized as following:

habc =0 + Ab + T[a(b)"' BC + (AB)bc"' €abc

(1)

where

a=1,..,I1 "is an index for experimental unit

within group (b)",

b=1,..,]"is an index for levels of the

between-units factor (Group)",

c=1,..,K "is an index for levels of the within-

units factor (Time)",

h,pe @ "is the response measurement at time (c)

for unit (a) within group (b)",

set of conditions:

Z{9=1 Ap =0; Z§=1
K (AB)p. =0 foreachb=1,..,].

and let, the €45, and 74(;yare independent with

0 : "is the overall mean",

A, : "is the added effect for treatment group
(b)",

Tapy: 1S the random effect for due to
experimental unit (a) within treatment group
(b)",

B, : "is the added effect for time (c)",

(AB)p. : "is the added effect for the group
(b) X time (c) interaction"”,

€gpc: is the random error on time (c) for unit
(a) within group (b)".

For the parameterization to be of full rank, we
imposed the following

B.=0; X_,(AB),. =0 foreachc=1,.,K;

€apc i-1.d ~N(0,02) and mypy i.i.d ~N(0,0%) (2)
Let
Oapc = 0 +Ap + Tammyt B + (AB) ¢ (3)
represent the mean of time (c) for unit (a) within group (b).
and, let
H = €66 + X} 1 £pAp + Xom1 Xy Lalh Taqw) + Xéer £eBe +
Tho1 Lt £le(AB) e (4)
an arbitrary linear combination of parameters 0, Ay .., Ay Ty 0Ty, B, By,

(AB)11, .., (AB) .

the best linear unbiased estimators (BLUE's) of the estimable parameters 9 Ay, Taepy Be, (AB)pcand

Babc are 9 = h Ab = hb h, T[a(b) = (1
hy —h.and Oy = (1 — 1) (e, — hp.) + Rpe

T') (hab

h,), B,=h_. (AB) =h,. +h_

where (r) is the rate of expected mean squares, note that 0 < r < 1 is known iff 62 /02 is known, [5].
by using maximum likelihood estimators and related estimators and Jeffreys' noninformative prior
and proper bayes estimators, we have five groups as follows: [9] and [10]

Type 1: This type consists of estimators as follows:

6,=h_,
1, a(p) —(1—7”)(hab Vb
Alb_Alzb_hb_h
Blc_Blz c_h h
(4B),,,, = (4B), ) =

Hlabc_glzabc_h +

hpe+h. —hp —he
A,

91,2; abc = h.bc + nl,z;a(b)'
and

H, = £,0 + Z{,=1 Oy(hp —h ) +32h, Z{):
+Zlc<=1 1?c(}_l..c - i_l) + Z{a:l

with

Ot [

p T 7’7:-1,2; a(b) + El.Z;C + (A/E)l,z;bc'

— ) (hap, = V)]
é{:l fbfc(rl.bc + F’- - E.b. - E..c),
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fy=t,= z%

where (a=1,...,I; b=1,...,]; c =1,..,K) and z is an arbitrary positive constant. [9] and [10]
Type 2: This type consists of estlmators as follows:

s =h_
2 ay = (1 =) (hap, — V),
Agp=Agz;p=hp —
BZ c BZZ c h _ _ _ _
(AB)2 e = (AB)ZZ pe = Rpcth. —hy —h,

92 abc — 922 abc = h .t AZZ b + 7T22 a(b) + BZz c + (AE)Z,z;bc’

D)

-

h.,
—h_,

)

92,2; abc — h.bc + 7T2,Z;a(b)'
and

H, = 309"‘2{,:1%(5@—5 )+Zl 121 1trle [(1_7A')(}—Lab —}7b.)]
+Z§=1£C(E..c_ﬁ...)+z 12 1€b€ (hbc+h _hb _h )

with

A . SS

7, = ,, = min{z ==, 1},
' ssn

where(a=1,..,I; b=1,...,J; c =1,...,K) and z is an arbitrary positive constant. [9] and [10]
Type 3: This type con51sts of estimators as follows:
O;=h_

3, ap) = (1 — #)(hap. — Vb)),

Ay =4z, =hp —h,

B3c_B3z c_h h

(4B), ,. —(AB)gsz hyc+h_ —h, —h,,

93 abc — 932 abc — h .t ASZ b Tt 77:32 a(b) + B3z c T+ (A]\B)S,z;bc’

93,2; abc — h.bc + 7T3,z;a(b)'
and
Hy= 20+ 3)_ ty(hp —h)+ThoyXh_ 0t [(1 = ) (Rap. — F)]
3 0 p=1tp\/lp. a=12Zp=1tptc ab. — V.b.
+ Zé{:l {)c(h..c - h) + Z{):l g:{:l{)b{)c(h.bc + h... - h.b. - h..c),

with

7/}'3 = 7/}'3,2 = f3 (SSn; SSE))

where (a=1,..,I; b=1,..,J; c=1,...,K) and f3(x,y) is an arbitrary function of x,y > 0. [9] and
[10]

Type 4: This type consists of the following estimators:

