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1. Introduction 
The Riccati differential equation was named by 
an italian nobleman count Jacopo Francesco 
Riccati (1676-1754), it represents an ordinary 
first order nonlinear differential equation and 

this equation plays an important role in the 
different fields of mathematics and physics, for 
example the motion of a particle under the 
influence of a power law central potential. And 
in classical mechanics the application is given by 

𝑑𝑦

𝑑𝑥
= 𝑎(𝑥)𝑦2 + 𝑏(𝑥)𝑦 + c(𝑥)                (1.1) 

where 𝑎, 𝑏, 𝑐 are arbitrary real functions of 𝑥, 
and 𝑎, 𝑏, 𝑐 ∈ 𝐶∞(𝐼) which defined on an interval 
𝐼 ⊆ 𝑅. We know that if a particular solution 𝑦𝑝 of 

a Riccati differential equation (1.1) is given then 
the general solution of it will written as 

𝑦(𝑥) =
𝑒∫ 𝑏(𝑧)+2𝑎(𝑧)𝑦𝑝(𝑧)

𝑥

𝑑𝑧

𝑊 − ∫ 𝑎(𝑧)
𝑥

𝑒∫ 𝑏(∅)+2𝑎(∅)𝑦𝑝(∅)
𝑧

𝑑∅𝑑𝑧
+ 𝑦𝑝(𝑥) 

Riccati differential equation (1.1) can be 
integrated even when a particular solution is 

unknown and if its coefficients will satisfy some 
conditions. For example, if 

𝑎(𝑥) + 𝑏(𝑥) + 𝑐(𝑥) = 0 
then (1.1) has a solution as following 
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𝑦(𝑥) =
𝑊 + ∫(𝑎(𝑥) + 𝑐(𝑥))𝑒(∫(𝑎(𝑥)−𝑐(𝑥))𝑑𝑥)𝑑𝑥 − 𝑒(∫(𝑎(𝑥)−𝑐(𝑥))𝑑𝑥)

𝑊 + ∫(𝑎(𝑥) + 𝑐(𝑥))𝑒(∫(𝑎(𝑥)−𝑐(𝑥))𝑑𝑥)𝑑𝑥 + 𝑒(∫(𝑎(𝑥)−𝑐(𝑥))𝑑𝑥)
 

where 𝑊 is an arbitrary constant [1]. 

On other side the transformation 𝑦 =
𝑢′

𝑓(𝑥)𝑢
 lead us to the second order linear ordinary differential 

equation 

𝑢′′ − (
𝑓′(𝑥)

𝑓(𝑥)
+ 𝑏(𝑥)) 𝑢′ + 𝑎(𝑥)𝑐(𝑥)𝑢 = 0 

If 𝑦𝑝 is known, then the general solution containing an arbitrary constant can be obtained from 𝑦 = 𝑦𝑝 +
1

𝑣(𝑥)
. [9] where 𝑣(𝑥) is a solution of the equation 

𝑑𝑣

𝑑𝑥
= − (𝑏(𝑥) + 2𝑎(𝑥)𝑦𝑝(𝑥)) 𝑣 − 𝑓(𝑥) 

The FRDE has the form 
𝑦𝛼 = 𝑎(𝑥)𝑦2 + 𝑏(𝑥)𝑦 + c(𝑥)                 (1.2) 

where 𝑦𝛼 is the conformable fractional 
derivative CFD of order 𝛼 ∈ (0,1], we must note 
that the method can be generalized to include 
any 𝛼. Because of the difficulties to get an 
analytical solution to Riccati differential 
equation.  One should use a numerical method 
[3,4,5,6,8,10] or must use an approximation 
method. 

In this research we get an analytical solution to 
FRDE by changing it to Bernoulli differential 
equation, and easing it to second order linear 
ordinary differential equation and after 
reviewing relations between the coefficients of 
the Riccati equation containing some integral or 
differential representations, furthermore the 
existence of some arbitrary functions. 

