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ABSTRACT

In this research, we study the definition of Hesitant Fuzzy set, with some properties. We
introduced the Hesitant fuzzy ideal of a ring with the result equivalent to the definition.
We proved some of the characteristics for Hesitant fuzzy set and Hesitant fuzzy ideal.
Also, we proved the image and the inverse image of the Hesitant fuzzy ideal with
respect the homomorphism between two rings. We studied the level set and then

proved that it is ideal ring through  Hesitant  Fuzzy.
Keywords:
1 Introduction of ring introduced in section five.

The concept of fuzzy sets was first introduced
by L. A. Zadeh [11] in 1965 as an extension of
the classical notion of a set. Torra and
Y.Narukawa [9] (2009) and Torra[10]in(2010)
proposed a new generalized type of fuzzy set
called Hesitant fuzzy set (HFS) and he defined
the complement, union and intersection of
HFSs. Xia and Xu (2011) gave some operational
laws for HFSs, such as the addition and
multiplication operations . Mohammad Abbasi ,
Aakif F. Talee, Sabahat A. Khan, and Kostaq
Hila[1]in (2018) introduced the hesitant fuzzy
ideal, hesitant fuzzy bi-ideal, and hesitant fuzzy
interior ideal in I'-semigroup. Kim, Lim and
Lee [3]in (2019) defined the hesitant fuzzy
subgroupoid, hesitant fuzzy subgroup , hesitant
fuzzy subring.

The remainder of the paper is organized as
follows: in section two, we recall some
definition along with some properties of
Hesitant fuzzy set and some results. In section
three, Hesitant fuzzy ideal of ring is presented.
We establish some results on an operations of
Hesitant fuzzy ideal of ring, in section four.
Finally, Homomorphism on Hesitant fuzzy ideal

2. Preliminaries

In this section, we recall the following
definitions and some results which needed in
the next sections.

Definition 2-1[9,10]:- Let X be a fixed set, a
hesitant fuzzy set ( in short, HFS) on X is in
terms of a function that when applied to X
returns a subset of [0,1], that is h: X = P[0,1].
To be easily understood,Xia and Xu expressed
the HFS by a mathematical symbol:A ={<
X, hp(xX) >/x € X}where h,(x) is a set of some
values in [0,1], denoting the possible
membership degrees of the element

X € X to the set A. They called h=h,(x) is a
hesitant fuzzy element (HFE). We will denote
the set of all hesitant fuzzy sets in X as
HFS (X).

Example2-2:- Let
X={x4,X,, X3} be a reference set,and h(x;) =
{0.5,0.7,0.9}, hp(x;) = {0.2,0.5,0.6} hua(x3) =
{0.4,0.7,0.8}, then we can express the HFS A
as:-

A={< x4, {0.5,0.7,0.9} >, < x,,{0.2,0.5,0.6} >
, < x3,{0.4,0.7,0.8} >}.
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Definition 2-3:-[5,6,7,8] Let h, h;,h, € HFS(X)

and {h;/i € [}c HFS(X), then for each x € X

1. We say that h; is a subset of h,, denoted by

h, ch,,if h; (x) ch, (x),Vx€X.

2.The complement of h, denoted by hS, is a

hesitant fuzzy set in X defined as: Vx€X,
h°(x)={1-y/y € h(x)}.

3. Lower bound: h™(x) = min {h(x)}.

4. a —lower bound: hg (x) = {y € h(x)/y < a}.

5. Upper bound: h* (x) = max {h(x)}.

6. a —upper bound: h¥ (x) = {ye h(x)/= a}.

7. Union: (h; U hy)(x) =

Uy, ehy (x),y,€h,(x) MaX {Y1, Y2}

8. Intersection:

=Uy, eh; (0),y26h, (%) min{yy, v}

9.h*(x) = Uyenpo (¥} = {y* /vy € h(x)}.

10. Ah(x) = Uyenw{l — (1 —M*}

11. (Uierhp) ®) = Ujer by ().

12. (Nier h) (%) = Nier h; ().

13. (hy®hy) (%) = Uylehl,yZehz{h + Y2 —v1Y2}-

14. (h1®h2)(X) = Uylehl,yZEhz{YIYZ}-

15. (h; © hy) = {t /vy € hy (x),v2 € h,(x)}.

(hy Nhy)(x)

Where

t=

{% if Yi=V1,Y2#1

0 other wise

16.(hy @ hy))(x={t/v; € h; (x),y2 € h,(x)}.

Where

t={% if y1<v2,y2#0

1 other wise

17.(hy o hy)(x) =
{Uyz=x[h1(Y) Nhy(2)] if yz = x
)] if otherwise

Definition 2-4:-[3]. Let h € HFS(X). Then h is
called a hesitant fuzzy point with the

support x € X and the value A, denoted by x;, if
x; : X = P[0, 1] is the mapping given by:
Ac[0,1]ify# x

P other wise

We will denote the set of all hesitant fuzzy
points in X as HFP(X).

foreachy € X, x; (v) = {

Definition.2-5:[3] Let h € HS(X) and let x,€
HFP(X). Then x, is said to be belong to h,
denoted by x; € h, if A  h(x).

