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This Research studied theT *C —Conharmonic curvature tensor of almost kahler-manifold,
where this research focuses on the geometrical feature or properties of the one of the
almost kahler-manifold. We arrived at the following results:
e Demonstrated that this tensor in this manifold has the conventional Riemannian
curvature symmetry features.
e The eight non-zero components' values are determined.
e Some results have been obtained, as well as, the correlation between the eight
non-zero components of W2 manifold's tensor has been established
e Get a neutral equation for these components T*C 0, T*C1, T*C2, T*C3,T*C4, T*C5,
TC*6, T*C7, of almost kahler is haler manifold

Keywords:

T*C — Conharmonic curvature tensor , almost kahler manifold
(W2-manifold)

1. Introduction

An almost Hermitian structure is one of the
most interesting works of the differential
geometry, and The study of conformal
transformations of Riemannien structures is
an interesting subject in differential geometry.
The conhormonic curvature tensor is invariant
under the transforms ageodesic circle Ishi Y.
[7] in 1957, has studied conharmonic
transformation which is conformal
transformation. In 1993 [2], the sixteen classes
of almost Hermitian have been reclassified by
Banaru, where Barnau utilize the structure and
the Virtual for this reclassification, which
became known as Kirichenko's tensors [13]. As
for Majed is studied the Conharmonic
curvature tensor of almost Kahler manifold , in
2021, Elham Mawlood Mohammed [4] studied

"The Generalized Conharmonic Curvature
Tensor of The Locally Conformal Kahler
Manifold", as well as, in 2018, Dhabiaa [3],
investigate "on curvature tensor of nearly
kahler manifold and almost generalized
canharmonic Hermitian manifold.

In this paper, Two important classes or
categories of the almost Hermitian manifold
have been studied, which are known as the
almost Kahler manifold class of almost kahler
manifold, where W2 denoted to the almost
kahler manifold.

Preliminaries

Assume that g and § are to be the two
Riemannian metrics on smooth manifold M, so
that on M given a conformal transformation
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metric if there is a smooth function f € C*(M)
suchthatg=e%/  g.
Assume {M, ], g =<.>} is to be an
AK(Almost Khlaer)-manifold , if there
exists a conformal
transformation of the metric g into the metric
g, then { M,J , g =e? g }will be AK(Almost
Khlaer)-manifold .
In this case, we say that on smooth manifold M
given conformal transformation of AK(Almost
Khlaer )-structure on a manifold M the pair (],g
), where J-almost complex structure (J*2=id)
on M,g=<..>-( pseudo ) Riemannian metric on
M .In this case <JI,JL> =<I,L> ;[ LE[(M).

Definition 1.1 [6]
An AK(Almost Khlaer)-manifold {M,],g =<

.,.>} is said to be an almost kahler structure
(AK-structure) if the fundamental form
Q(I,L)=<LJL> is closed , i.e. d0 =0 .a smooth
manifold M with AK-structure is named an
almost kahler manifold (AK-manifold) .

Definition 1.2 [5]

The Riemannian Curvature tensor on
AH(Almost Hermition)-manifold M is a tensor
of type (4.0) which is expressed by the
following formulas:

R(LLV,U) = 116 {3[R(LV,U) +R(LJL,V,U) +R(,L]JV,JU) + R(L]JL,JV,JU)] — R(I,V,JU,JL) —
R(LJV,U,L) — R(,U,JL,JV) — R(L]JU,L V) +R(JLV,JU,L) + R(,JV,U,JL) +R(I,U,L,JV) +

R(L,]JU,JL, V)]

where R(], L, V, U) presents the Riemannian curvature tensor.

(I,L,V,U) € Tp (M) and satisfies the below features or properties:

1)R(,L,V,U) = —R(L,1,V,U) = —R(I,L, U, V)
2)R(L,L,V,U) = R(V,U,1,L)
3)R(,L,V,U) + R(1,V,U,L) + R(LU,L,V) = 0

AR JLILD =R\, JLJLT)

The components of the Riemannian Curvature tensor on AH(Almost Hermition)- manifold are given

via the next theorem.
Proposition 1.3 [8]

The components of Riemannian curvature tensor of AK-manifold in the adjoint G- structure space are:

