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Projective Curvature Tensor

ABSTRACT

provide a neutral equation.

The geometrical characteristics of one of the NK (" Nearly Kahler "")manifold structures
are provided by M, where M represents for the Nearly kahler manifold, and the M-

In this work, we study the properties of a virtually kahler manifold. Important findings of
the study include the following: - It was shown that this tensor had the standard
properties of Riemannian curvature symmetry. Projective tensor (M- tensor) components
to be calculated for the NK manifold. Links between this manifold's tensor components
were created after certain observations were made.

For these components My, , My, M5, M3, M, Ms Mg, M5, of basically kahler is haler manifold,
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Introduction

In essence, the Kahler structure is one of
differential geometry's most recognizable
works, and the Riemannien structures feature a
number of conformal transformations that are
crucial study topics in "differential geometry"
since they maintain the smoothness of
harmonic functions. Projective curvature
tensor M is described by R. N. Singh and
Shravan K. Panday [6].

where R and g, respectively, represent the Ricci
tensor and the so-called Riemannian curvature
tensor.

In 1975, Russian researcher Kirichenko
developed a new method for examining the
various classes of NK ("Nearly Kahler
"Jmanifolds, based on M with structure group

being the unitary group U.(n). These spaces are
referred to as adjoined G-structure spaces.
Kirichenko used adjoined G-structure space to
obtain two tensors from the NK ("Nearly
Kahler")-manifold: the structure and virtual
tensors [4]. In establishing the NK ("Nearly
Kahler ")manifold structure group, he was
supported by these tensors. Banaru [1] defined
the sixteen types of Nearly Kahler manifolds in
1993 using the structure and Virtual tensors,
also known as Kirichenko's tensors [5].

Preliminaries

Let M be a smooth 2n dimension
manifold,C”( M )- soft function algebra on M;
a(M)vector fields of smoothness module on
"manifold" of M; g = <.,.> - Riemannian metrics
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is a Riemannian metrics link g onM, d: the
element of distinction from the outside. The
smooth class is assumed for all manifolds,
Tensor fields, and other objects C in the
following. The structure of NK ("nearly kahler")
on the "(manifold M)" is a pair "(Q,g)" where Q:

on M, where in this case <Qa,Qf> =<a, >
; a, PEa(M).

Let M be a nl-dimensional 2n-dimensional
smooth manifold. On M, C(M) is a smooth
function algebra., and a(M) is the vector field
module on M. The Riemannian connection of

represents the structure of the almost
complicated  ("Q? =id") onM, g=<.,>
represents the Riemannian "(pseudo)” metric

the metric is denoted by g, while the exterior
differentiation is denoted by d.

Theorem 1 [3]
The following are the components of the Riemannian curvature in adjoint G-structure space, the
tensor of the NK-manifold:

1) Riea = Rica = Rfea = R5ea=Rbea = Rpea = Rbea = Rpeg = Rpeg = Rpea = 0
2) R} = B* By, + Al
3) Rjeq = B*¥Bpan — Ay
4) Ry = BP"Bypc — AB!

5) Ricq = B""Baan + A%

bed —
6) Rj.g = 2B4"B,pp
7) R 4= 2B*"Byy,

Theorem 2 [2]
The following forms in the adjoint G- structural space represent the components of the Ricci tensor of
the NK-manifold:
1) rap =155 = 0;
2) rap = 3B“MBy, — A%
3) r,5 = 3BcanB" — AS.
Definition3 [6]
The from defines the M- projective curvature tensor . :
Mijia = Rijia- ﬁ [Sik 81 — Sik i + &jkSi1 — 8ix Sl
The Riemannian curvature tensor and the Ricci tensor, respectively, are R and S.
Remark4
Thus, the projective tensor satisfies all of the algebraic curvature tensor's characteristics.:
1)M (OC,B,G,Y) == M(B; x, e:Y) )
2)M(, B,6,v) =-M(, B,v, 8) ;
3)M(, B,6,y) + M(B, 6, «, y) +M(6, «, B,v) = 0;
4)M(, B, 8, v)=M(8, v, , B); «, B, 8,y €x (M). (4)
Proof: :- we shall prove (1)

M(a, B,6,v)=R(a, B,6,Y) — z(i_l) [S(B, ©)g(a, ) — S(at, 8)g(B, v) + g(B, ©)S(a v) — ge, B)S(B, V)]
=—R(B,a,6,v) + z(i_l) [—S(B, 8)g(a, v) + S(a, ©)g(B, V) — (B, 6)S(at, v) + g(ax, B)S(B, v)]
=—M(B,x,6,v)

Properties are similarly proved :

Z)M(oc‘ B’ e‘ Y) = _M(ocl Br YI e) ;

3)M(e, B,6,v) + M(B, 6, «, y) +M(6, «, B, y) = 0;
4)M(c, B, 8, y)=M(6, v, «, B);

Covarient projective tensor M type (3,1) have form
M(,8) 6 =R(o,8)8 + ~—{<, 0 > B—< B, >oc}
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Where R is the Riemannian curvature tensor and « is the Scalar Curvature, <, 3,0 €x (M)

Remark 5

By definition of a spectrum tensor.