 
2. Basic Concepts and Definitions 
In this section, we will give some basic definitions and properties of fractional calculus theory that are 
additionally used in this article. 
Definition 2.1: [7] The Riemann-Liouville fractional integral operator of order 𝛼 > 0, of a function 𝑓 ∈
𝐶𝜇, 𝜇 ≥ −1, defined as 

𝐷𝑡
𝛼𝑓(𝑡) =

1

Γ(𝑛 − 𝛼)

𝑑

𝑑𝑡
∫

𝑓(𝑥)

(𝑡 − 𝑥)𝛼−𝑛+1

𝑡

𝑎

𝑑𝑥, (𝑛 − 1) ≤ 𝛼 < 𝑛 

Where 𝛼 is a real number and 𝑛 is integer. 
Definition 2.2: [7] The fractional derivative of 𝑓(𝑡) in the sense of Caputo defined by 

𝐷𝑡
𝛼𝑓(𝑡) =

1

Γ(𝑛 − 𝛼)
∫

𝑓𝑛(𝑥)

(𝑡 − 𝑥)𝛼+1−𝑛

𝑡

𝑎

𝑑𝑥, (𝑛 − 1) ≤ 𝛼 < 𝑛 

𝛼 is a real number and 𝑛 is integer. 
In [5] Khalil and others presented a new definition of fractional derivative of order 𝛼 ∈ (0,1] which is 
more reality and effective than prior definitions. Also, they generalized the definition for any 𝛼. 
Moreover, the case 𝛼 ∈ (0,1] is the most important case, and the other possibilities become easy when 
it is approved.  
Definition 2.3: [5] Let 𝑓: [0, ∞) → R be a function then the CFD of 𝑓 of order 𝛼 ∈ (0,1] is defined by 

𝑇𝛼(𝑓)(𝑡) = lim
𝜀→0

𝑓(𝑡 + 𝜀𝑡1−𝛼) − 𝑓(𝑡)

𝜀
, ∀ 𝑡 > 0, 𝛼 ∈ (0.1] 

If 𝑓 is 𝛼 − 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑏𝑙𝑒 in some regions of interval (0, 𝛼), 𝛼 > 0 and lim
𝑡→0+

𝑓𝛼(𝑡) exists, then we define 

𝑓𝛼(0) = lim
𝑡→0+

𝑓𝛼(𝑡) for all 𝑡 > 0, 𝛼 ∈ (0,1). 

The definition of conformable deals with many  
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The conformable definition treats many inadequacies of previous definitions like the derivative of the 
constant equals to zero, the product and fractional derivative rules are hold, also chain rule and 
antiderivative rule are satisfied. In this research, we embrace the CFD definition. 
3. Formulation Method of Solution 
Many researchers were study the Riccati equation. In this section, we compute the exact solution of 
FRDE with known particular solution. We will give some theorems which will help us in our work. 
Theorem 3.1: We called this theorem (Reduction to second order equation). Let the non-linear FRDE 
can be reduced into a second order linear ordinary differential equation as the following form: 

𝑢′′ − (
𝛼 − 1

𝑥
+ 𝑅(𝑥)) u′ + 𝑥𝛼−1𝑆(𝑥)𝑢 = 0                 (3.1) 

Then the solution of above equation results the following solution: 

𝑦 =
−𝑈′(𝑥)𝑥1−𝛼

𝑎(𝑥)𝑈(𝑥)
 

Proof: Assume 𝑣 = 𝑎(𝑥)𝑦, 𝑣𝛼 = (𝑎(𝑥)𝑦)𝛼 = 𝑎(𝑥)𝑦𝛼 + 𝑦𝑥1−𝛼𝑎′(𝑥). Where 𝑦𝛼 denotes FRDE.  