1. Rgcd = 2Bl()lcd

2. Rgc“d = 4’Bcathbh — Apg — ZBaChBhbd

3.Ry.q = AS¢ + 2B By, — 4B By, 4.Rpsg = 2B
5. Rgcd = —2Bgcq 6. Rgéd = A% + 2B"Byqq — 4BP"B gy
7. Rgc& = 4'Bdthcah - Ag? - ZBbthhac 8. Rééa = —Bg“i
9.R}., = 4B"PBy 10. R, = —2Bg*

11. Rgc& — ZBCdab 12. Rgé& — _4B[C|ab|d]

13. Rl?cd = _4B[c|ab|d] 14'ARgéd = 2Béab

15. Ry .5 = —2BZ, 16.R,;5 = 4B"Bpgy

Definition 1.4 [10]

Ricci tensor is tensor of tybe (2,0) which is defined by : 7., = RSy = 9°*Reapa -
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Theorem 1.5 [2]

In the adjacent structure space G, the components of the Ricci tensor for the AKmanifold are given by
the following figures :

1) Tap = 4B{ap)c-

2) 145 = 4BLPC

3) Tap =—4B"* Bpgy, — A%y — 2B*""Bpep + 4B By,

4) Tap =_4Bththa - Algg - 2BbChtha + 4‘BCthach .

Remark 1.6 [3]

1)By the Banaru’ s classification of AH-manifold , the class AK-manifold verification the conditions as
it comes B#’=B5,==0,B@9= B, =0

2) The value of the Rimannian scale is given in the form g:

1) 9ap=0.

ii) gap = 0.

iii) gan= 65

iv) gap= 6611)

Definition 1.7 [12]

Assume that g and g are to be the two Riemannian metric on smooth manifold M , so thaton M given
a conformal transformation metric if there is a smooth function f € C*(M) such that § = e?/g.
Definition1 .8 [3]

Assume (M, ], g) - AK manifold, the curvature conhatmonic tensor of type C (3,1) on n- dimensional
Riemannian manifold, obtained or established via below formula:

T*(I,L,V) :R(I,L,V)—m[g(l,,‘/)l — g(I,V)L ]

Where R presents the general Riemann curvature tensor,
r is the scalar curvature.
g is Riemannian metric.
Definition 1.9
Assume (M, |, g) - AK manifold, A T*C — conhatmonic curvature tensor of type C (4,0) on n-
dimensional Riemannian manifold, n#1 obtained via below formula:

* - - —
T*CUL,LV,U) =R(,LV,U) = 50— [g(LV) gL V) — g(LV) g(L,U) |
Where R presents the general Riemann curvature tensor,

r is the scalar curvature.
g is Riemannian metric

Properties 1.10
Thus T* - conharmonic curvature tensor satisfies all the properties or features of algebraic

curvature tensor:
1) T*C (LLV,U)=-T*C (L, I, V,U);
2) T*C (LLV,U)=-T*C (LLUV);
3) T'"CULV)+ T*C(LV,LU)+T*C(V,LLU)=0;
4) T*C (LLV,U)=T*C (V,ULL);LLV,U €I(M).

Proof: :- we will demonstrate (1)

1) T*C(I,L,V,U) = R(I,L,V,U) +

r

r

D@D g1, gL, V) — g, V)g(L,U)] -
[9(L. Vg1, U) = g(L, g, V)] ==R(L,LV,U) + 3, (-9, Wg(L,V) +

r
2(n-1)(2n-1) 2(n-1)(2n-1)
9UV) + (L D] + 5o—ms [~g (L VgL U) + g (L VgL V)] = =T*C (L, 1V, ).

Properties are similarly demonstrated :
2) T*C (LLV,U) =-T*C (LLU,V);
3) T*C (LLV,U) +T*C (LV,LU) + T*C (V,JL,U) = 0.
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4) T*C (LLV,U)=-T*C (V,U,LL);

The Covarient T™ concircular Curvatare T type (3,1) have form
T"C (I,L)V =R (I,L)V—m{< I V>L-< L V> I}

Where R is the Riemannian curvature tensor U, [ L,V € I(M)
via definition of the spectrum tensor.
T*C(LL)V=T*Co(I,LY)V+T*Cy(I, L)V+T*C, (I, L)V+T*C3(I,L)V+T*Ca (I, L)V+T*Cs(I, L)V+T*Cs(I, L)V +