0,=h ,

Ry ay = (1 =) (hap, — V),

A4—b_A4-z p=hp —h_,

B4— c — B4—z c — h h _ _ _ _

(AB)4,b _(AB)4,Z bc h’ h.._h.b._hc:

94 abc — 94—2 abc — h .+ "&42 p T 77:42 a(b) + B4z c Tt (AB)4z;bc’

94,2; abc — h.bc + 77:4,2; a(b)’
and
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Hy= 20 +3_ ty(hp —h)+Thoi X 0t [(1 = ) (Rap. — F)]
+ Zé(:l fc (}_lc - }_l) + Z{,=1 Zf:l fbfc(}—l.bc + }_l - E.b. - }_l..c),

with

o o SSe

tu="1y,z="f (—)
4 49 4 SSp )

where (i=1,..,n,j=1,..,q,k=1,..,q9) and f,(xq,x;,) is an arbitrary positive function of x; > 0
and x, > 0.[9] and [10]
Type 5: this type consists of estimators as follows:
é _ Lh_+L*h*
5 @+ ’ ~ ~
fis;ap) = sziaw) = 1 = Fs)(hap. —hp), (@=1,..,; b=1,...])

2 _ L(hp—h. )+L* (R}, —h%)
AS,Z;b - )

(L+L*)
B _ L(h c=h _)+L*(hi.—h’)
S,Z;C - (L+L*) )
1D L(’_lbc""—l..._’_lb _E..C)"'L*(EE +E*_E*C_E*C) * * *
AB = = be L=1IK,L = 1
(4B),, ,. ) J(L=UK L =1+ 1;+1)
~ Lh_—L*h* L(hp—h )+L*(h} —h") ~ L(h .~h )+L*(h*.—h*)
5,abc (L+L*) (L+L*) + 5,Z 5 a(b) + (L+L*) +
L(’_l.bc'”_l...—’_l.b._’_l..c)"‘L*(’_l_*bc'*"_li.—’_l_*b__’_lfc)
(L+L*)
A _ Lhp—2L*R*+L*RY,. | A
65; abc — (L+L") + 7TS,Z;a(b)
and

HS = 309\5; abc + Z{,=1 1?bAS,Z; b + Zé:l Z{):l {)a{)b 65,z;a(b) + Zi‘(:l €CYS,Z; c + Z{):l Zf:l gbgc(‘[y)s,z; bc
where (a=1,..,I; b=1,...,J; c=1,..,K) and 75 depends (nontrivially) on G as well as SS, and
SS;-We will discussed types 1, 2.[9] and [10]

Let x = (x11, %12, ...,x](,_l))T be a normally distributed random matrix with mean 6 =

T
(611,012, ..., 6;4—1))" and variance covariance matrix I. Then x"x~x*(J(I — 1), ¢), with ¢ = /12_/1

Define N be a Poisson random variable with parameter € > 0 (if e =0 — N = 0), let v represent a
random variable whose joint distribution, with N, which is conditional distribution of v given
N~x2(J(I — 1) + 2N). Then, the p.d.f of the marginal distribution of v is:

—£.¢
9(x) = Eg-0=5—2* () U = 1) + 2¢) (5)
where y2(.; v) denote the p.d.f. of a central chi-square distribution with v degree of freedom.

Let f(.) be a measurable positive function such that:
1- Ellxaplf(x"2)] < oo

2- Ellxgpxpclf(x™x)] <. (a=1,...,I-1;b=1,..,J;c=1,..,K)

let g(N) = E[f(v)IN] - (6)
_E e\ JU-1
o e 2(3
E[f(xTx)] =E 21(1—1)=0 ﬁf(21+](1—1))(x)
Elf(x"0)] = E[E[f»)IN]] = E[g(\)] (7)

In particular,

1 1
E|ll = Elomass) (8)

1 1
E [(xTx)Z] =E [(2N+](I—1)—2)(2N+](1—1)—4)] (9)
an important recursive property of the Poisson distribution is
E[Ng(N)] = eE[g(N + 1)] (10)
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Take the model to be the repeated measurements model.

— — — 2
Leth = (hyy, ..., h,]_)T and @ = (0y;4, - 9111<) Then conditional at 7, h~N (9 - ) Define 1 to be
an I] X 1 vector of 1's, and take

c=1-—171 (11)
Where C is a symmetric idempotent matrix of rank /(I — 1) and that
— — 2 — —

SSx = K X=1 Z=y (hap. — hp.)” = KR (Ch) (12)
let P be an orthogonal I] X I] matrix such that

T [ o
PT(CP) = [o ol (13)
define
X = (xll, ...,XI])T = \2___I:PT’_1 (14‘)
and
A=Ay, - /1,,) —PTe (15)

note that, condltlonal at 1, x~N(A,I). We also have that
BT — KT ,T(pT)-1 % -1 -1 _ pT

$Sx = KRT(Ch) = K 2= xT(PT)"1 % (CP~1x), P~1 = P
= 06 xTPT (CPx)

