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Introduction  

The governing equations of the 
thermoplastic coupled boundary problems 
consist of the motion, modelling and heat 
conduction equations [1]. In this paper the 
incremental type of plasticity modelling 
equations for isotropic and transversely 
isotropic materials are constructed. Using the 
proposed plasticity modelling equations, we 
formulate the thermo plasticity boundary 
problem which consists of hyperbolic and 
parabolic type of differential equations. In 1D 
coupled problem, the equations of motion and 
heat conduction depend on the displacement 
and temperature parameters; the 
corresponding initial and boundary conditions 
are inserted. Then the discrete equations are 
constructed by a finite difference method. In the 
discretization process all the derivatives are 
approximated by their corresponding 
difference formulas and it turns out that two 
kinds of schemes appear, i.e. explicit and 

implicit schemes. The explicit scheme is solved 
with the help of recurrent formulas. For the 
solution of implicit scheme, the “consecutive” 
method is used [2]. Comparison of two results 
shows a good coincidence.  

 
Formulation of the dynamic thermoplastic 
coupled boundary problem using 
deformation theory of plasticity 

 
The coupled thermodynamic elastic 

plasticboundary value problem consists of the 
motion equations [1] 

iijij uX  =+, ,
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non linear constitutive relation between the 
strains and stresses tensorsfor isotropic or 
anisotropic materials [2] 
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The heat equation for isotropic materials [1] 
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Cauchy relations [1] 
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and boundary conditions 
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where 𝑐𝜀 − heat at a constant temperature, −

thermal expansion coefficient, −0 the heat 

flow coefficient. 
Equations (1) - (6) in one dimension case 

take the form 
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Substituting the eq. (9) into eq. (8) 
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and obtained expression into eq. (7) allows to 
write the motion equation in terms of 
displacements 

2

2

02

2

)())(
3

4
2(

t

u
TT

x

u




=−−




−−+  ,

  23 +=   (11) 

The heat equation in one dimension form takes 
the form 
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    (12) 
with appropriate initial and boundary 
conditions 

( ) )(,
0 it

xtxu =
=

, )(
0

i

t

x
t

u
=





=

, ( ) 00
, TtxT

t
=

=

    
(13) 

( ) 00
, utxu

x
=

=
; ( ) 0, utxu

x
=

=
;  

( ) ( )tTtxT
x 10

, =
= ; ( ) ( )tTtxT

x 2, =
=  

(14) 

where −
0,,,,,  c  the known values, 

−  the length of the rod, −210 ,,,, TTT the 

specified amounts. 

 
The construction of the explicit and implicit finite difference equations 
 

Considering in the area
lxt  0,0

two sets of parallel lines

,...)2,1,0(),,0(1 ==== kktniihx  replace the derivatives in eq. (11)-(12) by difference 

quotients, we obtain 
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Solving the differential equation (15) and (16) about 1+j

iu and 1+j

iT respectively, we get 

111

2

11

2
1 2

2
)23(

2
))(

3

4
2( −−+−++ −+













 −
+−

+−
−−+= j

i

j

i

j

i

j

i

j

i

j

i

j

ij

i uu
h

TT

h

uuu
u 




 (17) 

1

2

11

1

1

1

1

1

1

1

11 2

4

2 −−+

−

−

−

+

+

−

+

++ −








 +−
−

+−−
−= j

i

j

i

j

i

j

i

j

i

j

i

j

i

j

ij

i

j

i T
h

TTT

h

uuuu
T

C
T 








  (18) 

As can be seen, eq. (17) and eq. (18) allow to find the function values 𝑢(𝑥, 𝑡) and 𝑇(𝑥, 𝑡) at the layer 
𝑡𝑗+1 using the given value soft he se functions at the two previous layers. The values of 𝑢(𝑥, 𝑡) on two 
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primary layers 𝑗 = 0 и 𝑗 = 1 we can findfrom the initial conditions and for the values of ),( txT  and 

also find the following difference relations 
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The difference equation (11) can be reduced to 
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Similarly, we can bring the difference equation (12) into the form 
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Calculating the values of the functions 

𝑢(𝑥, 𝑡) and 𝑇(𝑥, 𝑡) on two primary layers at 

0=j  from the initial conditions and at 1=j  

from the eq. (15) and eq. (16) respectively. The 
values of these functions on the other layers can 
be calculated from the eq. (21) and eq. (22) 
using the boundary conditions of the “sweep” 
method [4]. 

