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ABSTRACT

In this paper, we study the definition of hesitant fuzzy set, with some of its properties
and introduce the definition of semi prime hesitant fuzzy submodule with the result
equivalent of definition . We proved the image and the inverse image of the concept
above with respect to the homomorphism between modules, finally we proved all the
relationships between these concepts.
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1- Introduction

Torra (2010) proposed a new generalized
type of fuzzy set called hesitant fuzzy set (HFS)
and he defined the complement, union and
intersection of HFS [12] . Xia and Xu (2011 )
originally gave the mathematical expressions of
HFS, and some operational laws for HFS, such
as the addition and multiplication operations
[13] . Afterwards, Liao and Xu (2014a)
introduced the subtraction and division
operations over HFSs [14] . Deepak D and ]J.
John (2014) introduced the notion of hesitant
fuzzy subgroups[6] . Abbasi, et al. (2018)
introduced the hesitant fuzzy ideal, Hesitant
fuzzy bi-ideal, and hesitant fuzzy interior ideal
in I'-semi group [2] . Kim et al. (2019) defined
hesitant fuzzy subgroupoid, hesitant fuzzy
subring , Hesitant fuzzy ideal [9] . Xueyou Chen
(2020) introduced the notion of rough hesitant
fuzzy group, and investigate some of their

Definition (2.1) [12]:

properties [5] . Ali Abbas. J. and M. J.
Mohammed (2021) introduced the notions of
hesitant fuzzy ideal, hesitant fuzzy prime ideal ,
hesitant fuzzy strongly prime ideal and
hesitant fuzzy 3- prime ideals of a ring R [1] .
A. Fadhil] (2021) introduced the definitions
of hesitant fuzzy submodule , prime hesitant
fuzzy sub module and strongly prime hesitant
fuzzy submodule [7]. In this study, we shall
introduce the notion of semi prime hesitant
fuzzy submodule and we proved some
properties and results about these concept .
Also, we proved the relationship between the
above concepts and other concepts.

2-Preliminaries

In this section, we are about to give the
concept of hesitant fuzzy set with some basic
definitions and properties about it which are
used in the next section.

Let X be a reference set a hesitant fuzzy set (HFS) A on X is defined in terms of a function
h,(x) when applied to X returns a finite subset of [0, 1] i.e. A = {(x , hy (x))| x € X} where hy(x)isa
set of some different values in [0, 1], representing the possible membership degrees of the element
x € X to A for convenience, we call h,(x) a hesitant fuzzy element (HFE).
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Definition (2.2) [13]:

Let X be a reference set, then we define some types of hesitant fuzzy set. empty set: h°(x) =

{(x,{0H) VxeX}={0}, fullset: h'(x) ={(x,{1}) Vx € X} = {1}, complete ignorance for x € X

(all is possible) : hl®U(x)={(x,[0,1]) Vx € X} =[0,1] and set for a nonsense h®(x) =
{(x,®) V x € X} = @such that h®(x) € h(x) & hl®U(x)

Definition (2.3) [10]:

Let A, B be a hesitant fuzzy set of a set X and Y respectively and let f: X — Y be a
mapping. Then the image of A under f, denoted by f(A), is a hesitant fuzzy set in Y defined as follows:
foreachy @'Y
fa)w) = (oA ) 20

0 otherwise
the invers of B under f, denoted by f~1(B), is a hesitant fuzzy set in X defined as follow : for each x