Example.2-6:- Suppose that X={a,b},and let
h;,h, be two hesitant fuzzy sets given
by: h;(a) = {0,0.4,0.7},h,(b) = [0,0.6) and let
A =1{0,0.4,0.5} € P[0,1]

,then a; (a)= @ and a, (b)={0,0.4,0.5},b, (b)=0
and b, (a)== {0,0.4,0.5}

3.Hesitant Fuzzy Ideal Of Ring:

Definition3-1:-[1,2,3] Let G be a group and h €
HFS(G).Then h is called a hesitant fuzzy
subgroup in G, if it satisfies the following
conditions: Forany x,y € G

1-h(xy) 2h(x)N h(y)

2-h(x71)2h(x)

We will denote the set of all HFGs in G by
HFG(G).

Example3-2:-Let (Z,+) be group and hiZ -
P[0,1], difined as follows : For each h €Z
E,g] ifxis odd
h(x)= [1,3] ifx is even *
3’3
[0,1] ifx=20
Then we can easily that h hesitant fuzzy ideal of
Z.
proposition 3-3:- Let G be a group and h €
HFG(G), then
(1) h(x™1) = h(x),foreachx € G
(2) h(e) 2 h(x),foreachx €

G ,where e is the identity of G
Definition3-4:-[3].Let (R,+,.) be aring and h €
HFS(R), h # @. Then h is called a hesitant fuzzy
sub ring (in short, HFR), if satisfies the
following conditions.
(1) h € HFG(R, +)
(2) h € HFG(R,.).

We will denote the set of all HFRs in R as

HFR(R).
Theorem 3-5:-[3] Let (R,+,.) be aring and h €
HFS(R), h # @. Then h is a hesitant fuzzy sub
ring if and only if, for any x,y € R.

1- h(x-y) 2 h(x) N h(y)

2-h(xy) 2 h(x) n h(y)
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Definition3-6:-[3] Let (R,+,.) be a ring and
h be hesitant fuzzy sub ring of R, h # @ then h
is called:-
(1) A hesitant fuzzy left ideal (in short, HFLI )
of R, if h(xy) 2 h(y), for any x, y€R.
(2) A hesitant fuzzy right ideal (in short, HFRI)
of R, if h(xy) 2 h(x), for any x,y €R.
(3) A hesitant fuzzy ideal (in short, HFI) of R,
if it is both a HFLI and a HFRI of R .
We will denote the set of all HFI of R by
HFI(R).
Proposition3-7:- Let (R,+,.) bearingand h €
HFS(R), h# @ ,then heHFI(R) [resp. HFLI(R)
and HFRI(R)] if and only if, for any x, y €R.
1-h(x-y) 2h(x)nh(y)
2-h(xy) 2h(x)Uh(y)
Proof:- Suppose heHFI(R) and for any x,y €
R, we get h(x—y) 2 h(y) nh(y). And h is
hesitant fuzzy left (right) ideal of ring R,
implies h(xy) 2 h(y) and h(xy) 2 h(x).
So, h(xy) 2 h(x) U h(y).
Suppose the conditions are hold. Since h(xy) 2
h(x) Uh(y) 2 h(x)nh(y) and h(x—y) =2
h(x) N h(y). Thus h is hesitant fuzzy sub ring. It
follows that h(xy) 2 h(x) U h(y) 2 h(y), then
h is hesitant fuzzy left ideal of ring and h(xy) 2
h(x) Uh(y) 2 h(x), hence h is hesitant fuzzy
right ideal of ring .
So, h EHFI(R).
Example3-8:-Let (Z, ,+,.) be a ring where Z,
={0,1,2,3} and h: Z, — P[0,1] defined as
follows: h(0)=[0.2,0.8), h(1)= (0.3,0.7)=h(3),
h(2)=10.2,0.5]
Then we can easily note that h hesitant fuzzy
ideal of Z,.

Theorem3-9:- Let h € HFI(R),Then for any
x €ER
(1) h(x) <h(0)
(2) h(—=x) =h(x)
proof:- Suppose h € HFI(R)
1- Since 0 = x — x .So that h(0) = h(x—x) D
h(x)Nh(x) = h(x). Thus h(x) < h(0)
2- h(—x) = h(0 — x) 2 h(0)Nh(x),
by condition (1), hence h(0)Nh(x) =
h(x)
implies that h(—x) 2 h(x)....(1)
Also,h(x) = h(O — (—x)) D h(0)Nh(—x) since
h(0)Nh(—x) = h(—x) by condition (1)

so that, h(x) D h(—x).....(2). From (1), (2) we
get h(—x) = h(x).

Theorem3-10:- Let R be a ring and h € HFI(R),
ifh(x+y) = h(0),foranyx,y € R, then

h(x) = h(y).

Proof:- Suppose h(x +y) = h(0)and h €
HFI(R), forany x,y € R

h(x) =h(x+y-y) =h(x+y) —y) 2
h(x+y) Nh(y) =h(0) nh(y) = h(y)

Thus, h(x) 2 h(y)......(1)

h(y) =h(y+x—x) = h((y+x) —x) 2

h(x +y) N h(x) =h(0) N h(x) = h(x)

Hence, h(y) © h(x).......(2)

From (1) and (2) we have h(x) = h(y).

