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ABSTRACT

of the adjoint G -structure.

Purpose Of the Thesis: The main goal is to study some questions of the geometry of

The Importance of Thesis: To achieve this goal, the following tasks are solved:

1. Construction of the associated G -structure.

2. Get the first group of structural equations of this structure.

3. Describe the structural tensors of this structure.

4. Obtain the first group of structural equations of the Kahler structure.

5. Obtain the second group of structural equations of the Kahler structure

Material And Method: The presentation of the material is carried out by the systematic
use of Cartan's method of external forms in combination with the method of invariant
Koschul calculus. Structural equations are written in a specialized frame, ie on the space

Keywords:

G-structure, structure equations, Kiahler manifold, Riemannian
metric, almost complex structure.

1. Introduction

Kdhler manifolds are one of the most
remarkable mathematical objects studied
intensively both in differential geometry and in
algebraic geometry, the theory of Lie groups and
homogeneous spaces, topology, the theory of
differential operators, and mathematical
physics. Kahler manifolds were first defined in
1933 by E. Kahler in [1]. Their significance for
algebraic geometry became clear after the
publication of Hodge's work, the results of

which were subsequently combined in the book
[2]. These works basically determined the
direction of research on Kahlerian manifolds for
many years. The flow of research into the
geometry and topology of Kahlerian manifolds
continues unabated even in our time.

Our work is devoted to the study of some
aspects of the geometry of Kahlerian manifolds
and is structured as follows. In Section 2, we
consider complex structures, the
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complexification of a linear space, and introduce
the concept of linearity extension.

2. Complex structures
2.1. Tensor products of modules

Let A and B be modules over a
commutative associative ring K with identity.
Consider a free abelian group A o Bwhose set of
generators is the set of all symbols of the form
aob;a €A,b € B. Its elements are all formal
(finite) sums of such symbols, i.e. type records
a,ob;+--+ayoby;N €N. Consider its
subgroup S c A o Bgenerated by elements of
the form (a'+a”")eb—a'ob—a"ob,ao
(b"+b")—aocb'—aob",(aa)ob—a-o
(ab); a € K. Let's consider an abelian group
A Q B = Ao B/S. Its elements are finite formal
sums of symbols of the form a @ b = (a o b) +
S. It naturally introduces the structure of a K -
module with an external composition operation
(X a; @ b) =X (aa) @ b (= XL, b ®
(aai)). This K -module is called the tensor
product K - models A and B [3].

Remark 2.1. If A and B have the structure
of a module over some ring K;, then A ® B,
obviously, also has a natural K;-module
structure. In particular, if 4 is an algebra, then it
A @ Bhas the natural structure of an A - module.

2.2. Complexification of linear space

Let, in particular, A = Cbe the field of
complex numbers and B = Vbe an R -linear
space. Then the C-linear space ( €C-module) C Q
Vis denoted V¢and called the complexification
of the linear space V. Its elements are records of
the form YN_,z,®X,; z, € C,X; €V,N- an
arbitrary natural number. The sum of two such
elements 21:;1 Z, X will Zgil z,®X,be a
record of the form legil 7, QX + Zgilzp®X ,

and the product element Z],l’il 7, ®X,to a
complex number z € C- a record of the form
11 (22:) ®X.

In a C -linear space , V the mapping is
canonically  defined T:V¢—-V¢  acting
according to the formula T(Zl,g;lzkéka) =
Zl,g;ﬁ@Xk, where z — Zis the usual complex
conjugation in the field of complex numbers. It
is directly verified that t is an involutive anti-

automorphism of a C -linear space Ve ie,
bijection with the properties
Dr?2=id; 2)t(X+Y)=1(X) +
©(Y); 3) t(zX) = zt(X);z € C,X,Y € V.(2.1)

It is called the complex conjugation
operator .

