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ABSTRACT

A new energy- momentum relation has been derived using the proper space - time
expression in a curved space time. This relation link general and special relativity
together. It describes how gravity affect particle energy. It also promotes the special
relativity energy relation by recognizing the effect of fields through the potential term.
This new expression reduces to the special relativistic one in a Minkoskian space. It also
reduces to the Newtonian one for low speeds compared to the speed of light. This
expression shows also that the energy is strongly affected by the space- time
deformation through the time and space metrices. This new energy- momentum relation
which link general with special relativity indicates that Einstein relativity theory is still
one of the big achievements in physics.
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1. Introduction

The recent history of science shows that the
nature of the gravitation starts from the
Newton gravitational inverse square law which
assumes that the gravity force is attractive [1].
The Newton gravitational law describes a large
number of astronomical observations [2].
However many new astronomical phenomena
can not be explained within the frame work of
Newton gravitational law. These include the
deflection of light by the sun, the observed red
shift of light coming from remote stars, beside
the discovered relic microwave background
[3]. This motivates Einstein to generalize his
special relativistic (SR) Minkowskian 4-
dimensional space- time to be capable of
describing a curved space- time using
Reimman geometry. This leads to the born of
the so called general relativity (GR), which
describes gravity using geometrical language.
According to his version, any gravitating mass
influence the near by mass by deforming the
space- time instead of spreading field lines.
Einstein GR theory successfully describes the

afore noted phenomena that can not be
described by Newton theory of gravitation [4].
The so called big bang model is the
cosmological model based on GR to describe
the nature and evolution of the universe [5].
Despite these successes of SR and GR but them
both suffer from noticeable setbacks namely
that related to the notion of energy. In SR the
expression of energy does not recognize the
effect of fields through the potential term. For
example if one have three particles like
electrons, one move in vacuum and the others
are move in a gravity field and nuclear field
with the same speed. The three particles have
the same SR energy, which is in direct conflict
with gravitational laws and the quantum laws,
which were confirmed experimentally [6, 7].
Moreover SR energy expression does not
reduced to that of Newton for small speeds
compared to the speed of light when neglecting
the rest mass energy. This reduced SR energy
gives only Kkinetic energy. The energy-
momentum relation in a curved space time and
in other fields does not intensively
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investigated. Only few attempts made like the
models proposed by Savickas and M. Dirar [8,
9]. Savickas model needs to be promoted to
satisfy Newtonian limit and describe the
energy for all fields, although he found energy
in a curved space- time [10],[11]. Mubarak
Dirar model and Itilo model derives the energy-
momentum relation for all fields and satisfies
SR and Newtonian limit, but nothing is done for
a curved space [12]. Another approach to
promote the energy concept for the

gravitational field is done Arbab by suggesting
magnetic  gravity  counterpart of the
electromagnetic field. A though his approach is
promising, but unfortunately its only restricted
to gravity without recognizing other fields [13].
The effect on space and time is not mentioned.
This motivates to use in this work, the curved
space proper time to construct a useful
expression for energy. This is done with the
discussion in section (2). Section (3) is devoted
for conclusion.

2. Energy- Momentum Relation in a Curved Space- Time
In GR the proper space- time length which is assumed to be invariant takes the form

ds? = —ds?

dsy = guydxt dx¥

—guvdxt dx”

(1)

For one spatial dimension say x- axis the proper space time length is given by:
ds2 = GoodX® + gr1dx"" = gpoc? dt? + gypdix?

Thus

ds? = —c?dt? = g,, c? dt? g,, dx?

There fore

ds? = c?2dt? = g, c?dt?* + gy dx?  (2)

For Minkoskian limit and free space
Joo =1 , gxx = —1
Thus equation (2) reduces to
c2dt? = c?dt?>— dx? (4)

(3)

Which is the ordinary SR expression for the proper length. Rearranging equation (4) yields.

dt Grx (dx\
1= 00 (a i (a)
dt 2 Ixx [Ax 2 Ixx
= (%) [goo +2 () ]= r?[go0 +% u?] (5)
Where y satisfies

_ (dt) _ 1
¥y = dr) u?
goo"‘gxxc_z

To see how the energy in a curved space looks like, multiply both sides of equation (5) by m2 ¢

get

(6)

4 to

Ixx 1,2 2
m?, ct = Vz m(z) c* [goo +C_2 u /CZ] = m?c* [goo + Gxx u /CZ]

2,,2 .4

= Yoo m?c* + xx M"UC™ = (oo E* + Ixx pZCZ (7)

Where one follows SR defining

m=ym,

E=mc?= m,c?