Theorem 3-11:-Let h € HFI(R), then hi(0) =
h(0) for all integersi > 1

Proof :- We prove the result by induction
Clearly the result is true for i = 1, so h'(0) =

h(0)

Assume the result is true for i =r, so h"(0) =
h(0)

Now h™%(0) = (h" o h')(0) = Ug=zw[h"(2) N
h'(w)]

Since the supermom is attained when z=w=0.
Thus Ug=00[h(0) nh(0)] = h(0) , this
completes the proof.

Thus hi(0) = h(0).

Theorem3-12:-Let h € HFS(R) and h(x) =
h(0) forany x € R, then h € HFI(R)
Proof:-Suppose h(x) = h(0) for any x € R ,let
X,y € Rimplies thatx —y € R.

So h(x —y) = h(0) 2 h(x) N h(y) [From
Theorem (3-9), condition (1)]

Thus h(x —y) 2 h(x) N h(y)

Since x,y € R, thus xy € R.

Then, h(xy) = h(0) 2 h(x) U h(y) [From
Theorem (3-9) ,condition (1)]

Hence h(xy) 2 h(x) U h(y). Thus h € HFI(R).

Proposition 3-13:-Let h € HFI(R) and k be a
positive integer, if x4, X,, X3, ... X € R,

Then  hX(X;X,X3 v ooe o xi) 2 h(x;) N h(x,) N
h(x3) ... N h(xy).
Proof :-

It clear, the resultis true for k=1
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Assume that it is true for k = r
,50 hT (X1X2X3 wv vee oo xr) 2 h(x;) Nh(x,) N
h(x3) ... N h(x,).
Now
h' (% XpX3 er e . Xr41)

== hr o h (X1X2X3 ......... XI‘+1)
since X{X;X3 «ov von wue Xp41=
(X1X2X3 wee ce ene Xr) (Xpq1)
SO hr o hl(X1X2X3 ......... XI‘+1) =
U[h"(X;X2X3 eoe eoe oo x) N h(x041)]

2 h(x;) Nh(x;) N ..h(x.) Nh(X;41)
NiX1h(x;), this completes the proof.
Thus, hX(X;X,X3 weueoe o Xk) 2 h(x;) Nh(x,) N
h(x3) ... N h(xy).

Theorem 3-14:-Every hesitant fuzzy ideal of a
rig R is an hesitant fuzzy ring of R.
Proof:- Suppose h hesitant fuzzy ideal of a rig
R.
We have, forany x,y € R

(1) h(x—y) 2 h(x) nh(y)

(2) h(xy) 2 h(x) U h(y) 2 h(x) n h(y) so that

h(xy) 2 h(x) N h(y)

Hence, h is an hesitant fuzzy ring of a ring R.

The converse of Theorem (3-13) may not to be

true as in the following counter example.

Example 3-15 :- let (R, +,.) be a ring of real

numbers define - h(x) =
{0.2,0.4,0.6} ifx isrational

{{0.1 ,0.3,0.4} ifx isirrational

Then, we can easily see that h is an hesitant

fuzzy ring of R.

But h is not hesitant fuzzy ideal of a rig R

because

h(2v2) = {0.1,0.3,0.4} » h(2) Uh(V2) =

{0.2,0.3,0.4,0.6}.

Proposition 3-16 :-Let h be an hesitant fuzzy
ideal of a ring R and h, = {x € R:h(x) = h(0)},
then h, ideal of a ring R.

Proof :- Suppose h € HFI(R)and x,y € h, so
that h(x) = h(0) and h(y) = h(0)

h(x—y) 2 h(x) N h(y) = h(0) n h(0) = h(0)
So h(x—y) 2h(0) and h(0) =h(0(x—y)) =2
h(x —y) so that h(x —y) = h(0)

Thus xy €h,. Now let x€Randy € h,
implies h(xy) 2 h(y) = h(0)

Since h € HFI(R) and Xy €
R.From theorem 3 — 9 condition (1). So that
h(xy) € h(0)

Thus h(xy) € h(0) SOxy € h, . Similarly we
have yx € h,. Thus h, is ideal of R.

Proposition3-17:-Let h;,h, be hesitant fuzzy
ideal of a ring R ,then h;, N h,, € (h; N h,),
Proof :-Let x € hy, N h,, implies hy(x) = h;(0)
and h,(x) = h,(0)

Now(h; Nhy)(x) =

Utlehl(x) , t2€h,(x) min {tl ’tz} -
Ut,eh,(0) , tyeny o) Min {t; , t;}

=(h; Nhy)(0), thus x € (h; Nh,),.Hence h;, N
h,, € (h; Nh,),

In general the equality in the above lemma
need not hold, as shown in the following
example.

Example 3-18:- Let R be a ring and let hy, h,
be hesitant fuzzy ideal of a ring R define as
following
h;(x) = 0forallx € R and h,(x) = 0ifx

# 0,h,(0) = {1}
Now h;, Nh,, = RN {0} ={0}and (h; N
hZ)* =R.

Proposition 3-19:-Let hy, h, be hesitant fuzzy
ideal of a ring R such that h; (0) = {1} = h,(0),
then hy, N h,, = (h; N hy),.