Note that V naturally admits an
embedding j in V by identifying X = j(X) =
1®X; X € V.Atthe same time 7(X) = 7(1QX) =

10X = X. Moreover, T(ZI;Zi1Zk®Xk) =
legilzk®xk S Zg = ﬁ(k = 1IIN) Sz =
Xk €ER, which means Zl,gil 7, QX =

I,gilxk(1®Xk) = Zgilxkxk € V. This proves

Proposition 2.1. Let Y = Zl,z’;lzk®Xk €
V¢. Then, taking into account the accepted
identification,Y e V & t(Y) =Y.

]

Note that if VV is an n -dimensional R -
linear space, then V V¢is an n -dimensional C -
linear space. Moreover, if b = {ey,...,e,}is a
basis of R -linear space V, then under the above
canonical identification of elements e, € Vwith
elements,the 1 @ e, € VECset b is also a basis of
C -linear space V¢. This easily follows from a
more general fact of independent interest ([4, p.
171]):

Proposition 2.2. Let be {e, ..., e, }a basis
of a real linear space V, {¢,, ..., &, }be a basis of
an R -linear space W. _ Then {e; ® g,|i =
1,..,n;a =1,...,m}is a basis of the R -linear
space VQW. []

Indeed, from this Proposition it follows
that the elements {1 R e, V-1 Q e,lk =
1,..,n}form a basis of an R -linear space V¢,
from which it already easily follows that the first
n elements of this basis form a basis V¢as a C -
linear space.

Any  operator  f:V — Vcanonically
defines a C -linear mapping f¢ =id ® f:V¢ -
Veby the formula fC(EN.;2, ® Xy) =
YR=17k ® f(Xp)-

Obviously, taking into account the indicated
identification, fC|N = f, in view of which the

mapping f¢is called the extension in linearity
of the operator f.

Proposition 2.3. A C -linear operator
F:V¢ > VCs a linear extension of some R -
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linear operator f:V — Vifand onlyiftc F = F o
T.

Proof. Indeed, if F =f¢ then 7o
FER-12k @ X)) = XR-1Zk Q f(Xp ) = F o
t(XN_, z, ® X;), whence it follows that T o F =
F o 1. Conversely, if this relation holds, then t o
FU®X)=Fot(1®X)=F(1Q®X),X€eV,
and, by virtue of Proposition 2.1, the restriction
f = F|yof the operator F to V is defined by the
formula 1® f(X) = F(1® X). Obviously, in
this case F(ZR-12x ® Xi) = Li=1 F(z ®
X)=YV1z2FARX) =YV 12(1®
fX)) =2h=12 @ f(Xi) = FCER=1 26 ®
X,),and hence F = f¢. O

The following assertion is proved in
exactly the same way:

Proposition 2.4. An r -ary C -linear
mapping T:V¢x..xV¢->VCs a linear
extension of an r -ary R -linear mapping
T:V X ..xV - Vifandonlyift o T(Xy, ..., X;-) =
T(tXq, ...,7X,); X1, ..., X, € VE. 0

One can give another definition of
complexification that is equivalent to the above
one. Let Vbe an R -linear space. Let us introduce
the following operations in the set:V X V

1) Addition. 1If X, =(A,B),X;=
(A,, By)are elements from V X V, then the pair
(A; + A, B, + By)is called their sum and
denoted by X; + X».

2) Multiplication by a complex number.
If X=(A,B)EV XV,z=a++V—1B € C, then
put zX = (aa — fb,ab + Ba). Let's call the
elementzX the product of a complex number z
and an element X.

is directly verified that this V X
Vintroduces in the set the structure of a € -linear
space V¢, which is naturally isomorphic to the C
-linear space V¢ The natural isomorphism
@:V¢ > VCassociates an  element with
Yh-1(ar + V=1B;) X, € V€a pair (4,B) € V¢,
where A =YN_.a X,,B =YN_, BiXk. Under
this isomorphism, the embedding described
above j:V c VCcorresponds to the embedding
j:V c VCdefined by the formula j(X) =
(X,0); X €V, the rtcomplex conjugation
operator corresponds to the operator #: V¢ —
V¢defined by the formula #(X,Y)=
(X,-Y);X,Y €V, and the C -linear operator
corresponds to f¢=id ® fthe C -linear

operator j¢:V¢ c V¢defined by the formula
fExX,Y) = (fX, fY); X,Y e V.
2.3. Complex structures