The joint solution of the thermo-plasticity 
equations with the heat equation may describe 

more adequately the process of thermoplastic 
deformations under mechanical and thermal 
effects. 

 
Numerical test. 
As an example, the coupled dynamic 

thermoplastic problem has been solved (eq.7 – 
eq.10) by an explicit grid method and “sweep” 
method, with the following initial and boundary 
conditions and constants: 
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2,1= ,  8,00 = ,  05.0= ,  5.0= ,  9,0= ,  5.3=Ce ,  900 =T ,  1.0=h ,  01.0= ,  1= . 

 
The value of the displacement  u(x, t) calculated the “sweep” method.   

Table 1. 
x 
t 

0 0,1 0,2 0,3 0,4 0,5 0,6 0,7 0,8 0,9    1 
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0 
0 

0,309
0 

0,587
7 

0,809
0 

0,951
0 

1  
0,951
0 

0,809
0 

0,587
7 

0,309
0 0 

0,01 
0 

0,308
6 

0,587
0 

0,808
0 

0,949
9 

0,998
8 

0,949
9 

0,808
0 

0,587
0 

0,308
6 

0 

0,02 
0 

0,307
5 

0,584
9 

0,805
1 

0,946
5 

0,995
2 

0,946
5 

0,805
1 

0,584
9 

0,307
5 

0 

0,03 
0 

0,308
4 

0,575
0 

0,800
3 

0,940
8 

0,989
2 

0,940
8 

0,800
3 

0,570
3 

0,302
0 

0 

0,04 
0 

0,304
3 

0,567
4 

0,793
6 

0,932
9 

0,980
9 

0,932
9 

0,793
6 

0,562
8 

0,297
9 

0 

0,05 
0 

0,297
0 

0,564
7 

0,785
0 

0,922
9 

0,970
4 

0,922
9 

0,785
0 

0,564
7 

0,296
9 

0 

0,06 
0 

0,292
9 

0,557
1 

0,774
6 

0,910
6 

0,957
5 

0,910
6 

0,774
6 

0,557
1 

0,292
8 

0 

0,07 
0 

0,290
4 

0,542
4 

0,762
4 

0,896
3 

0,942
4 

0,896
3 

0,762
4 

0,537
9 

0,284
2 

0 

0,08 
0 

0,283
4 

0,529
7 

0,748
5 

0,879
9 

0,925
2 

0,879
9 

0,748
4 

0,525
2 

0,277
2 

0 

0,09 
0 

0,276
5 

0,521
4 

0,732
8 

0,861
6 

0,905
9 

0,861
5 

0,732
7 

0,521
3 

0,274
3 

0 

0,1 
0 

0,271
3 

0,518
7 

0,715
6 

0,841
3 

0,884
5 

0,841
2 

0,715
4 

0,518
6 

0,271
2 

0 

 
The value of the displacement  u(x, t) calculated the  grid method.    

 Table 2. 
(x 
T 

0 0,1 0,2 0,3 0,4 0,5 0,6 0,7 0,8 0,9    1 

0 
0 

0,309 0,587
7 

0,809 0,951 1 0,951 0,809 0,587
7 

0,309 
0 

0,01 
0 

0,308
6 

0,587
1 

0,808 0,949
9 

0,998
8 

0,949
9 

0,808 0,587
1 

0,3086 
0 

0,02 
0 

0,307
6 

0,585
2 

0,805
1 

0,946
5 

0,995
2 

0,946
5 

0,805
1 

0,585
2 

0,3076 
0 

0,03 
0 

0,305
9 

0,582 0,800
3 

0,940
8 

0,989
2 

0,940
8 

0,800
3 

0,582 0,3059 
0 

0,04 
0 

0,303
6 

0,577
5 

0,793
6 

0,932
9 

0,980
9 

0,932
9 

0,793
6 

0,577
5 

0,3036 
0 

0,05 
0 

0,300
5 

0,571
8 

0,785 0,922
8 

0,970
3 

0,922
8 

0,785 0,571
8 

0,3005 
0 

0,06 
0 

0,296
7 

0,564
7 

0,774
5 

0,910
5 

0,957
4 

0,910
5 

0,774
5 

0,564
7 

0,2967 
0 

0,07 
0 

0,292
2 

0,556
4 

0,762
2 

0,896
1 

0,942
2 

0,896
1 

0,762
2 

0,556
4 

0,2922 
0 

0,08 
0 

0,287 0,546
8 

0,748
2 

0,879
6 

0,924
9 

0,879
6 

0,748
2 

0,546
8 

0,287 
0 

0,09 
0 

0,281
1 

0,535
9 

0,732
5 

0,861
1 

0,905
5 

0,861
1 

0,732
5 

0,535
9 

0,2811 
0 

0,1 
0 

0,274
5 

0,523
8 

0,715 0,840
7 

0,884 0,840
7 

0,715 0,523
8 

0,2745 
0 
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The temperature  Т(x, t) values found using the “sweep”  method.    

