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1. Introduction
Rayleigh distribution is an interesting
distribution in the field of statistic and
operation research. It has multiple areas of
applications such as health and biology,
agriculture, and analyzing wind speed. In
(2001) Surles and padgeth [18], suggested two
parameters, Burr type X which are  expressed
as a generalization of Rayleigh distribution. It
has been observed that this particular skewed
distribution can be considered as  a quite
effectively and practically in life time data
analysis.
Again Surles and Padgett in (2004)[19]
considered the generalized Rayleigh

distribution and discussed some different 
properties. 
In (2005) Kundu and Raqab [13] discussed 
many modalities to estimate the parameters of 
Rayleigh distribution like maximum likelihood 
method, weighted least square, modified 
moment method, and moment method as well 
as they compared their interpretation using the 
Montecarlo simulation. 
In (2009)[2], Al-Naqeeb and Hamed introduced 
a suitable method to facilitate  estimation of 
the two- parameters of generalized Rayleigh 
distribution of different sample size (small, 
medium, and large). 
 Al-Qazaz in(2011)[3] reviewed method for 
estimating Rayleigh distribution with two-
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parameters using the least squares regression 
method ,Ridge Regression method and 
modified Regression method. 
In (2013)[15],  Parvin, Ali, and Hossein 
investigated  the estimation  of the probability: 
 𝑅 = 𝑝(𝑦 < 𝑥),  where x and y  are random 
variables with two parameters of generalized 
Rayleigh distribution. 
The main purpose of this research gives 
some estimation for the two parameters of 
Rayleigh distribution by employing maximum 
likelihood method by relying on Newton-
Raphson method. Therefore, one concludes the 
interval estimation of two parameters. Then 
find the fuzzy number by utilizing (�̅� + 𝑠2) and 
(�̅� − 𝑠2) to make them trapezoidal member 
ship functions. After that applying Ranking 
function algorithm. 
This research contained in section (2) the 
review of generalized Rayleigh distribution, 
section (3) gives some outlines of   the fuzzy set 
theory, section (4) display the ranking function, 
and   section (5) include some applications for 
this study. 
 
2. The generalized Rayleigh 
distribution[[13]: 

This distribution have two parameters which 
as follow 

𝑓(𝑡, λ , 𝛾) = {2𝛾λ𝑡𝑒
−𝛾𝑡2(1 − 𝑒𝛾𝑡

2
)

 λ−1
   𝑡 ≥ 0

0                            𝑜𝑡ℎ𝑒𝑟 𝑤𝑖𝑠𝑒  
 

Where 𝛾 is shape parameter, λ  is a scale 
parameter, the parameter space is 𝛺 =
{( λ, γ), λ > 0, 𝛾 > 0},  this p.d.f. is called 
generalized Rayleigh distribution [1,7]. 
The cumulative distribution function for this 
distribution is: 

𝐹(𝑡;  λ, 𝛾) = (1 − 𝑒−𝛾𝑡
2
)λ

 
, 𝑓𝑜𝑟 𝑡 ≥ 1 

Its survival function becomes as follows : 

𝑠(𝑡; λ, 𝛾) = 1 − (1 − 𝑒−𝛾𝑡
2
)
λ
;  𝑓𝑜𝑟 𝑡 ≥ 1 

Maximum likelihood estimator method 
(MLEM)[6]: 
This procedure is mainly depend upon to 
estimate the parameter λ which is appoint a 
density probability function, f (t, λ) according 
the observations 𝑡1,…,𝑡𝑛  these are independent 
sample for  this distribution. 

The maximum likelihood estimator �̂�  
corresponding to the parameter λ that 
maximize the likelihood function is given by: 
𝑙(λ) = ∏ 𝑓(ti, λ

n
i=1 )  
𝑙(λ) = 𝑓(t1, λ). 𝑓(t2λ)…𝑓(t, λ) 

The likelihood function for two –parameters 
generalized Rayleigh distribution is: 

𝑙(λ, γ, t1, t2, … , tn) =∏f(ti

n

i=1

, λ, γ)⋯⋯⋯(1) 

𝑙(λ, γ, t1, t2,…,tn)=2nλnγn∏ ti
n
i=1

e−γ∑ ti
2𝑛

𝑖=1 .∏(1 − e−γti
2
)λ−1

n

i=1

⋯⋯⋯(2) 