Let V be a complex linear space. It can, in
particular, be viewed as a real linear space
VR(called the reification of the space V) in which
an R -linear endomorphism J,: VR - VRis given,
defined by J,(X) =+v—-1X;X € VR,  This
endomorphism allows us to completely restore
the structure of a complex linear space to V.
Namely, if z = a + \/—_1,8 €C,X €V, thenzX =
aX + BJ,(X). Moreover, it is obvious that the
endomorphism J,is anti-involutive, ie. JZ =
—id.

Let V be a real linear space.

Definition 2.1. A complex structure in V is an
endomorphism J:V - Vsuch that J? = —id. In
other words, a complex structure is an anti-
involutive automorphism of a real linear space.

Fixing a complex structure in V
canonically determines in V the structure of a
complex linear space (that is, a € - module).
Indeed,if X €eV,z=a + \/—_1,8 € C, then we set
zX = aX + (UX).

(2.2)
Itis directly verified that in this case all 8 axioms
of a C -linear space are satisfied, which we will
denote by the same symbol V. Obviously, Vas an
R -linear space is its reification V%,

Let the dimension dimcVof the linear
space Vas a complex space be equal to n, and let
{e,, ..., e, }be the basis of this space. Let X € V.
Then X =z¥e,, where z¥=a*++/-1pk€
C;k =1,..,n Taking into account (1.2), X =
ake, + f*(Je,), ie., every vector X € VRis
represented as a linear combination of vectors
€1, enJe1,...,Je,. On the other hand , let
Ake, + u¥je, = 0,2%, u* € RThen, due to (1.2),
(2¥ +vV=1u¥)e, = 0, and due to the C -linear
independence of the vectors ey, ...,e,, A% +
V=1u* = 0,andhence A* = u* = 0;k = 1, ..., n.
Therefore, the vectors
{eq, ...,en, Jeq, ..., Jey }form a basis for the space
I as an R -linear space (i.e. a basis for the space
VR). Such a basis is called a real-adapted
complex structure , in short, an RA - basis .
Remark 2.2. Obviously, any complex structure
is defined in the RA basis by a matrix of the form
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M=, )
(2.3)

As a simple but important corollary, we
get the following

Proposition 2.5. A finite-dimensional
real linear space admits a complex structure if
and only if it is even-dimensional.

Proof. Since the RA -basis contains an
even number of vectors, a space that admits a
complex structure is necessarily even-
dimensional. Conversely, let V be a 2n-
dimensional real linear space. We fix an
arbitrary basis in it {eq,..,e;,}. Then the
endomorphism of the Jspace V given by the
matrix (2.3) in this basis is obviously a complex
structure. [

Let be Ja complex structure in an R -
linear space V . Consider the endomorphism

0:V¢ > VCdefined by the formula o = %(id —
V—ljc). Obviously, 62 = o, i.e. o- projector. The
projector complementary to it gis determined
by the formula & = %(id +vV=1J¢). In the

future, allowing freedom of speech, ]Cwe will
simply denote endomorphism J. Note that ] o

o =1(+v=Tid) = =2 (id - v=1)) =V To,
which means Im o c D]‘/__l. (Here and in what
follows, the symbol Djdenotes the proper
subspace of the endomorphism F corresponding
to the eigenvalue A).

Conversely, if X € D]‘/__l, then oX =
%(X — v—l]X) = %(ZX) = X, in particular, X €
Imo. Thus, Imo = D, 1. Likewise, Ima =
D7V Since X€(M) = D" @ D; V" Twe get:

Theorem  2.1. linear  spaceV®
decomposes into a direct sum of eigenspaces of
the endomorphism Jcorresponding to the
eigenvalues v—1and —/—1, i.e., V¢ = D]‘/__1 a5

D]_‘/__l, and the endomorphisms cand care

projections onto the subspaces D]‘/__land D]_\/__l,

respectively. 0

Moreover, fair

Theorem 2.2. Defining a complex
structure on an R -linear space V is equivalent to
splitting V¢into a direct sum of two complex

conjugate subspaces serving as proper
subspaces of this complex structure.