From 𝑣 = 𝑎(𝑥)𝑦 we have 𝑦 =
𝑣

𝑎
 then substituting it and do some computing steps we get 

𝑥1−𝛼𝑣′(𝑥) = 𝑣2 + 𝑏𝑣 + 𝑐𝑎 + 𝑣𝑥1−𝛼
𝑎′

𝑎
 

Collecting the similar terms to obtain 

𝑣′(𝑥) = 𝑥1−𝛼𝑣2 + (𝑥1−𝛼𝑏 +
𝑎′

𝑎
) 𝑣 + 𝑥1−𝛼𝑐𝑎                 (3.2) 

Suppose 𝑅(𝑥) = 𝑥1−𝛼𝑏 +
𝑎′

𝑎
 and 𝑆(𝑥) = 𝑥1−𝛼𝑐𝑎 we have 

𝑣′(𝑥) = 𝑥1−𝛼𝑣2 + 𝑣𝑅(𝑥) + 𝑆(𝑥) 
Let  

𝑥1−𝛼𝑣 =
−𝑢′

𝑢
                           (3.3) 

(𝛼 − 1)𝑥𝛼−2𝑣 + 𝑥𝛼−1𝑣′ =
−𝑢𝑢′′ + (𝑢′)2

𝑢2
 

⟹ (𝛼 − 1)𝑥𝛼−2𝑣 + 𝑥𝛼−1𝑣′ =
−𝑢′′

𝑢
+ 𝑣2(𝑥𝛼−1)2 

By canceling 𝑥𝛼−1 from both sides and do some arrangements we get 
𝛼 − 1

𝑥
𝑣 + 𝑥1−𝛼

𝑢′′

𝑢
= 𝑥𝛼−1𝑣2 − 𝑣′ 

From the equation (3.2) we have 
𝛼 − 1

𝑥
𝑣 + 𝑥1−𝛼

𝑢′′

𝑢
= − (𝑥𝛼−1𝑏 +

𝑎′

𝑎
) 𝑣 − 𝑥𝛼−1𝑐𝑎 

⟹
𝛼 − 1

𝑥
𝑣 + 𝑥1−𝛼

𝑢′′

𝑢
= −𝑅(𝑥)𝑣 − 𝑆(𝑥) 

By combining similar terms to obtain 

𝑥1−𝛼
𝑢′′

𝑢
+ (

𝛼 − 1

𝑥
+ 𝑅(𝑥)) 𝑣 + 𝑆(𝑥) = 0 

Dividing both sides by 𝑥1−𝛼  and substitute 𝑣 =
−𝑢′

𝑢
𝑥1−𝛼  we have 

𝑥1−𝛼
𝑢′′

𝑢
+ (

𝛼 − 1

𝑥
+ 𝑅(𝑥)) (

−𝑢′

𝑢
𝑥1−𝛼) + 𝑆(𝑥) = 0 

⟹
𝑢′′

𝑢
− (

𝛼 − 1

𝑥
+ 𝑅(𝑥))

𝑢′

𝑢
+ 𝑥1−𝛼𝑆(𝑥) = 0 

∴ 𝑢′′ − (
𝛼 − 1

𝑥
+ 𝑅(𝑥)) 𝑢′ + 𝑥1−𝛼𝑆(𝑥)𝑢 = 0 
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Finally, this will lead us to 

𝑦 =
𝑣

𝑎
=

−𝑢′𝑥1−𝛼

𝑢𝑎
 

Theorem 3.2: For non-linear FRDE the assumption 𝑣(𝑥) = 𝑦(𝑥) − 𝑦1(𝑥) will transform FRDE to an 
ordinary differential equation of first order which is called Bernoulli differential equation, where 𝑦1 is 
a known particular solution. 
Proof: we will derive the relation 𝑣(𝑥) = 𝑦(𝑥) − 𝑦1(𝑥) to an order 𝛼. So, by some arrangement it will 
becomes 

𝑦𝛼(𝑥) = 𝑣𝛼(𝑥) + 𝑦1
𝛼(𝑥)                       (3.4) 

Because 𝑦1(𝑥) is a solution for FRDE, then it must be as follows 
𝑦1

𝛼 = 𝑎(𝑥)𝑦1
2 + 𝑏(𝑥)𝑦1 + 𝑐(𝑥)        (3.5) 

Substituting (3.5) in (1.2) we get 
𝑣𝛼(𝑥) + 𝑦1

𝛼(𝑥) = 𝑎(𝑥)[𝑣 + 𝑦1]2 + 𝑏(𝑥)[𝑣 + 𝑦1] + 𝑐(𝑥)               (3.6) 
Where, 𝑦𝛼(𝑥) = 𝑣𝛼(𝑥) + 𝑦1