Proof:-Let x € (h; Nh,), implies(h; N
hy)(x) =(h; N

h3)(0)= Uy, en, (0) tpeh, 0y Min {tq , t5}

Thus Utlehl(x) ,t2€h2 (X) min {tl ) tz} =
Ut,eh, (0) t,eh,(0) Min{ty , t;} = {1}
Hence h;(x) = h;(0) = {1}and h,(x) =

h,(0) = {1} implies x € h;, N h,,

Thus (h; N hy), € hy, Nh,,

Also hy, N hy, € (hy Nh,), by Proposition 3-16
Then, hy, N h,, = (hy N hy)..

Proposition3-20:-Let {h;:i €

[} be a family of hesitant fuzzy ideal of R such that h; (0

(1)
for alli € L,then Nig(hy). = (Njerhj).-

Proof :-Let x € Njg(h;). implies x € (h;).
implies h;(x) = h;(0) = {1}

Implies Njerh; (x) = Nierh; (0)  implies x €
(Nierhy).
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So, Nier(hi):« S (Nierhy).

Let x€ (Njerhy). implies  (Nigrh)d(x) =
(Nierh;)(0) implies h;(x) = h;(0) = {1}

Implies x € (h;), implies x € Njgr(h;). implies
(Nierhi)s S Nier(hy).

Hence, Nier(hi)« = (Nierhy)..

Proposition3-21:-Let h € HFI(R) , then
(h),ch, , for all integers i>1
proof :-Let x € (h!), implies hi(x) = hi(0) =
h(0) since h'(x) € h(x)

Thus h(0) € h(x). Since h(x) € h(0).So h(x) =
h(0) hence x € h,. Thus (h'), € h,

Theorem 3-22:-Let (R,+,.) be a ring with unity
and "0" be identity of R for “+" and “e” be the
identity of R for ", then h is hesitant fuzzy
ideal of R, if and only if
h(x) = h(e) € h(0),foreachx € R,x # 0
proof: (1) Suppose that h € HFI(R) and x €
R,x#0
Hence  h(x) = h(xe) 2 h(x) U h(e),sinceh €
HFG(G). So that h(x) U h(e) = h(e).
Thus h(x) 2 h(e).......... (1)
Since e =xx"1, so h(e) =h(xx™1!) 2 h(x) U
h(x™1),since h € HFG(G) [From Proposition 3-
3].
Hence h(x) Uh(x™1) 2 h(x) U h(x) = h(x)
Thus h(e) 2 h(x), from (1) and (2) we get
h(x) = h(e)
Now we must prove h(x) € h(0)orh(e) S
h(0), since 0 = x — x
So that h(0) = h(x —x) 2 h(x)Nh(x) = h(x).
Thus h(x) € h(0).......(3)
From (1),(2) and (3) we get h(x) = h(e) < h(0)
(2) Suppose that h(x) = h(e) € h(0),
foreachx € R,x# 0
Let c,d € R, We have four cases: c# 0,d #
Oandc#dorc#0,d#+0andc=d or c#
0,
d=0orc=0,d#0
(1) Suppose ¢ # 0,d # 0 and ¢ # d so thatc —

d#0and cd # 0,

Thus h(c — d) = h(e)

2 h(c) N h(d) and h(cd)
= h(e) 2 h(c) U h(d).

(2) Suppose c#0,d#0andc=

d, impliesc—d=0andcd # 0.

Thus h(c — d) = h(0)
2 h(c) N h(d) and h(cd)
= h(e) 2 h(c) U h(d).

(3) Suppose ¢ # 0 or ,d = 0 .Then clearly, c —
d # 0 and cd = 0. Thus by the hypothesis,
h(c —d) = h(c) 2 h(c) n h(d) and h(cd)

= h(0) 2 h(c) U h(d).

(4) Supposex =0,y # 0 .Then the proof is
similar to case (3)

So in all cases , h €
HFI(R). This completes the proof.

Proposition 3-22:-Let R be a ring with unity

and h be hesitant fuzzy ideal of R, then the set

R, ={x €R: h(x) = h(e)} is ideal of R
Proofi- Clearly R, #¢, let x,yE€

R;, so that h(x) = h(e) and h(y) = h(e)

Since h be hesitant fuzzy ideal of R. Implies

h(x —y) 2 h(x) n h(y) = h(e) N h(e) = h(e)

Thus h(x —y) 2 h(e). Since h(e) o

h(x — y)From Proposition 3 — 3.

Soh(x —y) = h(e).Thus x —y € Ry,

Now let x e Randy € R;, .So h(xy) 2 h(y) =

h(e),thus h(xy) 2 h(e),

Since  h(e) 2 h(xy) From Proposition 3 — 3,

this implies h(xy) = h(e).Soxy € R,

Similarly we  have  yx € R,. Hence

Ryis ideal of R.

4-Some operations of hesitant fuzzy ideal of
R

Proposition 4-1:-Let h; andh, be two a
hesitant fuzzy ideal of a ring R. Then h; U h, is
hesitant fuzzy ideal of a ring R ifh; c
h, or h, c h;.

Proof:- If h; € h, implise h; U h, =
h, , since h, is hesitant fuzzy ideal

So h;Uh, ishesitant fuzzy ideal. If h, C
h; ,so thath; U h, = h;,since h, is hesitant
fuzzy ideal

So h; U h, is hesitant fuzzy ideal. Thus h;U h,
is hesitant fuzzy ideal of a ring R.