Proof. Necessity follows from Theorem
2.1. Let now V¢ =D @ tD. Then VX € V¢ =
X=X+ X, X; €D,X, € tD. We construct an
endomorphism J: V¢ — VCby setting J(X) =
V=1(X, — X,). Obviously, t(X)=1(X,)+
7(X,), and 7(X;) € tD,7(X,) € D. Therefore
(Jeo1)X) = \/—_1(T(X2) — T(Xl)). On the other
hand, due to the antilinearity of the operator 7,
(ToDNX) = —‘/—_1(T(X1) - T(Xz)) =
V=1(tX, —tX;). Thus, Jer=71oJ. By
Proposition 2.3 J = ]C, for some R -linear
endomorphism J:V — V. Obviously, J? = —id,
in particular, J? = —id, ie. Jis the complex
structure on V. If X € D, then X = X;, which
means J(X) = V—1X; = V—1X. Therefore, D
D]‘/__l. Conversely, if X € D]‘/__l, then \/—_l(Xl -
X,) = J(X) =vV—1X = V=1(X; + X,), whence
X, = 0, and hence X € D. Therefore, D]‘/__1 c D,
i.e. D]‘/__1 = D. Likewise, D]_*/__1 =1D.

U

Lemma 2.1. In the introduced notation,
1)to0=001,2)ToG=00°T.

Proof. Taking into account the
antilinearity of the mapping tand using

Proposition 2.3, we have: 70d(X) = %T(X —
V=1JX) =5 (X +V=Tr o jX) = (tX +
V=1Je1X) =g ot(X);X €VE.

The second relation is proved similarly.

]

Theorem 2.3. The mappings d|,:V —
D)/__land aly:V - D]_‘/__lare, respectively, an
isomorphism and an anti-isomorphism of C -
linear spaces.

Proof. The additivity of the mappings
o|yand &|yis obvious. Let now z = a + V=18 €
C,XeV. As already seen, go]=Joog=
V—10,6 o] =Jog = —/—1o. Therefore
0(zX) = o(aX + BJX) = acX + f—10X =
z(0X). Similarly, 6(zX) = z(6X), and thus the
maps ol|yand &l are, respectively, a
homomorphism and an antihomomorphism of €
-linear spaces.

Let 3X € Vand oX = 0. Applying the
operator to both parts of this identity 7, taking
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into account Lemma 2.1 and Proposition 2.1, we
obtain that 6X = 0, and hence X = X + 6X =
0. Therefore, ker a|, = {0}. Similarly, ker &|, =
{0}, i.e. ocand &are monomorphism and
antimonomorphism, respectively.

Let, finally X € D]‘/__l. Consider the vector
Y = X + ©X. By Proposition 2.1, Y € V. On the
other hand, since, X € Im o = ker gtaking into
account Lemma 2.1, we have: aY = oX + (7o
0) X=X+ (toa)X =X. Similarly, if XE€
D]_‘/__l, then ¢Y = X, and, thus, o|yand |, are an
epimorphism and an anti-epimorphism,
respectively. O

Let, in particular, V be a real R -linear
space, dimV = 2n, and let b = {ey, ..., e, }be its
basis as a € -module. Consider a system of
vectors by = {&q, ..., &, €1, ..., €a}, Where g, =
o(ey),eq =a(ey);a=1,..,n. By virtue of
Theorem 2.3, the vectors {g;,...,&,}form the
basis of the C -linear space D]‘/__l, and the vectors
{e1, ..., ex}form the basis of the C -linear space
D]_‘/__l, and, by virtue of Lemma 2.1 and
Proposition 2.1, te, = (to0)e, = (GoT)e, =
oe, = &;. Moreover, by virtue of Theorem 2.1,
the system of vectors bsforms a basis of the
space V¢, which is characterized by the fact that
the endomorphism matrix Jin this basis has the

form
) = (\/—_Hn 0 >
g 0 —/=11,/)
(2.4)
Such a basis is called an adapted complex
structure , in short A-basis .