= o} a=12b=1 ab (16)
define
611 cee 81]
. O¢
Y = == (CP) (17)
811 e EI]
note thate;; = 0 fora = 1, ..., 1, this mean that the last column of Y is null. We have that
— o ~
Ch = \/—?(C‘Px) =Yx (18)
and hence,
hg, —h, = abth components of Ch = Z](I 2 EabcXec
(a=1,...b=1,..,)) (19)
we have that
T 2 2
T — (Ze e _ Gé TV, — %
YY' = (m (CP)) (\/? (CP)) = (cpPh)c = o P (20)

we implying that
2
Z](I 2 02, = 2 62, =%€ (ab th diagonal element of C)

_ 06(1 1) _ A4 —
=% 2 (@=1.,1-L5b=1,.,)) (21)
and,
_ Oe VK pbTg _ Ty —
YA =2(CP)"P"6 = CPP"6 = C9, (22)
so that
Zf:] 1€apcAc = ab th element of CO = my,y — 7T (p) = Ty
(@a=1,...1-1;b=1,..,)). (23)
Recall that m* = (ni‘(b), Z(b))r (b=1,..,)). Using result (13), we have
YUV 32 = ATPT(CPA) = X pOTPT (CP\/—PTO) X PoTPTCPPTO
= L uTP"(PO) = G—gz ST = n*Tn* (24)

From (24) we implies that
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707 =S LR (25)

Take N to be a random variable whose distribution is Poisson with parameter ¢. If N = 0 which
implies that ¢ = 0. And also € = 0 iff ®* = 0. Let t;, t,, t3, t, and t5; be a random variables such that,
conditonal on N,  t;~x*(J(pK - DI - 1)), to~x2(JU —1) + 2N), ta~x>(JU + 1) +
2N), ty~x*(JU — 1)) and ts~x%(J(I — 1)) with t, is distributed independently of t,,ts, t, and ts.

Define  s;,sp,s;ands; to be random variables such that, conditional on N,
sq~beta(v., v;), sp~beta(v,,v,),s.~beta(v,, v;) and s;~beta(v,,v;) with v, = M,UH =

2
J(I-1)+2N J(I+1)+2N J(I+1) JI-1)
—'b_—'c=— dvg = :

2 2
Notice: the symbol CE|.] refer to the conditional expectations, TCMSE[.] refer to total conditional
mean square error and TCB]. ] denote the total conditional bias.
Theorem 1: Under the model (1), we have that,

E =

(L { CREQU -1 +2M) 70U - D +2N-2)71 + } ifn % 0
ck [Genhio)]” = VK |ams (e EING U = 1)+ 2N)72G 0 = 1) + 2N = 271

| &U0-1D-2) ifm' =0

(I>1a=1,..,.; b=1,.,)) (26)

Corollary 1: Let 75 = f3 (%) for some positive function f5, and 93;abc be the corresponding type 3

estimator of 6,,. (a =1,..,I; b=1,..,];c = 1,...,K). Then, under the model (1), we have that,
CMSE[(63 sabc) Habc)] =

|CE |(Bape — Bane)”| = 2 (54 1)+E[(](I—1)(K 2) +2N)E | g5 Sbb)]lJr

21 4y () 7 (E [Ng3( )]+E[2Nf3( )])} ifr* # 0

I
(K+I1-1) . * __
| K{ +E[(1(1—1)(K 2)+2N)g3( )]} if T =0
(a=1,. I b c=1,...,K) (27)
Corollary 2: Let 75 = f3 ) and 0; be the correspondlng type 3 estimator of 6. Then, under the
model (1), we have that,

—~ ~ 2
TCMSE(B3,8) = Xhey Shoy B2s CE [(Bsave — Oave)’| = Sher Thoy B ZE {“‘“ D4 (1 - DK -

2) +2N)E g5 (15) (1 = 50| + 2ma) (0T <Ng3( ) (1= s + 2N (= ))}
~. TCMSE(83,0) = Jo2E{(K +1—1) + IK(J( —1)(K —2) + 2N )
i (25) @ -so] +2((os () =50+ 2aws ()] e
Corollary 3: Let 73 = f3( ) for some positive function f; such that CE[rg(hab .b.)],(a =

1,..,I; b=1,..,]) exsists. Then under the one-way repeated measurement random model, we have
that,

CE [f3 SS Y (hgp. — )] 20¢ ZTL'a(b)(ﬂ'*Tn'*) 'E [Nfg ( o Sn)] ifmr" 0
0 ifm* =0
(a =1,...; b=1,..,]) (29)

SSe

Lemma 1: Let#; = f3( ) under the model (1), if CE [f3 Gt )( hap. — hp ) (haryr. — f_l.b/.)] exists, then
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CE |2 G0 (hav. = 7 ) (Baryr. = B )| = Ty iy CE | (1 = s) 2G|
(a>a" =1,..,I; b>b"=1,..,]) (30)

Theorem 2: Let 91,2; abc be the corresponding type 1 estimator of 8,,., and z > 0. Then, under model
(1), we have

2202 . yap |y JE=DU=D |
CE[gl,z; abc — eabc] = _Tﬂa(b)(n " E N](I - 1) + Z(N - 1)] ,lle' #0
0 ifr* =0
0
(I>1a=1,.,b=1,.,5;c=1,..,K) (31)

Proof:

CE[(al,z; abc eabc)] = CE[(h pe + (1= rl)(hab —h ) eabc)]

=CE [E.bc + Flab. - h.b. Oapc — 11 (hab

= CE[(€pe + Eap. = €5) = F1(Rap. — hp )]

CE[(él,z; abc Habc)] —CE [Tl (hab ho. )]

using corollary (3),

CE [2CE2) (Rap, = R)| = o msy e ") B [NFs (22)]

and put f5(t) = zt,t > 0 (32)
we have,

220‘6 T

CE[él,z; abc — Habc] =- Ta(b) (n*Tn ) 1E[NSTL'(1 - Sn) 1]

s;(1—s,)"t= foo sp(1— s,r) 1m Spe '(1 - s,)vn 1 ds,

Ve J(K-1)(I-1) JU-1)+2N
= T2 T g oweset

CE [él,z; abc — Habc] = _Zzﬁ :l(b) (") 'E [N %]

Corollary 4: Let @LZ; abe be the corresponding type 1 Estimator of 8,,., and z > 0. Then, under the
model (1), we have

TCB[8,, — 6|n] =0 (33)

Proof:

TCB [al,z - 9] = E[ £l=1 Z{):l é{:l(él,z; abc — 0abc)|n]

= E[ 51:1 Z{7=1 é{zli_l.bc + (1 - f'l,z)(}_lab. - }_lb) - 9abc|n]

= E[ 51:1 Z{7=1 Zé{:l(ﬁ.bc + }_lab. - }_l.b. - eabc) - Ziz:l Z{le Zlc{zlfl,z(ﬁab. - }_lb)ln]

= E[ b1 Zizl Zé{fl(ébc + €ap. — €p) — La=1 Z{,zl Py f1,z(ﬂ(a)b — T p) + €ap. — E_.b.)lﬂ] = 0.
Theorem 3: Let 8, ,. 55 be the corresponding type 1 estimator of 8,,., and z > 0. Then, under the
model (1), we have

~ 2z0é *\ — J(K-1)(I-1)
CE [91,2; abc — Habc] = - ﬂ a(b) (” ) 1 (m) E[N] (34)

where v, =

Proof:

CE[(él'Z; abe Habc)] = CE[(E pe +(1— Tl)(hab f_lb) - eabc)]
= CE[Rpe + hap. — By, — Oape — 1 (Rap, — Ry

= CE[(g.bc + gab. - gb) T1 (hab - h )]

CE[(HALZ; abc — Babc ] —CE [T‘l (hab h, )]

using corollary (3),

CE [f3(sse)( i_lab. - i_l.b.)] - 2% a(b)(”*Tn )T'E [Nf3 (1 s )]
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using result (32), we have
A 2 20¢
CE [91,2; abc — Babc] = - L
1
E[Sn(l - Sn)_l] = fO Sﬂ,’(l

where p, = 26DU=D

Ty () E[Ns, (1 — s;)7]

— 57 s sy (L= sV s =
J(I-1)+2N we get

2

2
~ _ 20'3 * *T ek —1 J(K-1)(I-1)
CE[QLZ: abc — 9ab6] = 7% Ta) ) (1(1—1)+2(1v—1)) E[N]

Theorem 4: Let ’0\1,2 be the corresponding type 1 estimator of 8 and z > 0. Then, under the model (1),
we have that,
TCMSE(81,,0) = Jo2E{(K+1—1)+IKJU - 1)(K—2) +2N)

[ z2J(1-1)(K-1)[JU-1)(K-1)+2] _ 2zJ(I-1)(K—-1) ] +2 ([ z2J(I-1D)(K-1)[JU-1)(K-1)+2] _
JU-1)(K-1)+j(I-1)+2N][J(I-1)+2N-2] JU-1)(K-1)+K(I-1)+2N] JU-1)(K-1)+j(I-1)+2N][J(I-1)+2N-2]

2zJ(I-1)(K-1) Ja-1)(K-1)
[](I—l)(K—l)+](I—1)+2N]] +2 [ZZ [](1—1)+2N—2]])} (35)

Proof: using corollary (2), we have
- TCMSE(85,0) = Jo2E{(K +1—1) + IK(( - 1)(K — 2) + 2N) | g5 (=)a- 50| +

2(los (25) 0 =] +2[2n (Z)]))

we define g3( )and f5(.) as
gz(w) = z%u? — 2zu, (u > 0). (36)

E[ (1Sn)(1—sn)|N] E[ (1—sn)—2z(5”)(1—s,r) N]

= E[z? ,Zt(l — S,T) 1 —2zs,|N], we have
TCMSE(fiy, 1) = qo2E{(K + [ — 1) + IKJ(I — D(K — 2) + 2N )[2252(1 — 5,)~* — 225, |N] +
2([z%s7(1 = sp) ™" = ZZSnlN] + Z[ZZSn(l -s)7' D} (37)