𝛼(𝑥) and 𝑦(𝑥) = 𝑣 + 𝑦1 
Now, (3.6) becomes 

𝑥1−𝛼𝑣′(𝑥) + 𝑎𝑦1
2 + 𝑏𝑦1 + 𝑐 = 𝑎𝑣2 + 2𝑎𝑣𝑦1 + 𝑎𝑦1

2 + 𝑏𝑣 + 𝑏𝑦1 + 𝑐 
⟹ 𝑥1−𝛼𝑣′(𝑥) = 𝑎𝑣2(𝑥) + 2𝑎𝑦1𝑣(𝑥) + 𝑏𝑣(𝑥) 

⟹ 𝑣′(𝑥) = 𝑎𝑥1−𝛼𝑣2(𝑥) + 2𝑎𝑥1−𝛼𝑦1𝑣(𝑥) + 𝑏𝑥1−𝛼𝑣(𝑥) 

⟹ 𝑣′(𝑥) + [−2𝑥1−𝛼𝑎(𝑥)𝑦1 − 𝑥1−𝛼𝑏(𝑥)]𝑣 = 𝑎𝑥1−𝛼𝑣2(𝑥)                   (3.7) 
The equation (3.7) represents the form of Bernoulli differential equation with value of 𝑛 = 2, we can 
reduce it to a first order linear differential equation by assuming 

𝑢 = 𝑣−1 
Differentiation above assumption with respect to 𝑥 to obtain 

𝑑𝑢

𝑑𝑥
= −𝑣−2

𝑑𝑣

𝑑𝑥
 

Multiply the equation (3.7) by –𝑣−2 we have 
−𝑣−2𝑣′ + [2𝑥𝛼−1𝑎𝑦1 + 𝑥𝛼−1𝑏]𝑣−2𝑣 = −𝑎𝑥𝛼−1 

⟹ 𝑣′ + [2𝑥𝛼−1𝑎𝑦1 + 𝑥𝛼−1𝑏]𝑣 = 𝑎𝑥𝛼−1                         (3.8) 
Finally, the solution of the equation is given by 

𝑣 =
∫ 𝜇(𝑥)𝑞(𝑥). 𝑑𝑥 + 𝑐(𝑥)

𝜇(𝑥)
                                   (3.9) 

Where 𝜇(𝑥) is an integrating factor and written by 𝜇(𝑥) = 𝑒(∫[2𝑥𝛼−1𝑎𝑦1+𝑥𝛼−1𝑏]𝑑𝑥). 

Theorem 3.3: suppose 𝑦1 be a solution of the equation (1.2), and let 𝑧 =  
1

𝑦−𝑦1
, then the solution of the 

FRDE is 

𝑧 = 𝑒−𝐼(2𝑎𝑦1+𝑏)𝐼𝛼𝑒𝐼(2𝑎𝑦1+𝑏) ((−𝑎(𝑥)))                           (3.10) 

Proof: let 𝑦1be a solution of the equation (1.2), and assume that 𝑧 =  
1

𝑦−𝑦1
, then 

𝑧(𝑦 − 𝑦1) = 1 ⟹ 𝑦 =
1

𝑧
+ 𝑦1                                             (3.11) 

By Applying the 𝛼-derivative definition to both sides of the equation (3.11) we get 

𝑇𝛼𝑦 = 𝑇𝛼 (
1

𝑧
) + 𝑇𝛼𝑦1 ⟹ 𝑇𝛼𝑦 = −𝑧−1−𝛼𝑧` + 𝑇𝛼𝑦1 

Substituting above equation into the original FRDE we get  

−𝑧−1−𝛼𝑧′ + 𝑇𝛼𝑦1 = 𝑎 [
1

𝑧
+ 𝑦1]

2

+ 𝑏 [
1

𝑧
+ 𝑦1] + 𝑐 

⟹ −𝑧−1−𝛼𝑧′ = 𝑎 [
1

𝑧2
+

2𝑦1

𝑧
+ 𝑦1

2] + 𝑏 [
1

𝑧
+ 𝑦1] + 𝑐 −  𝑇𝛼𝑦1 

The solution 𝑦1satisfies the FRDE, so  
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−𝑧−1−𝛼𝑧′ =
𝑎