Appling the logarithm to the likelihood function, one obtains: 

ln𝑙 = nln 2 + 𝑛 ln λ + n ln γ +∑ln ti − γ∑t2i + (λ − 1)∑ln(

n

i=1

n

i=1

n

i=1

1 − e−γt
2
i)⋯⋯⋯(3) 

According to the unknown parameters λ and 𝛾 then the partial derivatives of the log-likelihood 
function will be formulated as: 

𝜕ln𝑙

𝜕λ
=
n

λ
+∑ln(

n

i=1

1 − e−γt
2
i)⋯⋯⋯(4) 

𝜕ln𝑙

𝜕γ
=
n

γ
−∑ti

2 + (λ − 1)∑
ti
2e−γti

2

(1 − e−γti
2
)

n

i=1

⋯⋯⋯(5) 

Replace  λ with zero in (4), then:      
𝜕ln𝑙

𝜕γ
= 0 

n

λ̂
+∑ln(

n

i=1

1 − e−γ̂t
2
i) = 0………… . . (6) 
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λ̂ =
−𝑛

∑ ln(n
i=1 1 − e−γ̂t

2
i)
= 0………… . . (7) 

Again substituting γ = 0  in (5), we get: 
𝜕ln𝑙

𝜕γ
= 0 

n

γ̂
−∑ti

2 + (λ̂ − 1)∑
ti
2e−γ̂ti

2

(1 − e−γ̂ti
2
)
= 0⋯⋯⋯(8)

n

i=1

 

γ̂ =
𝑛

∑ ti
2 + (λ̂ − 1)∑

ti
2e−γ̂ti

2

(1 − e−γ̂ti
2
)
⋯⋯⋯(9)n

i=1

 

 
Observing that the two equations (7) and (9) 
are difficult and complicated to solve, then it is 
impossible to find MLE for λ and 𝛾 directly,  
We use the numerical analysis (numerical 
procedure) to obtain and estimate λ and 𝛾 to 

maximize the like hood function, one thus 
numerical procedure is Newton-Raphson 
method, which can be written as follows: 

𝑔1(λ) =
n

λ
+∑ln(1 − e−γti

2
)⋯⋯⋯(10) 

𝑔2(λ) =
n

γ
−∑ti

2 + (λ − 1)∑
ti
2e−γti

2

(1 − e−γti
2
)

n

i=1

⋯⋯⋯(11) 

According to the unknown parameter λ,  , the partial derivative of 𝑔1(λ)  is given by: 
𝜕𝑔1(λ)

𝜕𝛾
=
−𝑛

λ2
⋯⋯⋯(12) 

𝜕𝑔1(λ)

𝜕𝛾
=∑

𝑡𝑖
2𝑒−𝛾𝑡𝑖

2

(1 − 𝑒−𝛾𝑡𝑖
2
)
⋯⋯⋯(13) 

The partial derivatives of 𝑔2(𝛾) with respect to unknown parameters λ and 𝛾 are: 

𝜕𝑔2(𝛾)

𝜕𝛾
=∑

𝑡𝑖
2𝑒−𝛾𝑡𝑖

2

(1 − 𝑒−𝛾𝑡𝑖
2
)
… (14) 

𝜕𝑔2(𝛾)

𝜕𝛾
=
−𝑛

𝛾2
+ (λ − 1)∑

(1 − e−γti
2
)(−ti

4e−γti
2
) − (ti

2e−γti
2
)(ti

2e−γti
2
)

(1 − e−γti
2
)
2

n

i=1

 

𝜕𝑔2(𝛾)

𝜕𝛾
=
−𝑛

𝛾2
− (λ − 1)∑

ti
4e−γti

2

(1 − e−γti
2
)
2⋯⋯⋯(15) 

𝐽𝑘 = [

𝜕𝑔1(λ)
𝜕λ

𝜕𝑔2(𝛾)
𝜕λ

                 

𝜕𝑔1(λ)
𝜕𝛾

𝜕𝑔2(𝛾)
𝜕𝛾

]⋯⋯⋯(16) 

The Jacobin matrix obtained in the above equation is a non- singular symmetric matrix, hence its 
inverse obtained from: 

[
λ𝑘+1
𝛾𝑘+1

] = [
λ𝑘
𝛾𝑘
] − 𝐽𝑘

−1 [
𝑔1(λ)