T*C,(I,L)V; LL, € I(M).

tensor T*C,(I,L)V as nonzero-The component have only components of the form
{T*C(‘)l bcd 'T*g bcd} = {T*Cabcd :T Cabcd}
tensor T*C; (AK)(I, L)V - components of the form {T*C{*, ;,T* Ca seat ={T7C8 .5 T Cabcd}

tensor T*C,(AK) (I, L)V - components of the form {T Cs pea T Cza sea ) = AT°C%eq T C% a0 );

tensor T*C5(I, L)V - components of the form {T 3 vear T C; bcd} {T Cea T" ct bed };

tensorT* C,(I, L)V - components of the form{ T*C{ ;_,, T* Cf pea ) =T C%,0 T C%ea )}

tensor T*Cs(I, L)V - components of the form {T*C& 5 3, T*CE ,eq} = {T"C%,2 T C%eq };

tensor T*C¢(I, L)V - components of the form {T Copear T Ca bcd} {T Ce pear T Cf bca};

tensor T*C,(AK)(1, L)V - components of the form{T cy bcd,T*Cf bcd} {T* Cabéa,T*Cdbcd}.

TensorsT*Cy = T*Cy(I, L)V, T*C; =T*C,(I,L)V,...T*C;, =T*C,(1,L)V.

The basic invariants T* —conharmonic AK-manifold will be named.

Definition 3.3

AK(Almost Kahler)-manifold for which T*C;(AK)=0 is AK(Almost Kahler)-manifold of classT* C;(AK),

i=0,1, ..., 7

Theorem 1.11

1) AH — manifold of class T* Cy(AK) characterized via identity
T*(LLY)V-T* (L) V=T (LLYV-T*(LJL)VV-T* (LLYV-T (LJL)V-  JT*(LL) V + JT* (LJLYV = 0,
LLV € I(M).

2) AH -manifold of class T* C;(AK) characterized via identity T*(LL)V+T*(IJL)]V-
T*(JLL)JV+T*(JLJLYV+JT*(LL)JV-JT*(LJL)V-JT*(JLL)V - JT* (JLJL)JV =0, LLV € I(M).

3) AH - manifold of classT* C,characterized via identity
T*(LL)V-T* (L) VAT (LLYV+T*(LJL)V-T* (LLYV~ JT*(LIL)V+T*(LL)V-IT* (LJL)JV=0, LLV €
I(M).

4) AH - manifold of class T* C3(AK) characterized via identity

T*(LLYV+T*(LJL)JV+T* (JLLYJV-T* (JLJL)V~JT* (LLYJV+T*(LJLYV+ JT*(JLLYV+JT*(JLJL)JV=0; LLV € I(M).

5) AH- manifold of class T* C,(AK) characterized via identity
T*(LL)V+T*(LJL)JV+T*(JLL)JV-T*(JLJL)V+T*(LL)JV-JT*(LJL)V-JT*(JLL)V-JT*(JLJL)JV=0; LLV €
I(M).

6) AH - manifold of class T*Cs(AK) characterized via identity
T*(LL)V-T*(LJL)JV+T*(JLL)JV+T*(JLJL)V+JT*(LL)JV+JT*(LJL)V- JT*(JLL)V+]T*(JLJL)JV=0;
LL,VEI(M).

7) AH- manifold of class T*C4(AK) characterized via identity
T*(LL)V+T*(IJL)JV-GC(AK)(JLL)JV+T*(JLJL)V+]T* (I,L)JV=JT* (LJL)V+]T* (JI,L)V+]JT* (J1JL)]V=0;
LL,VEI(M).

8) AH - manifold of classT* C;(AK) characterized via identity
T*(LLYV=T" (LJLYV-T*(JLLYV-T*(LILYV4T* (LLYVHT*(LIL)V+GC(AK)  (LL)V~JT*(JLJL)V=0;
LL,VEI(M).
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Proof:-

1) Let AH- manifold of class T*(C, (AK), the manifold of class T*Cy(AK) characterized via a condition
T*C(AK)G ,., = 0,0r T"C(AK)peq = 0.

ie. [T*C(AK)(SC, &4 )eb]aea.

As o - a projector on DF, that o o {T*C(AK)(ol,oL)aV} = 0;

i.e (id-V=T{T*CAK)(I —V=1JI,L —V=1JL)(V —V=1JV) } = 0.