E[sf(1-s,)7"] = f Z(1—sp)” 1@—1}) ze_l(l sl ds,
_ Ve(Ve+1)
T (Vetvp)(vp—1)
201 _ -17 _ JU-1)(K-1)[J(I-1)(K-1)+2]
Elsy(1—sn)7'] = [JU-1)(K-1)+J(I-1)+2N][J(I-1)+2N—-2] (38)
_ (1 1 sle™ 1 V=1 _ Ve
E[Sn] fo nﬁ(v Un ) 71' (1 Sﬂ:) dST[_ ('Ue:'Vn:)
_ J(I-1)(K-1)
Elsg] = [J(I-1)(K=1)+](I—1)+2N] (39)
and
_ 1 e—1
E[Sn(l_sn) 1]:f0 Sn(l n) 1[)’(1; ) ;TJ (1—5)17”1615
_ J(I-1)(K-1
Elsy(1—s,)71] = LD (40)

[J(I-1)+2N—2]
substituting the results (38), (39) and (40) in (37), we have
TCMSE(8,,0) = Jo2E{(K +1—1) + IKJ(U — 1)(K —2) + 2N)
z?J(I-1) (K- [J(I-1) (K=1)+2] _ 2zJ(I-1)(K-1) ]+ ([ z?J(I-1)(K-D[JU-1)(K-1)+2] _
UU-1D)(K-1D+JI-1)+2N][JI-1)+2N-2] [JU-1)(K-1)+J(I-1)+2N] JU-1D)(K-D+JI-1)+2N][J(I-1)+2N-2]

2z](I-1)(K-1) ] [ 1(1—1)(K—1))]
[JI-1)(K-1)+J(I-1)+2N] +2]2z [J(I-1)+2N-2] )}

result (46) is minimized uniformly with respect to z by

* _ J(I-3)
2= s >3, (41)

The value of z* is minimizes of MSE (51,2; abe — Oabc) uniformly. The estimator
Theorem 5: Let él,z;abc be the corresponding type 1 estimator of 6,,. (a =1
1,..,K) and z > 0. Then, under the model (1), we have that,

www.geniusjournals.org
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" o? (K +1-1)
CMSE[(el,z; abc — abc)] — f E[(](I - 1)(K - 2) + ZN)
( z2J(I-1)(K-D[JI-1) (K- 1)+2] _ 2zJ(I-1)(K-1) )]
U(I—l)(K—1)+](I—1)+2N]U(I—1)+2N—2] [](I—l)(K—1)+](I—1)+2N]

* *T %\ —1 z2J(I-1)(K-1)[JU-1)(K-1)+2] _ 2zJ(I-1)(K-1) J(I-1)(K-1)
zai(f)(n ) ([[](I—l)(K—l)+](I—1)+2N][](1—1)+2N—2] UU-1)(K-1)+J(I- 1)+2N]] + [22 = 1)+2N 2]])}

ifm#0 CMSE[(leabc'BabC)] (K+II .

+
EJU-1D(K-2)

Z2JI-D)(K-DJU-DEK-D+2]  2zJ(-1)(K-1) ek
[U(I—l)(K—1)+](I—1)][1(1—1)—2] U(I—l)(K—1)+](1—1)]]]} lf =0
(a=1,...,.b=1,..,J;c=1,..,K) (42)

Proof: Using theorem (1), we have

CMSE[(§3;abc'9abc)] = CE [(é}abc Oabc) ] = {(KH D +E [(](I -1D(K-2)+

) (- s0] + £[ons (22) =50

2N)E [93 ( s ) (1- Sn)]l + 2m gy () 7 ( [Ng3(
using results (32) and (36) we have

CMSE[ (85,000, 0apc)] = 2% e {D 4 B[ — 1D(K = 2) + 2N)E[2252 (1 — 5,)™* — 2z5,-IN]] +
2100y (T ) (ElZ252(1 = 50)71 = 225,IN] + E[225,(1 = 5)7' D} (43)

substituting results (38), (39) and (40) in (43), we have

cMSE | ((B5,ape fane) )| = = +E [(](1 ~ DK -2)+

ZN) [( z2J(I-1)(K-1)[JU-1)(K—1)+2] _ 2zJ(I-1)(K-1) ]
JU-1)(K-1)+j(I-1)+2N][J(I-1)+2N-2] JUI-1)(K-1)+J(I-1)+2N]

(K+I 1)

* *T ) —1 z?J(I-1D)(K-1D)[JU-1)(K-1)+2] _ 2zJ(I-1)(K-1) JU-D(K-1)
Zﬂa(b)(n ) ([[](1—1)(K—1)+](l—1)+2N][](1—1)+2N—2] [](l—l)(K—1)+](I—1)+2N]] [2 [J(I-1)+2N-2] )}
ifm #0

JI-1)(K=1)+J(I-1)+2N][J(I-1)+2N-2]

22)(1-1) (K~1) ]l} if =0

MSE |((Bs.ave: Oanc) )| = "f{(“,"” +E [(](1 — 1)K - 2)) (DD Ko+

J(I-1)(K-1)+J(I-1)+2N]
Theorem 6: Let él,z;abc be the corresponding type 1 estimator of 6, . (a=1,..,;b=1,..,J;c=
1,..,K) and z > 0. Under the model (1), we have that,