€X, f'(B)x) =B (f(x)).
Definition (2.4) [10]:
Let h be an hesitant fuzzy set of a set X. Then h is called a hesitant fuzzy point with the support
X € X and the value A, denoted by x;, if x; : X = P[0,1] is the mapping given by: for eachy € X, x,(y)
(A c[01] if y= x
_{ ¢ otherwise.
We will denote the set of all hesitant fuzzy points in X as HFP(X).
Definition (2.5) [11+13]:
Forany h;,h, in HFSs, some operations on them can be described as follows
(1) (hy Uhy)(x) ==Uy en, y,en, max {y1, ¥}
(2) (hi N hy)(x) = Uy, en,,y,en, min {y1, 2}
B)  h'@=pMNy en@} , A ={1-10-»"y €h(x)}
(4) (i ®hy) () ={1y2lyr € (x),y, € hy(x)}
(B) (@ h)(x) ={y1 + y2-y1Y21¥1 € hi(x),y, € hp(x) }
Definition (2.6) [7] :
Let X be an anon empty set, h be a hesitant fuzzy set and E < [0,1]. Then, the E — upper
(level set) of h defined hp={x € M: h(x) 2 E }.
Proposition (2.7) [7] :
Let A, B be a hesitant fuzzy sets over R-module M then
(1) (ANB)g = Ap N Bg
(2) IfA € B then Ap € Bg
(3) A UB; € (A UB)g
Definition (2.8) [7] :
Let h bea hesitant fuzzy set over R—module M then h is said to be hesitant fuzzy submodule (
in short, HFSM ) over R-module M if forall x,y € M,r €R
(i) h(x —y) 2 h(x) N h(y) (ii) h(rx) 2 h(x).
Example (2.9) [7] :
Let h be a hesitant fuzzy set of Z,-module (Z,, +, ) such that
h ={(0,r(0)),(1,h(1))} , h(0)=1{0.1,0.3,0.6,0.8} , h(1) ={0.1,0.3}
Then h is a hesitant fuzzy submodule of Z,-module Z,
Proposition (2.10) [7] :
Let hq, h, be a hesitant fuzzy module of R-module M , then hl’1 , Ahy hy ®
h, and h; @ h, are hesitant fuzzy module of R-module M .
Theorem (2.11) [7] :
Let h be a hesitant fuzzy set of left R — module M. Then h is hesitant fuzzy submodule of R-
module M iff hg , E €[0,1] is submodule of R-module M.
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Proposition (2.12) [7] :

Let f be a homomorphism from R-module M into R-module N, if B hesitant fuzzy submodule of
N then f~1(B) hesitant fuzzy submodule of M.
Proposition (2.13) [7]:
Let f be an epimorphism from R-module M into R-module N if 4 hesitant fuzzy submodule of
M then f(A) hesitant fuzzy submodule of R-module N.
Proposition (2.14) [7]:
LetM R-module.If r, € HFP(R) and x;, yz € HFP(M) then
rnex; =0x)g , E=tNA.
Definition (2.15) [7] :
Let h be a hesitant fuzzy submodules of R-module M,
b, € HFP (M) and r, € HFP (R) . Then
(h:bg) =U{ag: ag € HFP (R) suchthat agobs, S h}
(h:r) =U{xg: xg € HFP (M) suchthat 71, cxz S h}.
Definition (2.16) [7] :

Let h bea hesitant fuzzy submodule of R-module M then h is said to be prime hesitant
fuzzy submodule of M (PHFSM) if x; cys €h for x; HFP(R) and yz € HFP (M) we
have either yg Ch or x3 S(h:b,) forall bg € HFP (M).

Definition (2.17) [7] :

Let h be a hesitant fuzzy submodule of an R -module M. Then h is said to be a strongly prime
hesitant fuzzy submodule of M (S -PHFSM) if x3 oyz Sh for x; € HFP(R)and ygz €
HFP (M) impliesthat yg < h.

Theorem (2.18) [7] :

Let h be a hesitant fuzzy submodules of R-module M .Then h is a strongly prime hesitant
fuzzy submodule of R-module M iff
h(rx) =h(x) forall r € R,r#0 and x € M
Proposition (2.19) [7] :

Every strongly prime hesitant fuzzy submodule of R -module M is prime hesitant fuzzy
submodule of M .

Definition (2.20) [3]:

Let K be a submodule of an R-module M. Then K is said to be semi prime submodule of M if
r’x €K foral rER, xEM then rx€eK .

3. Semi prime hesitant fuzzy submodule

In this section we define the concept semi prime hesitant fuzzy submodule and prove the
result equivalent to the definition with prove some results about it.
Definition (3.1):

Let h be a hesitant fuzzy submodule of an R -module M . Than h is said to be a semi prime
hesitant fuzzy submodule of M (SPHFSM) if x;20 y; S h for x, € HFP(R)and yp €

HFP (M) impliesthat x;0 yg Sh.

Proposition (3.2) :

Let h be a hesitant fuzzy submodule of R -module M then h is
SPHFSM of M iff hj is semiprime submoduleof M, E € [0,1] .
Proof:

Sppose that h is SPHFSM of M.