But h; Uh, is not necessarily hesitant fuzzy
ideal of aring R where h; € h, orh, € h; ,The
following example shows that.

Example 4-2:-let (Z, ,+,) be a ring where
7,={0,1,2,3} and hy, h,: Z, — P[0,1] defined as
follows: h;(0)=[0.2,0.8) , h;(1)=(0.3,0.7)=h,
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(3) ,h; (2)= [0.1 ,0.7],h,(0)=[0.1,0.7] ,
h,(1)=[0.4,0.7]
, h, (2)=10.4,0.5] = h, (3). Then we can easily
see that hy, h,are an hesitant fuzzy ideal of R.
Then (huhy,)(3—=1) =(h; Uhy)(2) =
(hy)(2) U (hz)(2) = [0.4,0.7]
(h;y Uhy)(3) = h;(3) U h,(3)=[0.4,0.7)
(h; Uhy)(1) = h;(1) U h,(1)=(0.3,0.7]
(h; Uhy)(3) n (h; Uhy)(1) = (0.3,0.7)
Thus (h; Uhy,)(3—1) » (hyuhy)(3)Nn (h; U
h,) (D).
Hence h; U h, is not hesitant fuzzy ideal of Z,
Theorem 4-3:-Let {h; /i€l} be a family of a
hesitant fuzzy ideal of a ring R, then(Uj¢ hj)is a
hesitant fuzzy ideal of a ring R if the family is
chain.
Proof:- For any x,y € R, we have
(Uierh) (x-y)= Uier by x-y)=
Utiehi(x—y) )max{ti } =
Ut en;ontsen; () max{t; } ,i €1
=Ut,eh;(x) A t;ehy(y) Max{t; J,since {h; /i€l} is
chain so that for all h;, h; €{h; /i€l}jthen either
h; < hjor h; c h; and has hesitant fuzzy ideal
be an upper bound ,by Zorn's Lemma applyons
then {h; /i€l} has maximal hesitant fuzzy ideal.
So
Utieh; ) A tiehyy) Max{t; }=Ugen; oo max{t; } N
Ut,en;(y) max{t; }
=Ugen; 0 Max{t; } N Ugeny) max{t; }=Uier h;
(%) N Uier h; ()
Thus (Uierhp) (x-y)= Uier by (x) N Ujer by
Now we must prove (Uier hj) (xy)= Uier hy (Xy)=
Utiehi(xy) ) max{ti }
2 Ut en;(xutien;(y) max{t; } 1€l
=Uvt,eh;(x) v tieh;(y) Max{t; }=Uyen, (o max{t; } U
Ut,en;(y) max{t; }
=Ug,en; o Max{t; } U Ugen;iyy max{t;} =Ujerh;
(%) U Uier h; ()
Thus (Uierhp) (xy)= Uier by (x) U Ujer by
From (1) and (2) we get (Uigr h;i) is a hesitant
fuzzy ideal of a ring R.

Proposition 4-4:-Let h; and h, be two hesitant
fuzzy ideal of a ring R.Then h; N h, is a hesitant
fuzzy ideal of a ring R.

Proof:- forany x,y € R

1— (hy nhy)(x-y)=hy(x—y) Nhy(x—y),
Since h; , h, hesitant fuzzy ideal of a ring R
,then
h;(x —y) 2 h;(x) N h;(y) ,where i=1,2.
So (hynhy)(x - y)=h;(x—y)nhy(x—y) 2
h; (x)Nhy (y) Nhy (x) Ny (y)
= h; (%) N hy(x)Nhy(y) N ha(y)= (hy N
h;)(x) N(hy Nhy)(y)
Thus(h; N hy)(x-y) 2 (hy nhy)(x) N (hy N
h,)(y)
Now we must prove (h; N h,)(xy)

= h; (xy) N hy(xy)
Since h,,h, € HFI(R)so that hy,h, €
HFLI(R). Thus h;(xy) 2 h;(x) and h,(xy) 2
h, (%)
Thus h;(xy) Nhy(xy) 2 h(x) N
hy (%) eeeeeeenns (1)
Also hy, h, € HFRI(R) so that h;(xy) 2 h;(y)
and h,(xy) 2 h,(y)
Thus hy (xy) N hy(xy) 2 hy () N
hy (V) e (2).From (1) and (2) we get
h;(xy) N hy(xy) 2 hy(x) N h,(®x) U hy(y) n
h, (y)=(hy N'hy)(x) U (hy Nhy)(y)
So (hy nhy)(xy) 2 (hy Nhy)(x) U
(h; N hy)(y). Thus h; Nnh, is a hesitant fuzzy
ideal of aring R.

Theorem 4-5:-Let {h; /i€l} be a family of a
hesitant fuzzy ideal of a ring R, then Nj¢r h;is a
hesitant fuzzy ideal of a ring R .

