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Laplace decomposition method is predicated on Laplace transform method and Adomian
decomposition method. through this paper we show that the technique is applicable to
certain successive interval valued linear in addition as nonlinear differential-difference
equations of order (1, 2), which means the differential is of order one and the difference
order is two. it's also shown that the method gives exact solution for linear problems and
suitable approximate solution for nonlinear problems. Three problems are selected to
show the applicability of the method.
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1. Introduction

In recent times, many researchers [5,6] have an
interest in solving a singularly perturbed
second order integro-differential-difference
equation with one interval condition involving
the left extremum of the boundary and another
stipulation at the correct extreme of the
boundary. The singular perturbation parameter
and therefore the delay parameter are selected
as small as possible. Such problems play a
crucial role in an exceedingly form of physical

problems like microscale heat transfer,
diffusion in polymers, control of chaotic
systems, so on (relevant references quoted in
[5]). within the present paper, we formulate a
special problem, namely, an integro-
differential-difference equation with
differential order one and a difference of order
two with only interval conditions. this could be
done by considering the subsequent integro-
differential-difference equation of order (2,2):

ey () = y'(6) — [A(®) + Hy(y(t — ), (t — w)) + Hy(y(t — 2),¥' (¢ — 20)) + f; G(y(ts —

Za)))dtl]
We may sometimes allow G to equals zero. Then

it will be a differential-difference equation of

order (2,2). Further, if we set € =0, then it

becomes differential-difference equation of
order (1,2). Since it is a first order differential-
difference equation, we avoid the boundary
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condition at the right extreme and work with
only one interval condition:

y(t) = k, t € (0,2w).

Again, only interval condition is used for
integro-differential-difference ~ equation  of
order (1,2)

In the present article, we apply the Laplace
decomposition method for such problems. The
method is motivated by the Adomian
decomposition method for solving differential
equations [3,4,8,7,9,11], Laplace transform
method for solving differential difference
equations [10], and the Laplace decomposition
method as well as Laplace decomposition with
Pade approximation for solving
integrodifferential equations [2]. It is shown in

2. Formulation and Description of The
Method

Let us consider the following integro-
differential-difference equation with

[1] that the method gives exact solutions for
linear problems and suitable approximate
solutions for nonlinear problems related to
integrodifferential difference equations with
both differential and difference of order one as
well as one interval condition. The aim of this
research is to formulate the interval-valued
problem (2.1) and describe the Laplace
decomposition method. Then we explain the
method with three different problems. Finally,
we give concluding remarks about the
suitability of the method for both linear and
nonlinear problems.

differential order one and difference of order
two:

t
U () = F(£) + Fy(u(t — ), v/ (t — w)) + F(u(t — 2w), %' (t — 2w)) + j G(y(t; — 2w))dty, t
0

> 2w (2.1)
and the following interval condition:

ut) =k, 0<t <2w (2.2)

In the above equations (2.1) and (2.2), w > 0
and k are known constants, the functions
f,Fi,F, and G are either linear or nonlinear
functions depending upon the actual problem
discussed. so as to use Laplace decomposition
First, we see that

method, further, they're selected in such the
simplest way that, they'll be approximated by
Adomian polynomial suitable for the iterative
computation of Laplace transform still as
inverse Laplace transform for u(t).

2w ’ - _ © - _ ’
J, (e Pdt = 0asaresult, we get [, u'(t)e P'dt = L{u'(t)}
Hence multiply both sides of (2.1) by e Pt and integrate between 2w and o to get

] u'(t)e Ptdt
2w

[00] [0e]

= | f(t)e Pldt + J F(u(t — w),u'(t — w))e Ptdt

2w 2w

oo o] t
+ j F,(u(t — 2w),u'(t — 2w))e Ptdt + f e‘ptj G(u(ty — 2w))dt,dt
2w 2w 0

If we apply a suitable shifting of variables to get

L{u' ()} = e 29PL{f (t + 2w)} + e “PL{F, (u(®),v'(¥))} -

e~ @pP

(1-eP)

+ e 2PL{F, (u(t),u' (1))} + e 2“PL { J t G (u(tl))dtl}
0

where 1 = F; (k,0) and see that, f;;sz(u(tl - 2w))dt1 = fotG(u(tl))dtl.