𝑧2
+

2𝑦1𝑎

𝑧
+ 𝑎𝑦1

2 +
𝑏

𝑧
+ 𝑏𝑦1 + 𝑐 − 𝑎𝑦2 − 𝑏𝑦1 − 𝑐 

Combining similar terms and divide both sides by−𝑧−1−𝛼 
𝑧′ = −(2𝑎𝑦1 + 𝑏)𝑧𝛼 − 𝑎𝑧𝛼−1 

Then  
𝑧′ + (2𝑎𝑦1 + 𝑏)𝑧𝛼 = −𝑎𝑧𝛼−1                           (3.12) 

Multiplying both sides of an equation (3.12) by 𝑧1−𝛼 we obtain 
𝑧1−𝛼𝑧′ + (2𝑎𝑦1 + 𝑏)𝑧 = −𝑎 

𝑧𝛼 + (2𝑎𝑦1 + 𝑏)𝑧 = −𝑎                               (3.13) 
which is Abel’s formula. 
Hence, the solution is 

𝑧 = 𝑒−𝐼(2𝑎𝑦1+𝑏)𝐼𝛼 (𝑒𝐼(2𝑎𝑦1+𝑏)(−𝑎(𝑥)))              (3.14) 

FRDE maybe considered a quadratic equation in 𝑦 and write it by 
𝑎(𝑥)𝑦2 + 𝑏(𝑥)𝑦 + 𝑐(𝑥) − 𝑦𝛼 = 0 

Then, the particular solution of the equation is written by the form 

𝑦𝑝(𝑥) =
−𝑏(𝑥) ± √𝑏2(𝑥) − 4𝑎(𝑥)𝑐(𝑥) + 4𝑎(𝑥)𝑦𝛼

2𝑎(𝑥)
 

And the analytical solution of Ricatti differential equation will satisfying some conditions were given by 
[2]. The following theorem explain the analytical solution of RDE satisfies an integral condition with 
arbitrary function. 
Theorem 3.4: Suppose that the coefficients 𝑎(𝑥), 𝑏(𝑥), 𝑐(𝑥) of FRDE (1.2), if 𝑐(𝑥) satisfies the following 
integral condition 

𝑐(𝑥) =
𝑓1(𝑥) − {𝑏(𝑥) + 𝑎(𝑥) [∫

𝑓1(𝜙) − 𝑏2(𝜙)
2𝑎(𝜙)

𝑥

 
− 𝑎1]}

2

4𝑎
             (3.15) 

where 𝑎1 is an integration constant. And 𝑓1 is the new generating function satisfying the differential 
condition: 

𝑏2(𝑥) + 4𝑎(𝑥)𝑥1−𝛼
𝑑𝑦𝑝

𝑑𝑥
= 𝑓1(𝑥)                         (3.16) 

Then the general solution is given by: 

𝑦(𝑥) =
1

𝑒−𝐼(2𝑎𝑦1+𝑏)𝐼𝛼 (𝑒𝐼(2𝑎𝑦1+𝑏)(−𝑎(𝑥)))
+

1

2
[∫

𝑓1(𝜙) − 𝑏2(𝜙)

2𝑎(𝜙)

𝑥

 

𝑑𝜙 − 𝑎1]      (3.17) 

Proof: Let the arbitrary functions 𝑎(𝑥), 𝑏(𝑥), 𝑓1(𝑥) satisfying the condition (3.15) then the particular 
solution is written by 

𝑦𝑝±(𝑥) =
−𝑏 ± √𝑓1 − 4𝑎𝑐

2𝑎
 

                    =

−𝑏 ±
√

𝑓1 − 4𝑎
𝑓1(𝑥) − {𝑏(𝑥) + 𝑎(𝑥) [∫

𝑓1(𝜙) − 𝑏2(𝜙)
2𝑎(𝜙)

𝑥

 
− 𝑎1]}

2

4𝑎  

2𝑎
 

=

−𝑏 ± √𝑓1 − 𝑓1(𝑥) − {𝑏(𝑥) + 𝑎(𝑥) [∫
𝑓1(𝜙) − 𝑏2(𝜙)