’ u2
Yoo + Ixx c_z

(8)
(9)

For free space, one can use equation (3), in equation (6), (7) and (9) to get
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(10)

Which are the ordinary SR relativistic relations. One can also use the weak field approximation used in

GR,i.e

2
Yoo = (1 + (p/cz) ) Gux = —1 (11)
Where ¢ is a potential per unit mass for any field in equation (9) to get
1

E = mgc? (goo - vz/cz)_2

Using the identity

For small x, where

One thus gets equation (13) in the form

(12)
) a®)
(14)
v,
(15)

1 1 v?
E = m,c? (1— —x) = m,c? l1—£+ = —l

2

— 2 1 2
E=m,c*— m,p +E myv

c2 2 c?
(16)

Since the potential energyV, and kinetic T, are defined by

1 2
V=m,p |, T=5m0v

It follows that

E=my,*+T-V

(17)

(18)

Which, when neglect rest mass term does not satisfy the Newtonian limit, which has energy given by

Eyv=T+V

(19)

But fortunately it resembles the lagrangian function L when rest mass term is neglected, i.e

Ly=E=T-V

This set back may be related to the use of
vacuum time instead of curved space one in the
velocity definition in equation (5). However
one needs a more precise, proper energy
expression in a curved space, which reduces to
SR in free space, and ordinary Newtonian one a
weak field. Despite this short coming
expression of (18) for not satisfying the
Newtonian limit, but this form shows the
flexibility of the curved space energy form. This

(20)

stems from the fact that the curved space
energy relation (18) represents the lagrangian
function which is widely used in all physical
branches including Newton laws, Maxwell’s
equations, quantum mechanics, quantum field
theories and unification theories.

To do this, one needs to return back to the
original definition of the proper space- time
interval (ds) which is defined in SR to be

ds=icdté,+dxé; (21)
Thus the square of the proper interval (21) is given by
ds? = ds.ds = i*c*dt?> +dx* = —c?dt* +dx* (22)
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Since one needs use of proper time 7 it is suitable to use equation (2) to get
ds? = —ds? = c?dt? — dx? (23)
Which represents Minkowskian space form as pointed out by equation (3). For a curved space- time
the proper time 7 can be written according to equation (2), to take the form
ds = goo 2 dt? + gy, dx? (24)
The proper time 7 is defined by

dt =dt, dx =0 (25)
Thus equation (24) gives

ds? = g,, c? dt? (26)
One can follow Hilo and Savickas [8, 9] to define the time in a curved space to be given by
dt, = VYoo dt (27)
Inserting equation (26) in equation (24) and using equation (27) gives
Joo €2 dT% = goo €? dt? + gy dx? = 2 dtZ + gy, dx?
Rearranging gives

ae\2 o [(dx\2
Yoo = (E) Joo T gc_z (d_:) (28)
Further rearrangement in which the curved time is used to define velocity yields
ae\2 Ixx [dx 2
Yoo = (E) Joo T 2 (E) (29)
2 2
1 oo dt IxxJoo dx
Yoo = E( dr ) Igoo + o2 ( Too dt) l (30)
_ 1 dto 2 Joo9xx [ dx 2
Yoo = 5~ (;) [goo +=a (a_co) ] (31)
2
goo2 = VZ [goo + JooIxx :_z] (32)
Where y is defined by
Yoo Yoo
Yy = = (33)
,’goo*’ googxxz_; m,’l‘hgxxz_;
gOO (34)

L
1+gxxc_2

Now multiply both sides of equation (32) by mZ c* to get

2 2 4 _ 2m2 %+ 2mg c*v? 35
Goo Mg €= Goo V" M5 " + gooJuxx V" ——7— (35)
Now define the mass m, energy E, and momentum P to be

m=ym, (36)
E =mc? = ym,c? (37)
P=mv=ym,v (38)

Using equations (36), (37) and (38), in equation (35) yields
ggo m<2) c* = Yoo E? + YooYxx pZCZ (39)
Which is the energy- momentum relation in a curved space- time.
For Minkowskian free space [see equation (3)]
Joo =1 , Gux= -1
Thus equations (34), (37), (38) and (39) gives

1
Y= -~
v
1=z
E=ym,c?
P=ym,v (40)
Which are the ordinary SR relations.
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Now consider a weak field limit in equation (11), then substitute it in (34) to get
1

Using the identity (14) with (x ==

= (2 (-5)
2¢ v

Neglect higher order terms to get

A direct substitution of equation (43) in (37) gives

gl e
]/—1+262+C2

E= moc2y=m062<1+

2 2 2
= (14 2) (122 <1022 34 (3) (5

,— %) , yields

UZ
v e
2c? c2>

1
E=mocz+§mocz+m0<p

Neglect the rest mass term and use equation (17) to get, [see equation (19)]
E=T+V=Ey
This means that the relativistic expression of energy (37), with y defined according to equation (34)
satisfies the Newtonian limit.

3. Conclusion

The curved space energy- momentum relation
shows that strong dependence on the space-
time curvature via the metric terms. This
means that the energy is considerably affected
by the space- time deformation. Fortunately,
this relation reduces to the SR one in vacuum.
It is also satisfying the Newtonian limit for
small speeds compared to the speed of light.
This relation also recognizes the effect of the
field through the potential term.
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