M(e,B) 8=M(cx, B)6+M; (e, $)8+M; (e, 3)8+M; (e, 3)0+

M, (e, B)8+Ms5 (e, B)8+Mq (e, B)8+M; (e, f)B; o, f 8,€c< (M).

tensor My(ec, )0 as nonzero-The component can have only components of the form

{M§ pea My gea} = (Mheq Mgl

tensor Ml(oc B)6 - components of the form {M1 bed ? Mi’ Bed} = {M? bed ? Cd}
tensor M, (, )0 - components of the form {Mz bed s Mg Bed {M bed » bcd},
tensor M3 (x, 3)0 - components of the form {M3 bad ’ Mg Be d} {M?3 bad ’ acd |7

)

tensor M, (, 3)0 - components of the form{M4 sear M, ) bea} = {Mbcd, M3 bcd} ;

tensor Mg (<, )0 - components of the form {MS B g bed | = {Mﬁcd, %Cd}

6 bed’ Mg bcd} {MG bcd‘MZl bca} ’

tensor M, (a, B)8 - components of the form{M2 .4, M3 .4} ={M2.4, M3 4}

TensorsMy, = My(a, )0, M; = M;(a, )6, ...M; = M, (a, )6 .

The basic invariants projective NK-manifold will be named.

Definition 6

NK (" Nearly Kahler ") - manifold for whichM;=0 is NK ("' Nearly Kahler ") -manifold of classM;,i=0, 1,
oy 7.

Theorem 7

1)NK (" Nearly Kahler ") -manifold of classM, characterized by identity

M(o, $)8 -M(a,Q B)Q6 -M(Qq, f)Q8 - M(Qa,QB)6 - QM(a, $)Q6 - QM(a, Q f)6 -QM(Qa,B)6 +
QM(Qq, QB)Q8 =0, o,B, 8 € a (M). (5)

2) NK ("' Nearly Kahler ")- manifold of class M characterized by identity

M(a, B)0 +M(c, QB)Q8 -M(Qq, B)QO + M(Qq, QB)8 + QM(a, B)Q8 -QM(c, Q B)O —QM(Qu, BB -
QM(Qu, QB)Q8 =0, o,B, 8 € a(M).) (6)

3) NK ("' Nearly Kahler ")- manifold of classM, characterized by identity

M(@,B)8 -M((QB)Q8 +M(Qw,B)Q8 + M(Qx QPO - QM@PQ8 - QM(x,QP)®
+QM(Q(X, B)e —QM(QO(, QB)QG = O, OL,B, 0Ex (M) (7)

4) NK (" Nearly Kahler ") - manifold of classM; characterized by identity

M(a, )6 +M((a,Q B)Q6 +M(Qa, $)Q6 - M(Qa,Q )6 - QM(o, f)Q6 +QM(a,Q B)6 +QM(Qu, )6 +
QM(Qa, QB)Q6 =0, a,p, 6 € o (M). (8)

5) NK (" Nearly Kahler ") - manifold of classM, characterized by identity

M(a, $)8 +M((o, Q B)QB8 +M(Qa, B)Q6 - M(Qa, QB)6 + QM(o, f)Q8 -QM(a,Q f)6 -QM(Qq, )8 —
QM(Qa, QB)Q6 =0, a,p, 6 € o (M). (9)

6) NK ("' Nearly Kahler ")- manifold of classM5 characterized by identity

M(o, $)8 -M((a,Q B)QO +M(Qa, B)Q6 + M(Qa,QB)6 + QM(a, f)Q6 +QM(a, Q B)6 -QM(Qa, )6 +
QM(Qa,QB)Q6 =0, a,B,0 € o (M). (10)

7) NK (" Nearly Kahler ")- manifold of classMy characterized by identity

tensor Mg (@, B)0 - components of the form {M

M(a, )8 +M((a,QB)Q6 -M(Qe, f)Q6 + M(Qe,QB)6 + QM(a, $)Q6 -QM(c, Q B)6 +QM(Q, )6 +
QM(Qa, QB)Q6 =0, a,B, 6 € a (M). (11)