2𝑎(𝜙)
𝑥

 
− 𝑎1]}

2

 

2𝑎
 

                 =
−𝑏 + 𝑏(𝑥) + 𝑎(𝑥) [∫

𝑓1(𝜙) − 𝑏2(𝜙)
2𝑎(𝜙)

𝑥

 
− 𝑎1]

2𝑎
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                 =  
𝑎(𝑥) [∫

𝑓1(𝜙) − 𝑏2(𝜙)
2𝑎(𝜙)

𝑥

 
− 𝑎1]

2𝑎
 

            =
1

2
[∫

𝑓1(𝜙) − 𝑏2(𝜙)

2𝑎(𝜙)

𝑥

 

− 𝑎1] 

So,  

𝑦𝑝±(𝑥) =
−𝑏 ± √𝑓1 − 4𝑎𝑐

2𝑎
=

1

2
[∫

𝑓1(𝜙) − 𝑏2(𝜙)

2𝑎(𝜙)

𝑥

 

− 𝑎1]                    (3.18) 

Hence, the general solution of FRDE is given by 

𝑦(𝑥) =
1

𝑒−𝐼(2𝑎𝑦𝑝+𝑏)𝐼𝛼 (𝑒−𝐼(2𝑎𝑦𝑝+𝑏)(−𝑎(𝑥)))
+

1

2
[∫

𝑓1(𝜙) − 𝑏2(𝜙)

2𝑎(𝜙)

𝑥

 

− 𝑎1] 

4. Illustrative Example 
Example 4.1: find the solution of FRDE 

𝑦(
1
2

) = (𝑦 − 2√𝑥)2 + 1 , 𝑦(0) = 1                  (4.1) 

Where 𝑦1(𝑥) = 2√𝑥 is a known solution for it. 

Solution: First we need to verify that 𝑦1 = 2√𝑥 is a solution to the equation (4.1) 

By changing the variables after we assume that 𝑦 = 𝑣 + 2√𝑥  and 𝑦(
1

2
) = 𝑣(

1

2
) + 1 which will lead us to 

the following equation 

𝑣(
1
2

) + 1 = (𝑣 + 2√𝑥 − 2√𝑥)2 + 1 
The above equation can be reduced to a Bernoulli differential equation for the variable 𝑣 and it will take 
the form 

𝑣′ = 𝑥−
1
2𝑣2                              (4.2) 

Assume that 
𝑢 = 𝑣−1                     (4.3) 

Differentiation (4.3) with respect to 𝑥 we have 
𝑢′ = −𝑣−2𝑣′          (4.4) 

Multiply equation (4.2) by the term −𝑣−2 to get 

−𝑣−2𝑣′ = −𝑥−
1
2𝑣−2𝑣2 

By making some arrangements we will get  

𝑢′ = −𝑥−
1
2 ⟹ 𝑢′ =

−1

√𝑥
⟹

𝑑𝑢

𝑑𝑥
=

−1

√𝑥
⟹ 𝑑𝑢 =

−1

√𝑥
𝑑𝑥 

⟹ 𝑢 = ∫
−1

√𝑥
. 𝑑𝑥 = −2√𝑥 + 𝑐 

1

𝑣
= −2√𝑥 + 𝑐         (𝑢 = 𝑣−1) 

𝑣 =
1

−2√𝑥 + 𝑐
 

Reversing the substitution 𝑦 = 𝑣 + 2√𝑥 then   

𝑦 =
1

−2√𝑥 + 𝑐
+ 2√𝑥 

Using the initial condition 𝑦(0) = 1 to find value of 𝑐 which is 𝑐 = 1 then the general solution is 

𝑦 =
3

−4√𝑥3 + 1
−

𝑥2

2
 

 
5. Conclusions 
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In this paper, we found an exact solution of 
FRDE by using the CFD which is more simple 
and more efficient than the previous 
derivatives. The new definition explains a 
natural extension of a classical derivative for 
solving FDE. So, we presented some theorems 
which lead us to find a second solution when a 
particular solution is known. 
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