E[(él z;abc Habc)(élza "p'c! b’c’)] =

C
( - ( 22J(I1-1) (K- 1)[1(1 DU-D+2] 22](1-1)(K-1) )
j Ta(b) a' (b)) \Ju-n&-D+/0-DIJU-1D-2] [JU-DEK-1)+](I-1)+2N]
202 ran—1 (_JU-D(EK-1) -
| T k (Tt 11') ([](1—1)+2N—2]) lle' #0
o ifm =0
LK>1 (a=1,...b=1,../;c=1,..,K) (44)

Proof: Since
CE[(élz-abc - Habc)(él za'b'c’ T b’c’)] (KH 1) 27-’:a(b)ﬂ: ’(b’)E [93 (1 _sp )+

ZGE *T pe® 1
() Nfs (1 Sn )]
(a@a>a" =1,..., b>b" =1,..,]);c>c"=1,..,K)
using results (32) and (36). then, we have
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CE[(él,z;abc - Habc)(él,z;a'b'c' - Qa'b'c')] = T[Z(b)n-:l’(b’)E[Z Sn(l - Srr) 1 ZZSTL'IN]
2 () 25, (1 — 5,07 (45)

(a>a" =1,..., b>b" =1,..,]);c>c"=1,..,K)
substituting results (38), (39) and (50) in (45), we have

~ A z2JI-D)(K-DJI-D(K-1)+2]
CE[(el,z;abc - Habc)(el,z;a’b’c’ - b’c’)] - T[a(b)T[ ’(b’)( JI-DEK-D+/I-D|J(I-1)—2]
2z](1-1) (K1) 208 (T JU-D(K-1)
Ja-1)(K-1)+J(I-1)+2N] (Tl' ) (](1—1)+2N—2])

Lemma 2: Let 91,z;abc be the corresponding type 1 estimator of 8. (a=1,..,;b=1,..,J;c=
1,..,K) and z > 0. Under the model (1), we have that,
SSe(r 7 MFa — 5 = gt JU=1)(K-1)
CE [Z SSn (hap. = R )(Raryr. = Ry )] = 2am)a’ ") [a—D (KD 4/ (-1 +2N]
(@>a'=1,..,;b>b' =1,..,]) (46)

Proof: Since

CE [£sG22) (Ras, = o) (haryr = By )] = Wiy o CE [ (L = s G250
usmg result (32), we have

CE |f: Sse )( hap. = hp.) (Rary, — E.b’.)] = ZTq(p) g1 (pyCE[Sn]

usmg result (41), we have

55e JU-1)(K-1)
CE |z (hab —hp)(haryr. = B )] - Zﬂﬂ(b)na'(b') UU-1)(K-1)+J(I-1)+2N]

Lemma 3: Let 91,z;abc be the corresponding type 1 estimator of 6, (a=1,..,I;b=1,..,J;c=
,K) and z > 0. Under the model (1), we have that,

SSe 7 T o x JU-1D)((K-D[JU-1)(K-1)+2]
E [( ) (hab b)( h'a'b’. h.bl.):l = na(b)na’(b’) D U—DR—1+) (D) 2N -1 +2N—2]

(a>a" =1,...,I; b>b" =1,..,]) (47)
Proof: By using lemma (1),we have

SSes( T = - SSe = = = =
CE [ £ (Fan. — P Yk~ 0] = CE[(222)" (Rap. = B ) harwr. )| =
Ta oo CE (1= s G25)]
using result (32), we have

SSE N * * —_
CE [f3 G )( hap. = hp.)Chary, — h.b’.)] = Mo o' py CE[2257(1 — s7) 7]
Using result (38), we have

SSe = 1-1)(K-D[J(I-1)(K—1)+2
CE[(222) (Ra. = i) CRaryr. — )| = e D i

- 7Ta(b)ﬂa’(b)[](l 1)(K—1)+J(I-1)+2N][J(I-1)+2N—2]
(a>a' =1,..,I; b>b"=1,..,])
Lemma 4 Let él,z;abc be the corresponding type 1 estimator of 6, (a=1,..,;b=1,..,J;c=
.,K) and z > 0, under the model (1), we have that,

SSe (7 — - P JU-1)(K-1) 20¢ .
CE [ ( hap. — Oac) (Raryr, — h.b’.)] = Tam)Ta’(b" ([1(1—1)(K—1)+1(1_1)+2N]) — % Tia() (o) —

*T gk ](I 1)(K 1) . *
D)(n T[) ( U{-1)+2N- 2]) if " #0
=0 ifm=0
D=—(B.+@B),.),(a>a =1,..,;b>b =1,..,]) (48)

Proof: Using lemma (1), we have

2
CE [ e ( hap. — Habc)( harpr, — Ry, )] = 7Ta(b)7Ta’(b ) [f3 ( )] - Z%T[;(b)(n—;(b) -
e e s ()
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D=—-(B.,+AB)y)(a>a"=1,...,I; b>b" =1,..,])
using result (32), we have
Sse R 1. * *
CE [ZE( hab. = Oapc) Charyr = hy )] = Ty Tq' oy Elsn] — =5 o) (T[a(b) D)(mTm*)1E [NZ ]
D=—(B.,+AB)y)(a>a"=1,...,I; b>b" =1,..,])

Using results (39) and (40). Then, we have that
SSe (7 T T o JU-1)(K-1) 20¢ . .
CE [ZE( hab. - Habc)( ha'b'. - h’.b’.)] - ﬂa(b)ﬂa'(b’) ([](1—1)(K—1)+](I—1)+2N]) - TT[(I(IJ) (T[a(b) -

*T pex)—1 ](1_1)(1(_1) . *
D)(n Tt) (U(I—1)+2N—2]) lfn *0
=0 ifm =0

D=—-B.+UB))(a>a =1,...,; b>b' =1,..,])

The following theorem gives an expression ( in terms of incomplete beta function ratios) for the
conditional bias of a type 2 estimators of 8.