Let r?a €hy suchthat r€R ,a€M.
Thus h(r?a) 2 E , so (r?a)y Sh.
Implies 752 o ap Sh.
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Since h SPHFSM of M.
Then 1z cap CSh.
Implies (ra)y € h , thus ra € hg.
So, h is semi prime submodule of M.
Conversely, if hy is semi prime submodule of M.
Let 7,2 ox, CSh.
For r, € HFP(R)and x, € HFP (M).
Thus (r?x);y €h , where E=A1Ny, implies r?x € hg.
Since h g is semi prime submodule of M.
Thus rx € hy , sothat (rx)y S h.
Implies r, o x, Sh . Therefore, h is SPHFSM of M. O
Proposition (3.3) :
Let h ,k be a semi prime hesitant fuzzy submodule of R -module M . Then hnk is semi
prime hesitant fuzzy submodule of M.
Proof:
Let 7,20x; €Shnk, for 1,€ HFP(R)and x,; € HFP (M).
Implies 7,20 x, €Sh A 1,20 x, Ck.
Since h, k are SPHFSM of M , thus 7, o x; €h A 1,0 x,; Sk
Implies 1, c x; S hnk,so hnk is SPHFSMof M. O
Proposition (3.4) :
Let f be an homomorphism from R-module M into R-module N, if Bis SPHFSM of R-module
N then f~1(B)is SPHFSM of R- module M.
Proof:
Since f~1(B) hesitant fuzzy submodule of M. ( by Proposition 2.12)
Let 1,2 o x, S f71(B).
For 1, € HFP (R) and x, € HFP (M).
Implies (r2x)y SfY(B), E=ani ,thus r2x € (f‘l(B))E.
Hence (f‘l(B)) (r’x) 2E.
by definition of the inverse image B(f(r?x))2E .
Since f be an homomorphism , thus 2 f( x ) € Byp.
Since Bis SPHFSM of N then By semiprime submodule of N.
Since f(x) €N .Hence r f( x) € Bg.
Implies B(f(rx))2E.
by definition of the inverse image (f~(B)) (rx) 2E
Thus (rx)g €SfY(B) =1, ox, €f1(B).
So, f~1(B)is SPHFSM of R-module M. O
Proposition (3.5):
Let f be an epimorphism from R-module M into R-module N. If A is SPHFSM of R-module M
then f(A) is SPHFSM of R-module N.
Proof:
Since f(A) hesitant fuzzy submodule of N. ( by Proposition 2.13)
Let n,2 o y, S f(4).
For 1, € HFP (R) and y, € HFP (N).
Implies (r2y)y €S f(4), E=ani , thus r?y € (f(A))E
Since f isontoand y € N,Hence3 a € M Suchthat f(a) =y.
Hence (f(4)) (r*f(a)) 2E.
Since f is homomorphism, thus (f(4)) (f(rza)) 2F.
by definition of the inverse image f~! (f(4))(r?a) = A(r?a) 2 E
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Since A is SPHFSM of M then A semiprime submodule of M.
Hence r a € Ag , impliesA(ra) 2 E.
f1(f(A))@ra) = A(ra) 2 E , therfor (f(A)) (f(ra)) 2 E
(f(A)) (ry) 2E,  implies (r*y)g S f(4)
T, o ya € f(A), thus f(A)is SPHFSM of R-module N. O
Theorem (3.6) :
Let h be ahesitant fuzzy submodules of R-module M .Then his a semi prime hesitant fuzzy

submodule of R-module M iff
h(r?x) =h(rx) YVr€ R,r#0 ,and x €M.
Proof:
suppose that h(r2x) = h(rx) the condition hold.
Let 7,20 x, €h ,for 1,€ HFP(R) and x, € HFP (M).
Thus (r?x); Sh , E=anl , implies r2x € hyg
Implies h(r?x) 2E.
Since the condition hold .
Thus h(rx) 2FE , implies r x € hy , Hencer, o x; Ch
So, h is semi prime hesitant fuzzy submodule of M.
Conversely,
Suppose that h is semi prime hesitant fuzzy submodule of M.
Let re R,r+¥0and x € M.
Suppose that h(r?x) = E .
Then (r°x)p Sh , implies 1%, o x; Ch.
Since his SPHFSM, Hence r . o xz S h.
Thus (rx); €h , implies h(rx) 2 E = h(r?x).
Since h(r?x) 2 h(rx) ,thus h(r?x) = h(rx).
Proposition (3.7) :

Let h be a hesitant fuzzy module of R — module M and A submodule of M then Aisa semi
prime submodule of M iff

_ [0,1] if xX€EA
h(x) = { 0} otherwise
is SPHFSM of M.
Proof:

Suppose that A is semi prime submodule of M.

Let r€e R, r#0and x €M ,if r’a €A.

since A is semi prime submodule of M ,then ra € A
Hence h (r?a) = [0,1] = h (ra).if r%a ¢ A.

Since Ais semiprime submodule of M,then ra ¢ A.
Hence h (r?a) =0 = h (ra) .

Therefore, h (r?a) = h (ra).

Hence h is semiprime hesitant fuzzy submodule of M.
Conversely,

Let h is semiprime hesitant fuzzy submodule of M.
Let r’a € A ,for r € R,r+¥0and a € M .
Hence h (r?a) = [0,1].