Proof:- For any x, y € R, we have

1 = (Nierhp)(x-y) =Nierh; (x-y) , since h; is a
hesitant fuzzy ideal of a ring R, for any i € |,

So h; (x-y) 2 h;j(x)N h;(y),Hence
(Nieth) x-y)= Nieth;  (x-y) 2 Nier{ hi(x)N
hi(y)}

= {Nierh; )} N{Njerh; (¥)}, Thus

(Nier hy) (x-

y) 2{Nierhi )} N{Nierhi (M }--vvvveee (1)
2 — (Nierhp)(xy)= Nierh; (xy) , since h; is a
hesitant fuzzy ideal of a ring R,for any i€l
So h; (xy) 2 h;(x)U h;(y),Hence
(Nierh)) (xy)= Nierhi (xy) 2 Nier{ hi(x)U h;(y)}
= {Nierhi ®)} U {Njerhj (y)}.Thus
(Nierh) (xy) 2{Njerh O3 U
{Nierhi (M} (2)
From 1 and 2 ,we get (Nier h;) is hesitant fuzzy
ideal of aring R.
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Proposition 4-6:- Let h;andh, be two
hesitant fuzzy ideal of a ring R. Then h;®h, is a

hesitant fuzzy ideal of a ring R.

Proof:- Since (h;®h,)(X)={v1 + Y2 — Y1Y2: Y1 €

hy(x),v2 € hy(x)}

Hence (h;®hy)(x—y)={ v1+Y2—V1Y2:V1 E

hy(x—y),y2 € h,(x—y)}

Since h; and h, be two hesitant fuzzy ideal of a

ring R

So (h;®hy)x—y)={ v1i+Y2—V1Y2/V1 €

hi(x—y),y2 € h,(x—y)}
2{y1+v2— v1iv2:v1 Ehix) nhi(y) A v,
€ h,(x) N hy(y)}
={vi+Y2— vaiv2ivi €Ehi(X) Ay €
hi(Y)Ay2 €Eh,(X) Ay, € hy(y)}
{vi+vY2— viv2: v1 Ehi(X) Ayz € hy()A Y,
€ hy(y) Ay € hy(y)}

={ Y1 +Y2—V1Y2:v1 €Ehi(x),y2 Eh,(x)} N {

Y1+ Y2 —Y1Y2: Y1 € hi(¥),v2 € hy(¥)}

= vitvz—Viv2:v1 Eh(X),y2 Ehy(X)}N {

Y1+ Y2 —Y1Y2:Y1 € hi(y),v2 € ha(y)}
Thus (h;®h;)(x—y) 2 (h;®hy))(x) N

Now (h;®h;)(xy)={ Y1+ Y2 —Y1Y2/Y1 €

h, (xy),v2 € hy(xy)}
2{y1+v2— Y1v2:v1 Ehi(x) Uhi(y) Ay,
€ hy(x) U h,(y)}
={v1+tv2— v1v2: Y1 €Ehi(®) Vv vy Eh(y) A
Y2 € hy(X) v v, € hy(y)}
= {vity2— viv2: i Eh()A Y €
hz(X) v Y1 Ehi(y) A vz €Ehy(y)
Vyi €Ay, €Eh(Y)V v EN () A vz
€ h,(x)}
2{yi+v2— Y1i¥2: Y1 €Ehi(X) A v,
eh,Xv v1€h(y) A v,
€ hy(y)}

= vitv2—V1iv2:v1 Eh(X),y2 Ehpy(X)}U {

Y1+ Y2 = Y1Y2: Y1 € hi(y),v2 € hy(y)}

={ Y1 +Y2—V1Y2:v1 €Ehi(x),y2 Eh,(X)}U {

Y1+ Y2 —Y1Y2:Y1 € hy(y),y2 € hy(y)}
=(h;®hy))(x) U

(h,;®h;)(y).Thus (h;®h;)(xy) 2
(h,@®h,)(X) U (hy@h,)(y) . (2)

From 1 and 2 we get (h;®h,) is hesitant

fuzzy ideal of a ring R

Proposition 4-7:-Let h; and h, be two hesitant
fuzzy ideal of a ring R . Then h;®h, is a

hesitant fuzzy ideal of a ring R.

Proof:-Since (h;®h,)(x)={ Y1Y2:Y1 €
hy(x),v2 € h(x)}
1- Hence (hi®h))x—y)={  v1v2:V1 €
hi(x—y),v2 € h,(x—y)}
Since h; and h, be two hesitant fuzzy ideal of a
ring R.
So (hy®h)(x—y)={v1v2:v1 Ehi(x—y),Y2 €
hy(x = y)}2{ v1v2:v1 € hy(x) Nnhy(y)
Ay, € hy(x) Nhy(y)}
={v1Y2: Y1 € h1(X) Ay; € hy(y)A Y2 € hy(x) A
Y2 € ho(y)}
={Y1Y2: Y1 Eh1(X) Ay; E hy(X)A Y, Ehy(y) A
Y2 € h,(y)}
={ Y1¥2: Y1 Ehi(X) Ayz € ()3 N { v1v2iyv1 €
hi(y) Ayz € ha(y)}
={ Y1Y2: Y1 € hi(X),v2 €Eh,(X)}N { viv2iv1 €
hy(y),v2 € ha(y)}
=(h;®h)(x) N (h;®h;)(y)
Hence (h;®h,)(x—y) 2 (h;®h,)(x) N
(h1®hy)(¥) ..o (1)
2- Now we must prove (h;®h;)(xy)={
Y1Y2: Y1 € hi(Xy), V2 € ha(xy)}
2{ v1v2: V1 Ehi(®X) Uhi(y) Ay,
€ hy(x) U h,(y)}
={ Y1¥2: Y1 Ehi(X) Vy; Ehi(y) A y; Ehy(x) Vv
Y2 € h,(y)}
= { Y1iv2: Y1 Ehi(X) A vy, Ehy(x) v v, €
hi(y) A vz € hy(y)
V y1 €A y2 € () V v EN(Y) A vz
€ h,(x)}
2 { v1v2\ Y1 Ehi(x) Ay, E hy(X)vyy
€ hy(y) Ay, € hy(y)}
= { Y1y2\ v1 E h1 (%), y2 Eh,(X)vy; €
h1(Y) Y2 € ()}
={ v1Y2/v1 €hi1(X),v2 € ()} VU { v1v2/v1 €
hy(¥),v2 € ha(y)}
=(h;®h;)(x) U (h;®h;)(y).Hence
(h1®hy)(xy) 2 (h;®h;)(x) U
(h1®h) (¥) eeeene (2)
From 1 and 2 we get (h;®h;) is hesitant
fuzzy ideal of a ring R.