Theorem 7: Let 8, .4, be the corresponding type 2 estimator of 8y, (a=1,..,;b=1,..,J;¢c =
1,..,K) and z > 0, under the model (1), we have that,

) O'g -1 Ve
CE[(GZ,Z; abc Habc)] a(b) (Tl’ E [N <ﬁ Ix(ve+1: vrr—l) +1- Ix(ve' vn:))]
ifm #0
=0 ifm =0
LK>1 (a=1,..,b=1,...J;c=1,..,K) (49)
Proof:

CE[(§ZZ abc — Habc)] - CE[(h bc + (1 - 7"2)(hab - h ) Habc)]
= CE[hpe + hap. — hp. — Oapc — F1(hap. — hp)]

- CE[(BZ,Z; abc — Habc)] = —CE [7”2 (hab. - i_lb)]
using corollary (3),

CE |G (hav. = h)| = 25 miy (m Tm) B [N fs (2
Let f3(x) = min{zx,1} (x > 0)

)

CE [f3(sse)( hap — hb)] =CE [mm{ }(hab —h, )] a(b)(n'*Tn: )LE [len{ }]
where
E [mm{ }] E [ann] 1-1 (Ue. V)
Elisy(1— 5,)7"] = Jy 52l =)™t o= i (L = sp)" sy + 1= L(ve, )
= v:il Ix(ve+1' n—1) + 1- Ix(ve: Un) (51)

substituting (51) in (50), we have (49).
Theorem 8: Let éz,z;abc be the corresponding type 2 estimator of 6,,. (a=1,..,I;b=1,..,];c=
1,..,K) and z > 0, under the model (1), we have that,

220 (Ve+1)
Wetvp)(vr—1)

TCMSE(0,,0) = Jo2E {(K +I1-1)+IKJU-1)(K—2)+2N) < L(w.+2,v,—1)—

220 (Ve+1)
(Wetvr)(vr—1)

I(ve+1v)—( L(w.+2,v;,—1)—

(E+v) etV

)I (ve + 1,0, )>+2

42 s [ 0+ 1,v0) = 25 Lo + 1,0, ) + 4N (225 L (ers, Vron) +1 - (e, vn))}
(52)
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Proof: using corollary (2), we have
TCMSE(8,,8) = Jo2E {(K +1 - 1) + IKJU — 1)(p — 2) + 2N )E [ g (22

2([os (%) G -s0] +22vi (Z))))
Let f5(x) = min{zx,1} and g5(x) = f3°(x) = 2fs(x) , (x> 0)

TCMSE(8,,6) = JoZE {(K +1 = 1)+ IK(U = DK = 2) + 2NE [(1 = s)min {25 1} -

2(1— s,,)mm{ o }] +2 ( [(1 — Sp)min {( 2% 2)2, 1} —2(1 —s;)min {E, 1}] +
2E [2Nmin{ 2=, 1}])} (53)

Tl.'

[7'[(1_571) ]=f (1_571:)1

) (1- sn)]

Spe 1 —-s,)ntds,

) U )
- —(v;i”;(z)_l)l (v, + z,v,T -1 ) (54)
Else] = Jy sugmossn (L= s dsy === L(ve + 1,vr) (55)
and
E[(1-s0)] = [7(1 =52 o521 = s9)" s,
ﬁxﬁ(g:g: )1) (vnva 1 (Ve v +1) (56)
E [(1 — Sp)min {(12_255)2, 1} 2(1 - sn)mln{ }] E [Z St _ 225, — (1 —s,)(1 — L, (v,, vn+1)]

(57)
Substituting (54), (55) and (56), we have
[(1—s)mm{ 2%k 1} 2(1—s)mm{ 25n 1}]=M1 we+2,v,—1)—
T (1-sp)?’ T —sg’ (Ve+vr)(Vr—1) xhUe T
22(6+ )I(v€+1vn)—(+ )I(ve+1vn) (58)

substituting results (51) and (58) in (53). we have that’
TCMSE(8,,0) = Jo2E {(K +I1-1D+IKJUI-1)(p—-2)+2N) <

220 (Ve+1)
(Yetvp)(vr—1)

L(w.+2,v;,—1)—

220 (Ve+1)
ZZ(E+ )I (U€+1Un-)— I(UE+1Un)>+2mlx(ve+2,l7n—1)—
4z(E+ S k(e +1Lvp) =270 I(ve+1vn)+4N(Zv€I(ve+1, Vo) +1 =1 (v,, vn))}