Since h is semiprime hesitant fuzzy submodule of M.
Implies h (r%a) = h (ra) = [0,1],s0that ra € A .
Hence A is semiprime submodule of M. O
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Proposition (3.8) :
Let h be a semi prime hesitant fuzzy submodule of M then Ah is semi prime hesitant fuzzy
submodule of M.
Proof:
Since Ah hesitant fuzzy submodule of M. (by Proposition 2.10)
Let r e R, r#¥0and a € M.
A@ix) ={1- (1 —y)*|y€h(r?x)}
Since h is semi prime hesitant fuzzy submodule of M.
Thus, Ah(r?x) ={1—-(1—y)*|y € h(rx) } = Ah(rx).
Thus , Ah is semi prime hesitant fuzzy submoduleof M . O

Proposition (3.9) :
Let h, and h, are semi prime hesitant fuzzy submodule of M. Then h; @ h, semi prime
hesitant fuzzy submodule of M.
Proof:
Since h; @ h, hesitant fuzzy submodule of M. (by Proposition 2.10)
Letr € R,r+#0and a € M
(hy @ hp)(r?a) = (y1y2| y1 € hi(r%a), y, € hy(r?a )}
Since h;,h, are semi prime hesitant fuzzy submodule of M.

Thus (h; @ h,)(r%a) = {3’1)’2 |y1 € hy(ra) , y, € hy(ra) }

Implies  (hy @ hy)(r%a) = (hy @ hy)(ra).
Thus h; @ h, is semi prime hesitant fuzzy submodule of M. O

Proposition (3.10) :

Let h bea semiprime hesitant fuzzy submodule of M. Then
A={x€M]|h(x) =h(0)} isa semiprime prime submodule of M.

Proof:

Let rx>€ A where r € R,r#0and x € M.

We get h(rx?) = h(0).

Since h is semi prime hesitant fuzzy submodule of M.
Thus h(r x) = h(0) ,implies rx € A .

Hence Aisa semiprime submodule submodule of M. O

Proposition (3.11):

Every prime hesitant fuzzy submodule of R -module M is semi prime hesitant fuzzy
submodule of M .
Proof:
Suppose that h is prime hesitant fuzzy submodule of M.
Let 7,20 x; Ch.
For 1, € HFP (R) and x; € HFP (M).
Implies 7,0 (1, °x,) S h.
Since h is prime hesitant fuzzy submodule of M.
Wehave 1,0 x, S h or r, € (h:bg) forall by € HFP (M).
So each case impliesthat 7,0 x; S h .Thus h is SPHFSM of M. O
Remark (3.12) :

Notice that the converse of proposition (3.11) is not true in general , for example .
Let M = {0} ®2Z asa Z—module and h:Z - P[0,1] defined by
h(x) = {[0,1] if X€EN =.{O}696Z

)] otherwise
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Since N is semi prime submodule of M. (see 8, example (3.2.15))
Thus his semi prime hesitant fuzzy submodule of M.
Since 3[0.1,05 © (0,2)[0.1,05] = (0,6)0.1,05) Sh ,because
h((0,6)) =[0,1] 2[0.1,0.5] , but
(0,2)[0.1,051 € h ,because h(0,2) =0 2 [0.1,0.5]
3[01,05] € (h:bg) , bg € HFP (M)
There exist (0,3)[0.1 051 € HFP (M).
310.1,05] ° (0,3)01,05] = (0,901,051 & h ,because
h((0,9) =9 2 [0.1,0.5]

Thus hisnot prime hesitant fuzzy submodule of M.

Corollary (3.13):

Every strongly prime hesitant fuzzy submodule of R-module M is a semi prime hesitant fuzzy
submodule of M.
Proof:
Let h is strongly prime hesitant fuzzy submodule of M.
Implies h is prime hesitant fuzzy submodule of M. (by proposition 2.18)
Hence h is semi prime hesitant fuzzy submodule of M. (by proposition 3.11) O
Remark (3.14) :

Notice that the the converse of Corollary (4.13) is not true in general , for example .
LetM =7 asa Z—module and h:Z - P[0,1] defined by

_([o,a] if x€N=6Z

h(x) = { )] otherwise
Since N is semi prime submodule of M. (see 9, example (3.8))
Thus his semi prime hesitant fuzzy submodule of M.
Since 99 0.2] © 4[0.3,07] = 36[0,02] Eh ,because .
h(36) =[0 ,1] 2[0,0.2] , but
4103071 € h ,because h(4) =90 2 [0.3,0.7]
Hence his notstrongly prime hesitant fuzzy submodule of M.
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