Proposition4-8:-Let his a hesitant fuzzy ideal
of a ring R, then Ah is a hesitant fuzzy ideal of
ring R.
Proof:- Since Ah(x) ={1-(1—y)* :y € h(x)}
.Now we must prove
1- 2h(x—y) ={1-0-y* yehx-y)=2
{1-1-y)*yeh® nh)}

Eurasian Journal of Media and Communications

www.geniusjournals.org
Page |7



Volume 13| January 2023

ISSN: 2795-7632

={1 - (1 —y)*:y € h(x)Ay € h(y)} ={1-
(1-ytyehin{l—(1-y*yeh®)
={1-(1-yhyeh®}In{1-A-yhve
h(y)} =Ah(x) N 2Ah(y)

Thus Ah(x —y) 2 Ah(x) N Ah(y)........ (D
2-2h(xy) ={1-(1-y)* yehxy}2{1-
(1 -y)*y € h(x) uh(y)}
={1-(1-yhyeh®Vvyehy)} = {1-
(1-yryehE}Iu{l-1-y*yeh®)
={1-(1-yhyeh®}Iu{l-A-yhve
h(y)}=Ah(x) U Ah(y)

Hence Ah(xy) 2 Ah(x) U Ah(y) ........ (2)

From 1 and 2 we get Ah is hesitant fuzzy ideal
of a ring.

Proposition 4-9:-Let h; and h, be two hesitant
fuzzy ideal of a ring. Then h; © h; is a hesitant
fuzzy ideal of a ring R.
Proof:-Since h;(x) ©®h,(x) ={t:y; €
hi(%),v2 € hp(x)}, Vx € X
where t= {% ifyr = v2y2 # 1
0 if other wise
Hence (h © hy))(x—y)={t:y, €
hy x—y),v2 €h(x—y)}
2{t:y; Eh; x) Nhy(y) Ay,
€ h, (x) Nhy(y)}
={t:y1 Eh; ) Ay Ehi(y) Ay Ehy (X) A
Y2 € hy(y)}
={t:y1 Eh; ) AEh,(X) Ay Ehy (Y) Ay, €
h,(y)}
={t:y; €h; x),y2 Eh,(¥)} n{t:y; €
hy (¥),v2 € ha(y)}
=(h; © hy)(®) N (hy © hy)(y)
Thus (h; © hy))(x—y) 2 (h; ©hy))(x) N
(h; ©hy))(¥) .....(1)
Now we must prove(h; © hy)(xy) ={t:y; €
hy (xy),y2 €h,(xy)} 2 {t:y; €h; U
hi(y) Ay €hy ®) Uhy(y)} ={t:y; €Ehi () V
Y1 €Ehi(y) Ay2 €Eh, X)) Vy, € hy(y)}
={t y1Eh (XA YV, Eh(x)Vv y; Ehy(y) A
Y2 €Eh,(y)V y1 Eh(X) A vy, Ehy () V v, €
hi(W Ay, Eh,()}2{t:y; €Ehy DAY, €
h,(x) Vy; €hy (y) Ay, € hy(y)}
={t:y1 €Eh; X),y2 Eh;(X) VY1 Ehy (¥), 72 €
h,(y)}
={t:y; €h; x),y2 Eh,(x)} U{t:y; E
hy (¥),v2 € ha(y)}

=(h; © h)(x) U (h; © hy)(y).Thus (h; ©
h))x—y) 2 (b ©h))x) U(h ©

hy) () -(2)

From 1 and 2 we get (h; © h,) is hesitant
fuzzy ideal of a ring R.

Proposition 4-10:-Let h;andh, be two
hesitant fuzzy ideal of aring R. Then h; @ h, is
a hesitant fuzzy ideal of a ring R.