Theorem 9: Let an arbltrary Z> 0 Let the function g5 (u) = z2u? — 2zu. Then

E{g3(1 sb)|N}=22%,€(v€+2 v, +1v,-1)—1
(59)

Proof: using result (36) and let f;(x) = min{zx, 1} and g;(x) = £°(x) = 2f;(x) , (x > 0), we have
. , 252 2

E {g3 (mm{li—l;b ,1}) N} =E {mm {(12 ;:)2, 1} mm{ Zzl; 1}| N}

_ 2 x Sl% Ue 1 _ vp—1 _ X _Sp Ve_l _ vp—1 _

= P , oS (1—s,)" 1ds, +1 B(vevb) Js oS (1 —s,)" tds), — 2

_z 2B(vet+2,vp—2) _ _22[3(v€+1 vp—1) _ _
= T ey L(ve + 2,v, — 2) TR I(v6+1 v,—1)—1

2 ve(vetl) B B
E{g3 (1 —sb )|N} =z (vb—z)(vb—l)l Ve + 2,0 +Lv,-1) -1
Theorem 10: Let i, ,.qp be the corresponding Type 2 estlmator of O (a=1,..,;b=1,..,];c=
1,..,K) and z > 0, under the model (1), we have that,

z
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CMSE[(B2,apcr Oanc )] = {M +E|(U - DK —2) +2N)z2 22D (y, + 2,1, —

I (vp—2)(vp-1)
_ Ve _ _ * *T %\ —1 Ve(Vet1) _ _
2) 2z vp—1 Ix(ve + 1, Vp 1) 1+ Zﬂa(b) (T’: Y4 ) (Vb D(wp-1) x(ve- + 2 Vp 2)
+1vb—1)—1+2N<(n L(v.+1,v; — 1)>)]} ifm*#0
ILLK>1 (a=1,..., Lb=1,..,J;c=1,..,K) (60)

Proof: using corollary (1)

CMSE[(92 ;abc) Habc)] = M

=D 4 E[JU - DK = 2) + 2N )g, (min {lf—’;b 1}) +
27y (T ) 71 (Ngz (min {;—’;b ) 1}) + 2Nf, (mm{ }))]}
Using result(59) and

E [mln{ |N] j (Ve+1) 1(1 S )(Vn:—l)—l ds
- Sn .B(ve vrr) o " "

_ Bx(wet1l,vp-1) Ve _
= o) = (vn_l)lx(ve +1v,—1) (61)
we have that
(K+1-1) Ve(Vet1)

_ _ 2
T E|UU = 1K —2) +2N)z* L (ve + 2,0 —

CMSE[(HZ abc»eabc)] {

Ve(Ve+1)

2D L (v, +2,v, —2) —

2) — sz:—fllx(ve +1Lv, — 1) — 14 215, (@ ) ™! <Z2

+1vb—1)—1+2N< I(ve+1vn—1)>>]} ifm #0

ILLK>1 (a =1,...b=1,..,;c=1,..,K)
Theorem 11: Let éz,z;abc be the corresponding type 2 estimator of 0,4, (a =1,..,n;j =1,..,q;k =
1,..,p) and z > 0. Then, under the one-way repeated measurement random model, we have that,

CE[( 92,z:abc - Habc)( é\Z;a’b’c’ b’c’)] (KH 2 2 + T[a(b)n '(bI)E[ M (Ve +2,vp, —

(vp—2)(vp—-1) L

Ve

2) — 2z -

2
L (e +1v, - 1) -1 +2%(1t*T1t*)‘1N< +1,v, — 1 ))l if T %0

__ (K+I-1) * * Ve(vet+l)
= TO'GZ + ﬂa(b)ﬂa’(b’)E[ m x(ve + 2, Up +1, Vp — 1) - 1]
if =
LK>1 (@a=1,..,;b=1,...;c=1,..,K) (62)
Proof: Since
A PN (K+I 1) * *
CE[( 93 sabec Habc)( 63 a'p’'c’ T b’c’)] 2 + T[a(b)na’(b’)E [93 (1il;b) +
Ty g (2]
(@a>a" =1,..., b>b"=1,..,]);c>c"=1,..,K)

let f;(x) = min{zx, 1} ,x > 0, we have

~ ~ (K+I 1) " " . s
CE[( 822.apc — eabc)( 00rper — Oarprer)] = 0 + Ty Tor(E [mln{—l_’;b,l} +
ﬁ( T g*)~
P
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using result (59) and (61), we have

_ (K+I-1) Ve(Ve+1)

CE[( 02,z;:abc — Babc)( 02;a'b'c’ - Ha’b'c')] - Ik of + ﬂ:l(b)ﬂ:l’(b’)E [ZZ mlx(ve +2,vp —
2) -2z (v, +1Lv,—1)—1+ ﬁ(n*ﬁt*)*N( (v, +1v, -1 )>l if m#0
vp—1 K (vp—1)
= (1(4;_;1)062 + nz(b)n;(b,)E [22 %Ix(ve +2,v, —2) — 2z 1]:illx(ve +1Lv,—-1)— 1]
if =0
LK>1 (a=1,...;b=1,..,J;c=1,..,K)
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