Conclusion. Fixing a complex structure Jin a
2n-dimensional real linear space V®induces the
assignment of VRan n -dimensional complex
linear space V to the structures . Each basis b =
{eq, ..., e Jof the space V canonically induces
two bases:

1) RA is the basis byy =
{eq,...,en, Jeq, ..., Je, Jof the space VR, Of course,
taking into account the canonical identification,
X =1 @ Xthis basis can also be considered as
the basis of the C -linear space (VF)¢.

2) A -basisb, = {4, ..., &, &, -, €5} C -
linear space (VF)C,

Now let b={e,..,epjand b=
{é,,...,é,be two bases of the space V, C =
C,5 = (cf)be the transition matrix from basis
bto basis b, C = A +/—1B, where A = (af)and
B = (B} )are the real and imaginary parts of the
matrix C , respectively. Since, taking into
account (1.2), &, = cle, = ale, + B (Jep), we
have: Jé, = ajje, + BiJ%e, = —Biey + adjey,
which means that
CbRABRA = (g AB)'

(2.5)
Next, &, =0(é,) =o(ckey) =cla(e,) =
clep; Ea = G(8,) = a(cley) = 25 (ey) = Cle,
which means

c 0

CbaEA = (0 C—)

(2.6)
Obviously, both matrices, €, 5, ,and C,,_3,, can
be treated as matrices of the same linear space
endomorphism (VB) namely, the
endomorphism f¢, where fis the space
endomorphism VR considered as an
endomorphism of the space V, transforming the
basis b into the basis b. In particular,

det(‘;1 _AB) = det(g 2-) = |det C|?.

(2.7)
An important consequence of this relation is
Proposition 2.6. Fixing a complex
structure in an R -linear space VRcanonically
determines the orientation of this space. It
consists of bases oriented in the same way as
any RA -basis.[]

3. Almost complex structures and the
associated G - structure

Definition 3.1. An almost complex
structure on a manifold M is an anti-involutive
endomorphism of a module X' (M), i.e. C*(M)-
linear mapping J: X (M) — X (M)such that J? =
—id. An endomorphism Jis also called a
structural endomorphism . A manifold on
which an almost complex structure is fixed is
called an almost complex manifold. A
diffeomorphism of an f:M; - M,almost
complex manifold (M,,J;)onto an almost
complex manifold (M,,J,)is called a
holomorphic diffeomorphism if f, o J; = J, o f..
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It is obvious that an almost complex
structure can be considered as a complex
structure of the module X (M), considered as an
R -linear space. As we have seen, the structure
of a C -linear space is naturally induced on this
linear space, and hence the structure of a C Q
C*”(M)-module, i.e, module over the ring of
smooth complex-valued functions on the
manifold M. The smoothness of such a function
is understood as the smoothness of its real and
imaginary parts. For a better understanding of
this structure, it is convenient to use the
alternative  definition C® C*(M)as a
complexification of an R -linear space C*(M),
accordingto C ® C*(M) = C*(M) x C*(M). If
(f,9)=f+V-1g € CRC*(M),X € X(M),
then by definition (f +V=19)X = fX + g(UX).

Let be Jan almost complex structure on
the manifold M . It induces complex structures
Jm: T (M) - T,,(M)at every point m € M. In
view of Proposition 2.5, the space T,,(M), and
hence the manifold M itself , are even-
dimensional. Let dim M = 2n. The number n is
called the complex dimension of the manifold
M.

Theorem 3.1. Specifying an almost
complex structure on a smooth manifold M?"is
equivalent to specifying a G -structure on this
manifold with the structure group G =
GLR(n, 0).