8) NK ("' Nearly Kahler ")- manifold of classM, characterized by identity

M(a, )8 -M(a,QB)Q6 -M(Qa, f)Q6 - M(Qa, Q)6 + QM(a, B)Q6 +QM(e, Q B)6 +QM(Qa, )6 —
QM(Qa, QB)QO =0, B, 6 € a (M). (12)

Proof:-

1) Let NK- manifold of classM;, the manifold of classM,characterized by a condition

M§ . =0,0r My 4=0.

i.e. [M(ac' ad)sb]aaa.
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As G - a projector on D“é__l ,that 6 o {M(oa, o)oa} = 0;

ie (id-vV—-1 Q{M(a — v—=1Qa, B —vV-1QB)(6 —vV-1Q6)} = 0.

Eliminating the brackets could be received:

ie.

M(a, B)6 -M((a, Q B) -M(Qa, B)Q6 - M(Qa, Q B)6 - QM (e, B)Q6 -QM(Qe, B) +QM(Qa, Q B)QB — /-1
M(a, B)QO +M((a,Q B)8 +M(Qa, f)8 - M(Qa, Q B)Q6} — {QM(a, B)6 -QM (e, Q B)Q6 — QM(Qa, B)QO —
QM(Qa, QB)8} = 0.

ie

DM(a, B)6 - M(a, Q B)QB - M(Qa, B)Q6 - M(Qa, Q B)6 — QM(a, B)Q6 — QM (e, Q B)6 — QM(Qa, B)6 +
QM(Qa, QR)Q6 = 0; (13)

2)M(a, B)Q6 + M(a, Q B)6 + M(Qa, B)6 - M(Qa, Q B)Q6 + QM(a, )8 — QM(a, Q B)Q6 —

QM(Qq, B)Q6 — QM(Qa, QB)QO = 0; (14)

These equations (13) and (14)are interchangeable The first replacement yields the second equality. 6
onQ0 .

Thus NK ("' Nearly Kahler ") -identity characterizes a class Mo manifold

M(O(, B)e - M(O(, Q B)Qe - M(Qa, B)Qe - M(QO(, Q B)e - QM(O(' B)Qe - QM(C(, Q B)e - QM(QC(, B)e +
QM(Qo, QB)Q6 = 0, «,B,6 a(M). (15)

Similarly considering NK ("' Nearly Kahler ") -manifold of classes M;-M, can be received the 2,3,4,5,6,7
and 8.

Theorem8

We have the following inclusion relations

1) My =M; =M, =M =M, = M,

2)M;=-M,.

Proof:

1)We shall prove M5 =Mgand similarly, the other will be proven.

For an example, proving equality

Let (M, Q, g) be NK- manifold of class M5, i.e Mg 3.
Then according to (4)we have M%w = 0, i.e. TheNK- manifold is manifold of classM¢Back, letM -NK-

manifold of classM, then M%ed' so, according to (4) and M%Ca =0.

Thus, classes M5 and Mg of NK-manifold are coincide.

2)Prove inclusion M; = —M,.

Let (M,Q,g)-NK-manifold of a class M,,ie. take place equality My 5 = Mp5 =0 . According to
property (4)we have:

Mg 4+ Mis +Mip. = 0,ie Mg, = 0.This the NK-manifold of a class M; = —M, is NK-manifold.

Putting equality (6)and (7) we shall receive identity describingAH- manifold of classM;= — M,

M(a, B)8+M(Qa, QB)6 + QM(a, B)Q6 — QM(Qa, QB)Q6=0; a, B, Be a(M)

(16)

From equality (5), (8), (10), (11)we shall receive the identity describingNK- manifold of
classesMy=M3=M 5 = Mg

M(a, B)6+QM(Qa, QB)Q6 = 0; o, B, e a(M) . (17)

Theorem 9

The following equations describes the components of the projective tensor of NK-manifold in the
adjoined  G-structure:  -1)Mapeq = B2%Bypgn — AL — ﬁ [(3Bapn B — A2S)83 + 3By, BPH —
Aa5)84]

2DMgpeq = B Byye + A — —— (=3B Byyc + ARR)SH — (3Bapn B — A59)5¢.
And the others are either conjugate of the above components., or equal to zero
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Proof

By using Theorems (1) we compute the components of projective tensor as the following :

1) Puti=a,j=b,k=c,1=4d
1
Mabcd = Rabcd - m [Sbc 8ad — Sac 8bd + gchad - gachd]