𝑔2(𝛾)
] ;    𝑖 = 1,2, ……… (17) 

Some procedure of iterations to express the error term, that structured according to the new values 
λ, 𝛾 and compute the  absolute value for the difference between the, it is symbol is ∈,a very small 
value. 
Then, error term is represented by: 

[
∈𝑘+1 (λ)

∈𝑘+1 (𝛾)
] = |[

λ𝑘+1
𝛾𝑘+1

] − [
λ𝑘
𝛾𝑘
]| 

Where λ𝑘 and 𝛾𝑘 are the assumed initial values. 
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3. Fuzzy set theory[4] :  
 Realistic and vital life require to create the 
Fuzzy sets which are a generalization of the   
crisp sets in ordinary set theory. 
 Fuzzy sets were introduced by Zadeh in 1965 
as a mathematical method to represented the 
fogginess in many life and physical phenomena, 
like heat, velocity, tall measure, and others[5]. 
This is the generalization of crisp sets in terms 
of membership function, the notion of Fuzzy 
set 𝐵 ̌ on the universe of discourse U is the set 
of order pair {(𝑦, 𝜇�̃�(𝑦), 𝑦 ∈ 𝑈} with member 
ship function 𝜇�̃�(𝑦) taking the value on the 
interval[0,1][14] 
Definition [17]: A Fuzzy set  �̌� is set of 
members associated with a Y class of events 
with a grade of membership function denoted 
by 𝜇�̃�(𝑦) which associates for each element  
𝑦 ∈ 𝑌 a value in the interval [0, 1].  
"Traditionally, the grade of member ship 1 is 
assigned to those object (event Y), that fully 
and completely belong to B, while 0 is assigned 
to objects (event y)that does not belong to B at 
all, Moreover, an object y belong to B  closer to 
1 be its grade of member ship 𝜇�̃�(𝑦)"[6] 

Definition [8]:" The support of a fuzzy set �̃� 

(denoted by supp(𝐵)̃ is the crisp set of all 𝑦 ∈ 𝑌 
such that𝜇�̃�(𝑦) > 0". 
Definition [8]: The greatest member ship value 
is called  the height of �̃�, i.e., ℎ𝑔𝑡(�̃�) =

sup𝑦 ∈ 𝑌 𝜇�̃�(𝑦) 
Definition [8]: �̃� is said to be normal if and only 
if there exists 𝑦 ∈ 𝑌 such that 𝜇�̃�(𝑌) = 1, other 
wise �̃�is subnormal. 
The main and interesting concept related to the 
object what are called λ- level or  λ- cut sets 
these are relate between fuzzy and ordinary 
sets, as well as they  may be used to prove 
some results for fuzzy sets which are  has been 
proved  in ordinary set theory [6]. 
Definition [18]:  Let Y be any universal set  The 
λ-level (or λ- cut) set of a fuzzy set �̃�  denoted 
by  𝐵λ,  is the crisp set of all  elements y in Y 
such that 𝜇�̃�(𝑦) ≥ λ ; i.e, 

𝐵λ={𝑦 ∈ 𝑌|𝜇�̃�(𝑦) ≥ λ, λ ∈ [0,1]}.  
Definition [24]: A fuzzy number of �̃� =
(𝑎, 𝑏, 𝑐, 𝑑) is called a  trapezoidal fuzzy number 
if its member ship function is given by[16]:  

𝜇�̃�(𝑦) =

{
 
 

 
 
𝑦 − 𝑎

𝑏 − 𝑎
1   
𝑦 − 𝑑

𝑐 − 𝑑

    
𝑎 ≤ 𝑦 ≤ 𝑏
𝑏 ≤ 𝑦 ≤ 𝑐
𝑐 ≤ 𝑦 ≤ 𝑑

  

4. Ranking function[9]: 
The method for ranking was first proposed by 
Jain (1976) [12.20]. Yager (1981) [20] propose 
of ordering fuzzy amounts in [0, 1]. Ghen and 
Ghen (2007) [5, 20] presented a method for 
ranking generalized trapezoidal fuzzy number 
generalized fuzzy number. 
Yager introduced the ranking function as a 
relatively simple computationally and 

comprehensible ranking of fuzzy number. He 
suggested a procedure to order the fuzzy sets, 
where the  ranking index 𝑅(�̃�)  is computed for 
the fuzzy numbers. 
�̃� = (𝑎, 𝑏, 𝑐)𝐿𝑅  from the extreme value of it is λ- 

cut 
𝐵λ = [𝑏λ

4 + 𝑎𝐿(𝑥), 𝑐λ2 + 𝑑𝑅(𝑥)] according to 
the following formula: 