Proof. Let be jJan almost complex
structure on the manifold M. Then, at each point
m € M, a family of R,,frames of the space is
defined T,,(M), which is considered as an n -
dimensional C -linear space. It follows from the
definition of a frame that a group GL(n, C)acts in
each such family freely and transitively.

Lemma 3.1. In some neighborhood U of
an arbitrary point m € M, one can construct a
family of vector fields {e?, ..., ed}on U that form
the basis of a module X(U)as a € Q C*(U)-
module.

Proof. We fix some RA - frame p =
{&1, .., & Jmée, - Jmén Jat the point m . As we
know, a system of vectors &, can be extended to
a system of vector fields e,? (k=1,..,n)on M.
In this case, the system of vectors J,,& will
continue to the system of vector fields Jey. Since
the linear independence of the vectors of the

frame p is equivalent to the inequality zero of
the determinant of the transition matrix from
the natural basis at the point m to the basic part
of the frame p , this property is preserved in
some neighborhood U of the point m and for
some vector fields {e?,...,e3,Je?,...,Jel}. But
then, obviously, the system {e?, ..., e2}of vector
fields on U will be C€Q C*(U)-linearly
independent, and hence forms a basis of the C ®
C*(U)-module X (U).

]

We continue the proof of the theorem.
Let us denote R = U,y R, and introduce the
natural projection m:R — Mthat assigns the
vertex to the frame p € R. Now we can construct
the mapping Fy: 7 1(U) - GL(n, C)by setting
Fy(p) = g, where gis the transition matrix from
the frame (m, e? |, ..., 2| n)to the frame p . It is
easy to verify that the quadruple B;(M) =
(R, M,m,G = GL(n, C))forms a principal
bundle. This principal bundle can be considered
as a G - structure with respect to the
monomorphism (f, ﬁ)of the principal bundle
B;(M)into the principal bundle B(M), where

f:R —» BMis the map that associates the

(m, ey, ..., ep)space frame T,,,(M)as a C - module

with the corresponding RA -frame, and

p:GL(n,C) » GL(2n,R)is the canonical Lie

group monomorphism that associates the

matrix with C = A ++vV—=1B € GL(n, C)the
A

matrix p(C) = (B _AB)whose image is the Lie

group GLR(n, C).

Conversely, letbe (R, M, w, GLR(n, €))a G
-structure of this type on M. Let be Jya standard
complex structure in the space R*"given by a
matrix of the form (2.3). Let be m € Man
arbitrary point. We define an endomorphism
Jmin space by the T,,(M)formula J,, =poj,e°
p~1;p € m~1(m). Obviously, J2 = —id, i.e. J,is
the complex structure on T,,(M). Let us show
that it is well defined in the sense of being
independent of the choice of the element p €
m~1(m). Indeed, if p € m~1(m)is another such
element, then 3h € GL®(n,C)and P = ph.
Therefore, pofoop™ = (ph)ejoo (ph)™ =
pe(hoJooh™)op™t =pojyop™t = Jysince
the group GLR(n,C)is obviously an
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endomorphism invariance group J,, i.e., hj, =
Joh; h € GLR(n, €), which is checked directly.
Let us show that the family of tensors | =
{mIm € M}defines a tensor field on the
manifold M. To do this, it suffices to prove that
for any admissible map (U, ¢)on M the functions

m —>]]i-(m) = dx* (]m (% )),m EM, are

smooth on U . Let us fix a local section s:U —
Rof the space of the G -structure. Then, by
construction, in the RA -frame o(m)(and dual
coreframe)  we  have: (ei (]m(ej))) =
0 -I ;
<In O") = ((]O)j-). The smoothness of the
section is expressed in the fact that the
components of the matrix C of the transition
from the natural basis of the module X (U)to the
RA -basis o(U)of this module, and hence the
components of the inverse matrix C,are smooth
functions. Hence,m — J;(m) =
)=

; ]
dxt (]m (@
= Chm)e* (Jm(C/ (m)e,)) =
Ce(m)CT (m)e*(J(e,)) =
Ci(m)C] (m)(Jo)¥are smooth functions on U .
Thus, Jis an almost complex structure.
Obviously, the family of RA -frames generated
by it coincides with the space of the G -structure.