Finally, we obtain
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- —2W —2W
L{u(t)} = g _AeP Ao e (u(®),w' ()}

2 2
p p
-2wWp 2w

L{F,(u(®),u' ()} 42 L{G(u(t))} (2.3)

In this research, we look forward to the following kind of decomposition for the series solution u(t):

u(t) = z U, (t — nw)etn® (2.4)
n=0
where e! is a unit step function, given as
et=9 =, t<c
et=9 =1, t>c
By using the relation (2.4), u(t) takes the following form in each of the following intervals:
N

u(t) = z u,(t —nw), Nw <t < (N+1w,N =0,1,2, ... (2.5)
n=0
And by applying Laplace transform, we have the following Laplace decompositions:
Lu®) = ) e P L{uy(0)} (26)
n=0 o
L @O0 @D} = ) e PLU @} (27)
q:O
LU @O, (0)) = ) e PLBL0)  (28)
n=0

L{G(u(®))} = Z e MOPLIC, (1)) (2.9)

n=
In the equation (2.7), 4,,s are the n'* Adomian Polynomials [2] of F; (u(t),u’(t)) as given below:
AO(t) = Fl (x’ y) | (uO(f),ulo(f))

oF, dF, ,
A1(t) = == | o o)t () Ty | (uo(Dr'o(0) W 1(E)
aF
A2(1) = == | (uoo ) %2() + —| (o (Oaro(e)) W2 ()
1 92F, 92F
9x2 | (@, wo®) ui(t) +25—— dxdy | (uo®aro(e)) Y (DU (D)
92 F1

| (uo(t) wo® (ul(t))

and so on. In eqaution (2.8), B, 's are the nth Adomian Polynomials [2] of F,(u(t),u’(t)). Let us note
that By, By, By, ...are same as A, A4, A,, ... except for the fact that F; should be replaced by F, throughout.
In (2.9),C, 's are the n™ Adomian Polynomials [3] of G (u(t)) as given below:

Co(®) = G(uo (1))

Ci(t) = G ((uo(1)))ua (8)

l 1 iz 2
Ca(t) = G'((uo(8)))uz(t) + T ((uo())uf(t)
and so on. Applying the Laplace decompositions (2.6) — (2.9) and substitute in (2.3), we get
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o)

D e L, (6)

n=0
k Ae~®P Qe 2@p po—2wp e~ P
= o L 200+ T ) e LA, ()
p P p p s
e—pr had ~ e—pr had ~
r— Z e PL{B () +— Z e P L{C (1)) (2.10)

n=0 n=0
We may compute L{u,(t)} iteratively as follows:

k
L{ug(D)} = >
k1
L{iu,(0)} = — ol EL{AO(t)}

A1 1 1 1
L{u, (1)} = 0 + EL{f(t +2w)} + EL{A1(t)} + EL{BO(O} + FL{CO(t)}

1 1 ' 1
L{un+1(t)} = EL{An(t)} + EL{Bn—l(t)} + ?L{Cn—l(t)} yn= 2;3;4;

We can obtain the approximate or exact solutions by applying inverse Laplace transform.

3. Explanatory examples

In this section, we work on 3 illustrative examples to explain the procedure of the method.

Example 3.1: Let we have the following linear differential-difference equation with order (1,2):
2u'(t) —u(t —w) =u(lt — 2w), t > 2w (3.1

with a condition

u(t)=1,0<t<2w (3.2)
By applying the steps of the method for the equations (3.1) and (3.2), we have directly:
1 e—wp e—pr —wp e—pr
L{u(t)}=—-- L{u(t L{u(t 3.3
WO} = =S+ o+ MO+ L) (33)

Now, apply the equation (2.6) in (3.3), we have
> e Liu ()

n=0
1 e—wp e—pr e—wp e
=—— E P Ly, (t

n=0

- D e L, (0) (3.4)
n=0

By Equating the terms with coefficient of e 7**P on both sides of (3.4) we obtain L{u,(t)}.

Taking the inverse Laplace transform will result u,, (t):
up(t) = Luy(t) =0
And forn > 2 we get,

B
t

Un (t) = Z (" T 1) T 2 2 (3.5)

r=1
Now, by using the equation (3.5) we have,
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2l
n —r - 1 (t — nw) et
u(t)—1+z:zz = e T ,t>0 (3.6)
n=4 r=
Furthermore, through an equation (3. 6) we can get the exact solution of (3.1) in the interval wise:
3]
—r—1 (t —nw)"" i<
u(t) = 1+z z 1 ) gy Ve S ES (VDo

=234,...
When w — 0, the equation (3.1) becomes an ordinary first order differential equation and when we use
(3.6), the solution becomes

w@=1+3 (54 (5 )+ (2 Dy

n=2 r=

n=1
tn
=1+ ) —=et
n!
n=1
Example 3.2: Let the following nonlinear differential-difference equation
u (@) =2—u(lt—w)+au3t —2w), t > 2w (3.7)
with
u(t)=1,0<t<2w (3.8)
By applying the method on above equation, we obtain
1 e—a)p e—pr e—wp e—pr { s }
L{u(®)} =—+ + — L{u(t)} —a L{u°(t)}.
p  p? p? P