𝑅(�̃�) =
1

2
∫ (inf𝐵λ̃ + sup �̃�λ)𝑑
1

0

λ 

We put 
1

2
 outside the integral 𝑅(�̃�), because 

1

2
 is the weight that means giving weight for inf �̃�𝜆 =

1

2
 and 

weight for sup �̃�λ =
1

2
 

𝑅(�̃�) =
1

2
∫ (λ4𝑏 + 𝑎𝐿(𝑦)
1

0

+ λ2𝑐 + 𝑑𝑅(𝑦))𝑑λ 

Suppose that  �̃� = (𝑎, 𝑏, 𝑐)𝐿𝑅  is  an L-R flat fuzzy number  

𝐿(𝑦) = 𝑀𝑎𝑥 (0,1 − 𝑦4), 𝑅(𝑦) = 𝑀𝑎𝑥(0,1 − 𝑦2), 𝑦 < 1 to find 𝑅(𝐵)̃ by applying the following formula  
𝑦 − 𝑎

𝑏 − 𝑎
= λ4     ,                      𝑦 − 𝑎 = λ4(𝑏 − 𝑎) 
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𝑦 = λ4(𝑏 − 𝑎) + 𝑎 = inf �̃�λ,                  
𝑦 − 𝑑

𝑐 − 𝑑
= λ2         

𝑦 − 𝑑 = λ2(𝑐 − 𝑑),                       𝑦 = λ2(𝑐 − 𝑑) + 𝑑 = sup �̃�λ     

𝑅(�̃�) =
1

2
(∫ λ4𝑏 + 𝑎(1 − λ4))dλ + ∫ (λ2c + d(1 − λ2)d

1

0

1

0

λ) 

𝑅(�̃�) =
1

2
∫ (λ4𝑏 + 𝑎 − 𝑎λ4 + λ2𝑐 − 𝑑λ2 + 𝑑)
1

0

𝑑λ 

𝑔(�̃�) =
1

2
[
λ5𝑏

5
+ 𝑎λ −

λ5

5
a +

λ3

3
c −

λ3

3
d + dλ]

0

1

 

𝑔(�̃�) =
1

2
[
𝑏

5
+
4𝑎

5
+
𝑐

3
+
2𝑑

3
] 

                                                        𝑔(�̃�) =
1

30
[3𝑏 + 12𝑎 + 5𝑐 + 10𝑑]……………… (18) 

 
5. Applications [10,11]: 
 The real data for breast cancer disease for 
woman has been Chosen because it is 
widespread in Iraq. Depending on the data for 
this disease from the Hospital of Radiation and 
Nuclear Medicine for period from 1/7/2021 
until 31/12/2021, the number of patient in this 
time is (104),  twenty-four patients are dead 
and eighty remained alive, this means that the 
complete  data  for the  dead patients became :  

T= [5, 7, 9 ,11,15,19, 22,26,30, 35 
,39,42,44,50,35,58,60,63, 65, 66,71 ,73, 78, 79] 
Maximum likelihood estimator method 
The estimate values of two parameters of 
Rayleigh distribution when use the (mathlap) 
program by employing the equation (17) are 
given by:   

λ̂ = 0.06134              𝛾 = 0.003517 
The estimated confidence interval obtained by 
applying the following formula as follows: 

[λ̂ − 𝑡(𝑛−1.1−𝛼)√𝑣𝑎𝑟(λ̂), λ̂ + 𝑡(𝑛−1.1−𝛼)√𝑣𝑎𝑟(λ̂)] = [λ̂1,λ̂1],     [𝛾 − 𝑡(𝑛−1.1−𝛼)√𝑣𝑎𝑟(𝛾)̂, 𝛾 + 𝑡√𝑣𝑎𝑟(𝛾)̂]

= [𝛾1,�̂�2,]     

Then the Interval estimation for real data of a parameter λ̂   is given by: 