J

Theorem 3.2. Every almost complex
manifold is even-dimensional and orientable.

Proof. The even-dimensionality of an
almost complex manifold (M?", ))follows from
Proposition 2.5 applied to any linear space of
the form T,,,(M); m € M. The orientability of this
manifold, by definition, means the existence on
it of a differential -form tthat does not vanish
anywhere 2n. But its existence is obvious for
any neighborhood of local triviality of the
bundle B;(M). Indeed, if U is such a
neighborhood, s:U — Ris a section of this
bundle over it, given by vector fields
{eq, ...,en Jeq, ..., Je,}, then, by Proposition 2.6,
it suffices to set 7y =e; A..Ae, AJeg A A
J*e,, where J"(u)(X) =u(JX);X € X(U),uc€
X*(U). Let now {Y,},eabe a partition of unity
subject to the covering of the U=

{U,}qeamanifold M by the local triviality
domains of the bundle B;(M). Since the
manifold is paracompact, this cover can be
considered locally finite without loss of
generality. Let be 7,the 2n-form constructed for
the domain U,; a € A. Then T = Y, ,e4 W, T,is @
well-defined 2n-form on M . Indeed, due to the
local finiteness of the cover Uin some
neighborhood U of each point , the m € Mform
T|yis the sum of at most a finite number of
smooth forms (7,)|y, and hence is za

nowhere vanishing
2nform on M.

Remark 3.1. The even-dimensionality
and orientability of a manifold are thus
necessary conditions for the existence of an
almost complex structure on this manifold.
However, these conditions are not sufficient.
For example, a well-known deep result of a
topological nature is the assertion that an 2n-
dimensional sphere S?"admits an almost
complex structure if and only if n = leithern =
3(see [5]). Therefore, for example, a 4-
dimensional sphere, being, as is well known, an
even-dimensional orientable manifold, does not
admit an almost complex structure. The
question of finding necessary and sufficient
conditions for the existence of an almost
complex structure on a smooth manifold is still
open.

Remark 3.2. Along with the principal
bundle of VM frames over a smooth manifold
M™, we can consider a more extensive principal
bundle of complex frames over M , which we

denote  BE(M) = (BM,M,m,GL(n,C))by
where B¢Mis the union of all frames of the

spaces (Tm(M))C;m € M. The corresponding
justifications do not differ in any way from the
corresponding justifications for the main
bundle of the WM . This principal bundle plays a
particularly important role for almost complex
manifolds (M?",]), since it allows, along with
the G -structure constructed above, to consider
another B;(M)defining G -structure
(m, ey, ..., e,)defined by the monomorphism
(f, p)of T,,(M)the principal bundle B;(M)into
the principal bundle B*M, where f: R - B¢MA
is a frame, and p:GL(n,C) —» GL(2n,C)is a
canonical monomorphism of Lie groups that
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associates a matrix with C € GL(n, C)a matrix
c 0

p(C)=(O C—,)EGL(Zn,C). As above, it is
proved that specifying such a G -structure is
equivalent to specifying the original almost
complex structure. This G -structure will be
especially important for our subsequent
considerations; we call it a G -structure attached
to an almost complex structure.

4. Hermitian structures

Definition 4.1. Let V be a real linear
space. A Hermitian structure on V is a pair
(J,g = (-")), where Jis a complex structure on V
, g = (-")is a (pseudo) Euclidean structure, and
JX,JY)=(X,Y),X,Y e V.