Mapea =0
2) Puti =3,j=b,k=¢cl1=4d

1
Mabed = Rabed - 55775 [Sbe 8ad = Sac 8ba + 8bcSad ~ 8acSbdl

Mapea = 0

3) Puti = a,j =bk =cand1 =d
1
Mchd = Rchd B m [SBc 8ad — Sac 8ba t chSad - gaCSBd]

=b,k=2¢ andl =d
1
Mabed = Rabed - 57775 [Sbe 8ad = Sac 8bd + 8beSad ~ 8aeShal
Mabea = 0

abc

4) Puti = a,j

5 Put i = aj=b,k=candl =d
1
Mabea = Rabead - 2(n-1) [Sbe 8ad — Sac 8ba T 8bcSaa — gacsba]

R Mabca=0
6) Puti = a,j=b,k=c,l =d
1

Mabea = Rabed " 55 1y [Sbe 8ad = Sac 8pa + 85cSad ~ 8acSbal

Mapeq =0
7) Puti=4,j=bk =¢andl = d
1
Mabed = Rabed - 5775 [Sbe 8ad — Sac 8ba + 8beSad ~ 8acSbdl
Mabea = B “Bpan — Abg —

8) Puti=4aj=b,k=candl=4d

1
Mabca = Ravea = 5575 [Sbe 8aa — Sac 8ba + 8bcSaa ~ 8acSpal

2n

1
1 [(3Bdthdch — A

92183 + (3BpanBP™ — A28

1
Mapca = B*®Bppe + Aft — == (=3B Bppc + A§R) 85 — (3Bapn B — A53)SE.

Properties 10

From the above theorem 9, it is clear that
components tensor of M - Projective Curvature 3.
Tensor of nearly kahler manifold have the

following properties:

1)M0:M3:M4:M5:M6:M7:0 4'
2) M1 = _M2
References:
1. Banaru M., "Hermitian Geometry of Six-
Dimensional Submanifold of Cayley's 5.

Algebra”, ph. D. thesis, Moscow state
pedagogical university, Moscow, 1993.

2. kirichenko,V.F., Shihab, A. A. "On the
geometry of conharmonic curvature 6.
tensor for nearly kahler manifolds "

Fundamental and Applled Mathematics,
2010, 16(2),pp-43-54
KirichenkoV.F.,"New results of K-space
theory ", Ph.D. thesis, Moscow Stat
University, 1975.

Kirichenko V. F. " The method of
Generalization of Hermitian geometry in
the almost Hermitian contact manifold "
Problems of geometry VINITE ANSSR ,
V.18, P. 25-71, 1986

Kirichenko V.F,,
“DifferentailGemoetrical Structure on
smooth manifiolds” ,Moscow state
pedagogical University Moscow ,2003.
R.N.Singh and Shravan K.Pandey ., " On
the M-Projective Curvature Tensor of
N(k)-Contact Metric Mainfolds "

Eurasian Journal of Physics, Chemistry and Mathematics

www.geniusjournals.org
Page |45



Volume 8] July 2022 ISSN: 2795-7667

Hindawi Puplishing Corporation
.Vol.2013,Article ID 932564,6 pages.

A Sl oS g ghia B M g il (e BB s

Glgd el ae o) gisal) a2 s G@ls el
S Sl #3a — Glall | Slialy Hl andldd pall & glall 4y il IS0 ¢y S5 aala(1
ali.khalaf.ali@st.tu.edu.iqs s ASIY) u )
Cled amall 2 e g0l ALY (2
Cy S ) b Sl 48 puall pslall dp Al als - Cyy )SS EEPEN
draliabd@tu.edu.ig,ali.abd 82@yaho.com s S

& shiad sl Y Luaig) paibadll Al ey o 81l s S g shid Mg 55 e (Bl 5l G pa Al ll a2 8
-8l e g shaie ) i My Sus My el Al Jesns oAl e el
: ‘5‘5 M\‘)ﬂ\ VY wz\.».aM\ @m‘ (»ﬁ\
& ( M-P-tensor) Blawyl 5l clisSe Glua, Glay ) ¢lad¥ 4500l B ailiad dlie ) 5ull 13 of e 4l
Aslee o gl 5 shiall 138 5 3l 130 il e (e A0hel) e gi i) mmy ol (Jend) oy i S (5 shaie
8l S g shie (4 Mg , My, My, M3, My, M5 Mg, M8 3adae

Eurasian Journal of Physics, Chemistry and Mathematics www.geniusjournals.org
Page |46


mailto:ali.khalaf.ali@st.tu.edu.iq
mailto:draliabd@tu.edu.iq