Proof: Since h(x)Qhy,x)={t:y, €
hy (x),y2 € h(x)} VX € X

Y1 : <
where t = {Yz if Y1<Y2Y2#0

1 if other wise

Hence (hy @ hy)(x—y) ={t:y, €
hy xX=y),v2 € ha(x—y)}
2{t:y; Eh; x)Nhi(y) Ay
€ h, (x) Nhy(y)}
={t:y1 Eh ) Ay Ehi(y) Ay2 Ehy (X) A
Y2 € hy(¥)}
={t:y1 Eh; XAV, Ehy(X) Ay Ehy (¥) A
Y2 € hy(¥)}
={t:y;1 Eh; ¥,y Eh,(X)} N{t:y, €
hy (y),v2 € ha(y)}
=(h; @ hy)(®x) N (hy @ hy)(y)
Thus (hy, @ hp)(x—y) 2 (hy @ h)(x) N
(h; @ h)(¥) ... (1)
Now we must prove(h; @ hy)(xy) ={t:y; €
hy (xy),v2 € ha(xy)}
2{t:y; Eh; x)Uhi(y) Ay
€ h, (x) Uh,(y)}
={t:y; € XD Vy; €hy(yY) Ay €hy () V
Y2 € hy(y)}
={t YTEh XA Y, Eh,(X)Vv y; Ehy(y) A
Y2 € hy(y)
VyiENIA Y, Eh(Y)V v1 Ehi (WA Y,
€ h,(x)}
2{t:y; €Eh; XAy, Eh,(X) VY
€ h; (y) Ay; € hy(y)}
={t:y; €h; ¥),y2 Eh,(x)} U{t:y; E
hy (y),v2 € ha(y)}
=(h; @ hy)(x) U (hy @ hy)(y)
Thus (h; @ hy)(x—y) 2 (h; @ hy))(x) U
(hy @ hy)(¥) -....(2)
From 1 and 2 we get (h; @ h,) is hesitant
fuzzy ideal of a ring R.
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5-Homomorphism on hesitant fuzzy ideal
of R.

Theorem 5-1:-Let f:R = R*be onto
homomorphism from a ring R to a ring R*,
lethg is hesitant fuzzy ideal of a ring R
then f(hg) is hesitant fuzzy ideal of a ring R*.
Proof:-Lety € R*,by def. f(hp)(y) =
Uxer1(y) hx (%) if £71(y) # @,Wheref~(y)
={x:f(x) =y}
Now, we must prove
1.Let X =X; — Xy , X1,Xy €
R since f homomorphism and onto there exists
a,b € R* such that f(x;) = a,f(x,) = b,since a
b€ Randf™1(a) # 0, 1(b) # 0
) thatf~'(a—b) # @ ,
b)= Uxer1(a-py hr () 2
Uf(x,)=a f(xz)=b DR (X1 — X2)
2 Ufx,)=a fx,)=b hR(X1) Nhr(xy) =
Ufx=a hr(X1) N Ugx,)=p hr(x2)
=f(hg)(@) N f(hg)(b).Thus f(hg)(a—b) 2
f(hg)(@) N f(hg)(b)
Similarly
f(hg)(a.b)= Ugx,)=a f(xp)=b hr(X1X2) 2
Uf(x,)=a fx,)=b Nx (x1) U hy (x7)
= Uf(x)=a f(x)=b hrR(X1) V hr(x2) =
Utxp)=a hr(X1) U Ugcx,)=b hr(x2)
= Ufx,)=a hr(x1) U
Utx,)=b hr(xz) = f(hg)(a) U f(hr)(b)
Hence f(hg)(a.b) 2 f(hg)(a) U
f(hgr)(b),Thusf(hg) is hesitant fuzzy ideal
of aring R.

fthg)(a -

Theorem 5-2:- Let f: R = R*be homomorphism
from a ring R to a ring R* .If hy, is hesitant fuzzy
ideal of a ring R and has the sub-property
then f(hg) is hesitant fuzzy ideal of a ring R*.
Proof: Since hy is hesitant fuzzy ideal of a ring
R and has the sub-property

There is x, € f&% such that hr(x,) =
Utef(‘yl) hR(t)

Thus f(hr) (x — y) = Uter1(x—y) hr(t) 2
hg (x—y) 2 hg(x) N hg(y)

So fthp)(x —y) 2 hg(®) N

hg(y),Hence,f(hg) (xy) = Uter1(xy) hg(t) 2

hg (xy) 2 hr(x) U hr(y)
So f(hg)(xy) 2 hgr(x) U hg(y).Thus f(hg) is
hesitant fuzzy ideal of a ring R*.

Theorem 5-3:-Let f: R - R*be homomorphism
from a ring R to a ring R* ,let hy is hesitant
fuzzy ideal of a ring R and hg~is hesitant fuzzy
ideal of a ring R*, thenf~!(hg+) is hesitant
fuzzy ideal of a ring R.
Proof: Since hg+is hesitant fuzzy ideal of a ring
R*,
Thus f~* (hg-) (x — y) = hg-(f(x —y))

= hg- (f(x) — {(y))

2 1 (hg) () N £ () ()
Thus f~1(hg~)(x — y)
f=1(hg) ()

Hence f~1(hg+)(xy) = hg+(f(xy))
= hg: (fCOf ()
2 h+(f()) U hg« (f(y))= £ (hp-) (x) U
f~1(hg) ()
Thus f~1(hg+) (xy)
f~1(hg) ()
Thus f~1(hg+) is hesitant fuzzy ideal of a ring R.

S f~1(hg)(x) N

> f~1(hg)(X) U
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