(4.1)

Let be (J, g = (-,'))a Hermitian structure
on V. Let us construct a mapping Q:V XV —
Rby setting QX,Y) =X, JY) X, Y EV.
Obviously QY,X) =(Y,JX) = (JY,]*X) =
—(JY,X) = —(X,JY) = —Q(X,Y). Thus, Qis an
outer 2-form on V. It is called the fundamental
form of structure. Obviously, its skew-
symmetry is equivalent to the identity
JX,Y)=—(X,JY); X,Y €V,

(4.2)
which, in turn, is equivalent to (4.1). An obvious
consequence of this identity is the important
relation
(X,]X)=0; X € V.

(4.3)
Recall that a Hermitian form on a complex linear
space Wis a mapping h: W X W — Csuch that:

The first two properties are, as usual, called
additivity , the third, sesquilinearity , and the
fourth, hermitian . The notions of
nondegeneracy and positive definiteness of a
Hermitian form are defined in the usual way.
The non-degenerate Hermitian form will often
be called the Hermitian metric , and the C -
linear space in which the Hermitian metric is
fixed will be called the Hermitian space .
Theorem 4.1. Specifying a Hermitian
structure (J, (-,))in a linear space Vis equivalent
to specifying a non-degenerate Hermitian form
h = ((-,'))in V, considered as a C - linear with
respect to Jspace. The positive definiteness of a

form is ((-))equivalent to the positive
definiteness of a bilinear form (:,-).

Proof. Let be (J,(,))a Hermitian
structure on V . Let ((X,Y))=(X,Y)+
V=1(X,JY); X,Y € V. Taking into account (4.1)
and (4.2), it is obvious that ((JX,Y)) = (JX,Y) +
V=I(X, Y)Y = V=1(X,Y) — (X, ]Y) =
V=1((X,Y) + V=1(X,JY)) = V=1((X, Y)).
Similarly, ((X,JY)) = —V—=1((X,Y)), whence,
taking into account the definition of a € -module
in V, it follows that the form ({:,-))is linear in the
first and antilinear in the second arguments. In
addition, (Y, X)) = (Y, X) +V=-1Q(Y,X) =
(X,Y) —V=1Q(X,Y) = ((X,Y)). Thus, {(-))is a
Hermitian form on V . Obviously, it is non-
degenerate.

Conversely, let h be a non-degenerate
Hermitian form in V . Consider the bilinear
forms g =Rhand O =3Jh- the real and
imaginary parts of the form h , respectively.
Thus, h(X,Y) =gX,Y) +vV-1Q(X,Y);X,Y €
V. Since gX,Y)++V-10(X,Y)=h(X,Y) =
h(Y,X) = g(Y,X) —V=-1Q(Y, X), then,
comparing the real and imaginary parts, we
have:

DgX,Y)=g{,X); 2)QX,Y)=-Q,X).
(4.4)

Next, V—1g(X,Y) —Q(X,Y) =vV=1h(X,Y) =

—h(X,JY) = —g(X,JY) —V=1Q(X,]Y).

Comparing the real and imaginary parts, we get

that

DAX,Y) =gXJY); 2) giX,Y) = —Q(X,JY).

List of used literature

1. Kahler _ _ E. Uber einebemerkenstwerte
Hermitishe Metric . Abh . Math . Sem .
Hamburg, vol. 9, 1933, p. 173-186.

2. Holge WVD The theory and application of
harmonic integrals. Cambridge Univ . Press
,1952.

3. Kobayashi Sh., Nomizu K. Fundamentals of
differential geometry, v. 1 .. Per. from
English. - M.: Science. The main edition of
physical and mathematical literature. 1981.
- 344 p.

4. Efimov N.V,, Rozendorn E.R. Linear Algebra
and Multidimensional Geometry. Moscow,
Nauka, 1970.

Eurasian Journal of Physics, Chemistry and Mathematics

www.geniusjournals.org
Page |87



Volume 7| June 2022 ISSN: 2795-7667

5. Samelson H. Uber die Spharen die als
Gruppenraume auftreten. comment. Math.
Helv., vol. 13, (1940), 12 p.

Eurasian Journal of Physics, Chemistry and Mathematics www.geniusjournals.org
Page |88