Now, we will compute Laplace decomposition series
[ee]

Lad (0} = ) e PL{A ()

n=0
where A; 's are Adomian Polynomials,

Ap(t)  =up(®)

A() = 3uf(®Ous(t)

A (1) = 3ug(®)ua(t) + 3ue()ui (D)

As(0) = 3ud(®)us(t) + 3uy(t)us (Huy(t) + ui(t) and so on.
By using the equations (2.6) and (3.10) in the equation (3.9), we have

> emerLiu, (1))

n=0 o
1 e—wp e—pr e—wp
bt - Z ePL{u, (1))
p p? p? I "
n=0
e—pr had
—a— Z e MOPLIA (8)) (3.11)
n=0

Simply, by equating the terms with coefficient of e "“? on both sides of the equation (3.11) we obtain
L{u, (t)}. By taking the inverse Laplace transform will lead us to u, (t).

For 4w < t < 5w, the approximate solution is
4

u(t) = Z U, (t — nw)

n=0
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(t — 3w)?
= 1+(1—a)(t—2w)—(1—a)T
t —4w)3 t — 4w)?
+(1 —a)(T)+ 361(1—61)% (312)
When w — 0 and a = 0, the equation (3.7) becomes an ordinary linear first order differential equation,
u'(t) =2 —u(t) (3.13)

and the exact solution for it will be given by 2 — e~*.

Applying Laplace decomposition method to the equation (3.13), we have

n—-1
un(®) = D" o

n=?2
Hence,
u(®) =1+ z w, (£)
n=2
t2 t3 t4- n-1

— — — — — — e — n
=1+t 2!+3! 4!-i- +(-1)

+ -

Example 3.3: Suppose the following integrodifferential difference equation with differential order one

and difference of order two.
t

u'()=ult—wu'(t—w)+ f sin(u(tl — Za)))dtl, t>2w (3.14)
0
with an interval condition:

u(t)=1,0<t<2w (3.15)
Following the steps of the method for the equations (3.14) — (3.15), we directly get

-w —2w
L{u(t)} = % & ¢ 7 sin@®))  (3.16)

L{u(tu'(t)} +
The next step is to evaluate the next Laplace decomposition series for L{u(t)u'(t)} and L{sin (u(t))}:

p p?
LW (0} = ) e PL{By ()}

n=0

where B; 's are Adomian Polynomials,
B, (t) = ug(®O)un (t) + uy () up_1(t) + -+ up (Hug(t), forn >0
And

o)

L{sin(u(t))} = Z e PLIC, (1)} (3.18)

n=0
where C; 's are Adomian Polynomials given below,

Co(t) = sin (up(t))
C1(t) = ug()cos (ug(t))

1
C2(t) = uz(t)cos (uo (1)) — s ui (t)sin (uo(1))

1
C3() = us(t)cos (ug(8)) — ws (Duz(B)sin (up()) =z ui (E)cos (uo(t))

and so on.
Now, by using the equations (2.6), (3.17) and (3.18) and substituting in the equation (3.16), we obtain,
oo 1 —wp oo —20p co
Y e Ly () = =+ SN LB (0} + S Y e PG (0))
n=0 p n=0 p n=0

By equally the terms with the coefficient of e~"“? on both sides of an equation (3.19) we get L{u, (t)}.
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Take inverse Laplace transform will result u,, (t). For 4w < t < 5w, the approximate solution is

u(t) = Z u, (t — nw)

n=0
(t—2w
2!

+ sin (1)cos (1) —————

=1+ sin(1)

_ 2
+sin (1) %

+ sin(1)

(t — 3w)?

2!
(t — 4w)*

4!

In this procedure, we can continue and workout higher level approximate solutions.

4. Conclusion

The above three illustrative examples clearly
demonstrate  the fact that Laplace
decomposition method transforms a
differential-difference equation or a integro-
differential-difference equation with
differential order one and difference order two
with a given interval condition into an algebraic
equation suitable for applying inverse Laplace
transformation technique. Finally, this results
into a series expression involving unit step
functions which represents the solution. It is
interesting to note that one can get exact
solution in the case of a linear problem.
However, in the case of a nonlinear problem,
one can compute iteratively approximate
solutions without any hassles. If the nonlinear
problem has a closed form solution, then after
certain stage, every iteration leads to the same
exact solution. Hence this method is suitable for
both linear and nonlinear problems.
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