 Table 3. 
x 
t 

0 0,1 0,2 0,3 0,4 0,5 0,6 0,7 0,8 0,9    1 

0 9
0 

90 90 90 90 90 90 90 90 90 9
0  

0,01 9
0 

90,01 90,01 90 90 89,99 89,99 89,98 89,98 89,9
8 

9
0  

0,02 9
0 

90,06 90,05 90,03 90,01 89,98 89,96 89,93 89,92 89,9
3 

9
0  

0,03 9
0 

90,12 90,12 90,08 90,02 89,97 89,91 89,86 89,83 89,8
5 

9
0  

0,04 9
0 

90,21 90,21 90,14 90,05 89,94 89,84 89,76 89,71 89,7
5 

9
0  

0,05 9
0 

90,31 90,33 90,22 90,07 89,91 89,76 89,64 89,57 89,6
2 

9
0  

0,06 9
0 

90,43 90,45 90,31 90,11 89,88 89,66 89,49 89,4 89,4
8 

9
0  

0,07 9
0 

90,56 90,6 90,42 90,14 89,84 89,55 89,32 89,21 89,3
2 

9
0  

0,08 9
0 

90,69 90,76 90,53 90,18 89,79 89,42 89,13 89 89,1
5 

9
0  

0,09 9
0 

90,83 90,92 90,66 90,23 89,75 89,29 88,93 88,77 88,9
7 

9
0  

0,1 9
0 

90,97 91,1 90,79 90,28 89,69 89,14 88,71 88,53 88,7
8 

9
0 

 
The temperature  Т(x, t) values found using the grid method.      

 Table 4. 
x 
t 

0 0,1 0,2 0,3 0,4 0,5 0,6 0,7 0,8 0,9    1 

0 9
0 

90 90 90 90 90 90 90 90 90 90 

0,01 9
0 

90,02 90,01
7 

90,01
2 

90,00
6 

90 89,99
3 

89,98
7 

89,98
2 

89,97
9 

90 

0,02 9
0 

90,07
7 

90,07 90,05
1 

90,02
6 

90 89,97
3 

89,94
8 

89,92
9 

89,92
2 

90  

0,03 9
0 

90,16
1 

90,15
5 

90,11
3 

90,05
9 

90 89,94 89,88
6 

89,84
4 

89,83
8 

90  

0,04 9
0 

90,26
7 

90,26
9 

90,2 90,10
5 

90 89,89
4 

89,79
9 

89,73 89,73
2 

90  

0,05 9
0 

90,39
2 

90,40
7 

90,30
8 

90,16
3 

90 89,83
6 

89,69
1 

89,59
2 

89,60
7 

90  

0,06 9
0 

90,53
1 

90,56
8 

90,43
5 

90,23
1 

90 89,76
8 

89,56
4 

89,43
1 

89,46
8 

90  

0,07 9
0 

90,68
3 

90,74
7 

90,58 90,31 90 89,68
9 

89,41
9 

89,25
2 

89,31
6 

90  

0,08 9
0 

90,84
5 

90,94
1 

90,74 90,39
8 

90 89,60
1 

89,25
9 

89,05
8 

89,15
4 

90  
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0,09 9
0 

91,01
6 

91,14
9 

90,91
2 

90,49
4 

90 89,50
5 

89,08
7 

88,85 88,98
3 

90  

0,1 9
0 

91,19
4 

91,36
7 

91,09
5 

90,59
6 

90 89,40
3 

88,90
4 

88,63
2 

88,80
5 

90 

 
In the tables 1 – 4, the values of 𝑢(𝑥, 𝑡) and 

𝑇(𝑥, 𝑡) depend on the position– xand time – tare 
shown. It can be seen from the tables that the 
numerical results obtained using the explicit 
grid and the “sweep” methods are close enough. 
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