𝑣𝑎𝑟(λ̂) = 0.000045              , √𝑣𝑎𝑟(λ̂) = 0.00671 

𝑡(𝑛 − 1,1 − 𝛼) = 𝑡(23,0.95) = 1.714          ,        [λ̂1,λ̂1] = [0.04984,0.07284]                  

As well as, the Interval estimation for real data of a parameter 𝛾 becomes: 

𝑣𝑎𝑟(𝛾) = 0.00000057988     ,       √𝑣𝑎𝑟(𝛾) = 0.0007615,    𝑡(𝑛 − 1,1 − 𝛼) = 𝑡(23,0.95) = 1.714 

           [𝛾1,𝛾2,] = [0.00221178,0.004822] 

After that fuzzing the confidence interval estimation by utilizing the trapezoidal membership function 
as follows:         

λ̂ = [λ̂ − 𝑡(𝑛−1.1−𝛼)√𝑣𝑎𝑟(λ̂), �̅� − 𝑠
2 ,̂ �̅� + 𝑠2 ,̂ λ̂ + 𝑡(𝑛−1.1−𝛼)√𝑣𝑎𝑟(λ̂)] 

 

𝛾 = [𝛾 − 𝑡(𝑛−1.1−𝛼)√𝑣𝑎𝑟(�̂�), �̅� − 𝑠2 ,̂ �̅� + 𝑠2 ,̂ 𝛾 + 𝑡(𝑛−1.1−𝛼)√𝑣𝑎𝑟(𝛾)]  

�̂� =
𝑙𝑜𝑤𝑒𝑟 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙 𝑙𝑖𝑚𝑖𝑡 + 𝑢𝑝𝑝𝑒𝑟 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙 𝑙𝑖𝑚𝑖𝑡

2
 

𝑠2 ,̂ =
(𝑙𝑜𝑤𝑒𝑟 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙 𝑙𝑖𝑚𝑖𝑡 + �̂�)2 + (𝑢𝑝𝑝𝑒𝑟 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙 𝑙𝑖𝑚𝑖𝑡 + �̂�)2

2
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Then the fuzzy numbers of two parameters of 
Rayleigh distribution, when applying 
trapezoidal membership function becomes: 
λ̃ = [0.04984, 0.0612072, 0.0614722, 0.07284]

= [𝑎, 𝑐, 𝑑, 𝑏] 
�̃�
= [0.00221178, 0.0035151866, 0.00351859, 0.004822]
= [𝑎, 𝑐, 𝑑, 𝑏] 
Employing the ranking function from the 
equation (18) to find the crisp numbers 
(optimization number)  

𝑅(�̃�)𝑓𝑜𝑟 λ̃ = 0.0579,                 𝑅(�̃�)𝑓𝑜𝑟 �̃�

= 0.0031255 
Finally applying the failure time of real data for 

the ranking function of λ̂ and ranking function 
of 𝛾 to find the probability density function f 
(t), as well as the survival function s (t) and 
tableting from the following table: 

 
Table (1) represents the f (t) and s (t) 

T f(t) S(t) 
5 0.0191681981 0..1391637376 
7 0.01367248396 0.1068647302 
9 0.0103674969 0.08305933672 
11 0.008101264819 0.06471509445 
15 0.005114701749 0.03878274954 
19 0.003216018722 0.02238132079 
22 0.002217649833 0.01430525632 
26 0.00128447734 0.00742668411 
30 0.0006909218681 0.003577873088 
35 0.000281117776 0.001271645824 
39 0.0001226444261 0.0005010276171 
42 0.0000615317377 0.000233923306 
44 0.00003759617362 0.0001365396895 
50 0.000007316357961 0.00002340414316 
53 0.00000295165551 0.000008908586967 
58 0.0000005699226798 0.00000157192888 
60 0.0000002819616049 0.000000751772725 
63 0.00000009343286913 0.000000237251404 
65 0.00000004330922318 0.000000106590169 
66 0.00000002920068034 0.000000070778155 
71 0.000000003692296517 0.00000000831933 
73 0.000000001543240013 0.0000000033819 
78 0.0000000001557319446 0.00000000031939 
79 0.00000000009656069256 0.00000000019553 

 
6. Conclusions  
1. From table (1) showing that the f (t) are 
increasing with failure time (t) after reaching 
the mode which is (t=44) then starting to be 
decreasing with the failure time.  
2. showing the s (t) are decreasing with failure 
time.  
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