Removing the brackets can be received:

I.e.

T*(I,LYV-T*(I,JL)JV-T*(JI1,L)JV-T*(J1,JL)V-T*(, L)JV-]JT*(1,JLYV-JT*(JI, L)V+]T*(JI,JL)]JV -

V=1 {T*(, LYJV+T*(I,JLYV+T*(JI, L)V - T*(JLJL)JV}-{T*(, L)YV-JT*(1,JL)JV-JT*(JI,L)]V-
JT*(JL,JL)V}=0.

e

1) T*(,LYV-T*(L,JL)JV-T*JIL, L)JV-T*(JLJL)V-JT*(I,L)JV-JT*(I,JLYV-]T*(JI,L)V+]T*(JI1.]JL)JV=0;

2) T*(I,L)JV+T (L, JLYV+T*(JI, LYV-T*(JLJL)JV+]T*, L)V-]T*(1,JL)JV-]T*(JI,L)JV - JT*(JI,JL)]V = 0.
These equalities (3.3.12) and (3.3.13) are the same. The first replacement V on JV yields the second
equality.

Therefore, AH(Almost Hermition)- manifold of class T*C,(AK) characterized via identity.

T*(I,L)V -T*(I,JL)JV -T*(JI,L)JV -T*(JL,JL)V - JT*(1,L)JV -JT*(1I,JL) V -

JT*JL LYV +]T*(J1,JL)JV =0, I,L,V € I(M).

Similarly considering AH - manifold of classes T*C;(AK)- GC,(AK) can be received the 2,3,4,5,6,7 and
8.

Theorem 1.12
The components or the elements of the T*-conharmonic tensor of AK-manifold in the adjoined G-
structure

* r
T"Cijra = Rijir + 5o anp 9 91— Gu jic |

Proof:
a) Consider 1=d, i=a, k=¢, j=bh. T"Capca = Rapea +

r
2(n-D(2n-1) [9ac 9pa — Gaa Ibc ]

T

T"Capca==4Biclavla) + 355Gt (0)(0)-(0)(0)}
T"Capca= _4B[c|ab|d]
b) Consider 1=d, i=d, k=c, j=b.
* '
T"Cavea = Ravea + 55y moy [9ac 9va — Jaa Joe |
T*Capea = 2Bfeq + 50— [64(0) — 63 (0)]
T*Capca = 2Bpea

~

c) Consider 1=d., i =a, k=¢, j=b

2(n-1)(2n-1)

* '
T"Capca = Rapea + m[gac 9vd — Yaa Ybc ]
T*Cabc&= 4Bdthcah - AZ? - 2Bbthhac + ﬁ [61? (0) - (Sg (0)]
T*Cabc&= 4’Bdthcah - Agg - 2Bbthhac
d) Consider 1=d, i=a, k=¢, j=b.
* T
T"Capea = Ravea + 55y [9ae Ipa = Gaa Ive ]

* r
T*Capea= Aga + 2B Bpag — 4B Baan*+ 2Dy [8a(0) = 65 (0)]
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T*Capea= ALS + 2BP"By, .0 — 4BP"By 1,
e) ConSIderl =d, i=za, k=¢, j=B.

" r
T Cchd = Rchd + m[gac Ibd — Yad YIbe ]

T*Capea = —2Bgeq + m [ 62(0) —&82(0)]
T"Capea = ZBacd R

f) Consider 1=d, i=a, k=c, j=b

T"Capea = Rabea +m[ ac — gad Iic |

__r
2(n-1)(2n-1)
a j=b, k=¢

T*Capeq = 4B"™Byeq +
g) Consider 1=d, i=

* T
T"Cabca = Ravea + 555 nzp [9ac 9ba — Gaa Goe |
T*Capca = 4B°““"Bapy — Afg — 2B"Byyq + .

T*Cdbéd = 4Bcathbh - afi - ZBaChBhbd -

[8864 — 64 67 ]

r

h) Consider 1=d, i=d, k=c, j=b.

* T
T"Capca = Ravea + 55y anop [9ac 9va — Jaa Ioc |
T*Capeg = A%S + 2BhB,, — 4B4ehp . + 4

T
T*Capca = Aje + 2B** Bpyc — 4B By, + Pressyemme |
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