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shows that they are quite close.

Related thermodynamic elastic boundary problems based on Ilyushin's theory of
deformation have been formulated. Two types of explicit and implicit two-dimensional
schemes have been constructed using the finite difference method. In the case of an
explicit scheme, the numerical solution of the problem is based on a recurrence relation.
In the case of an implicit scheme, the method of solving the problem is reduced to the use
of the "run" method. Comparison of the numerical results obtained by the two methods

) Deformation, displacement, temperature, heat resistance,
Keywords: .
thermoplastic, bound, unbound.
Introduction. The study of thermoplastic motion that determines the relations of

states of structures and their elements is an
urgent problem of the mechanics of a
deformable solid. When staging thermoelastic
[1] problems, related and unbound boundary
sets are distinguished. In the general case of the
related problem, the equations of motion of a
solid body are considered in combination with
the equation of thermal conductivity. It should
be noted that temperature and its the derivative
is included in the equation of motion, and the
deformation is included in the equation of
thermal conductivity.

In general, the thermomechanical
boundary problem of the mechanics of a
deformable solid consists of an equation of

thermoelasticity [2], the Cauchy relation, the
equations of heat inflow with the corresponding
initial and boundary conditions. Note that in this
case, the equations of motion written in the
displacements and the equation of heat inflow
are related, i.e. temperature as an unknown
function of the superintendent. Note that in this
case, the equations of motion recorded in the
displacements and the equation of heat inflow
are related, i.e. temperature as an unknown
function of the superformation it is included in
the equation of motion, and the equation of heat
inflow depends on the displacement [3-5].

If the external factors that cause the
motion of the body change very slowly in time,
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then in the equation of motion inertial terms can
be neglected, treating the problem as quasi-
static [5]. At the same time, the initial conditions
for displacement disappear, but the quasi-static
problem remains related. If the quantities
causing the deformation and temperature
change slowly enough from zero to their final

Problem statement.
consists of equations of motion [2]

+ X, = pl.,

'JJ

values and remain in this state, then we get a
static problem. Displacement and temperature
become timeless and are functions of the
coordinates of the position of points and in the
equations the terms containing derivatives of
time disappear. In this case, we have an
unrelated thermoplasticity problem [1].

The related thermodynamic marginal problem of thermoelasticity

(1)

of the determining relation of the deformation theory of A.A. llyushin [3]

(o
gU
heat inflow equations for isotropic materials [5]
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The equations of thermoelast1c1ty and the equation of thermal conductivity in the two-

dimensional case take the form [7-9]:

2 2 2 2
(l+2/1)%+y2y—u+(/1+y);—gy—a(3/1+2y)(ﬂj pzt—l:, 7)
o%v o%v o%u oT oV
ya—+(/1+2y)$+(ﬂ+ﬂ)ﬁ—a(%+2#)£ayj e (8)
0T 0T 5
/111%"‘/122 8y2 T(ﬂn 1822 ayat ) 0. (9)
w1th appropriate initials:
ou
u(x, y’t)‘tzo = Et_o e V(% y’t)‘tzo =
ov
2 =y,, T(xy.t)_, =Tos (10)
and boundary conditions:
Uy =t UG =T ()], =wu() | <G
v(X, y,t)X:0 =V, V(X y,t)xzzl =V,,
v(X, y,t)‘y:O =V, v(X, y,t)‘yzéz =V, T(xyt)  =T() av

Eurasian Journal of Engineering and Technology

www.geniusjournals.org

Page | 126



Volume 5| April, 2022 ISSN: 2795-7640
T(xyt), =T(), T(xyt)] =T  T(x y,t)‘yzlz =T,(t);

gde C, — coefficient of heat capacity at constant temperature, coefficient of thermal expansion, & —

A, 1 — elastic constant, A,,, A,, — coefficient of heat flux, f,,, f,, — tensor of thermal expansion,
dimensions of 0,0, - the plate, o — density of the material,
@, Dy, W1, W0, Uy, Uy, Uy, Ug, Vo, Vo, Vo, Vo, Ty, Ty, T,, T/, T, — specified values.

Numerical implementation. Having builtinto t >0, 0<Xx</,, 0<y</, three families
of parallel lines, we replace X, =ih (i =0,n), y;=1h (] =0,m), t=kr (k=0,12,..) the
derivatives in equations (7) - (9) with difference relations and solving the obtained difference equations

relative to the correspondingly we get [6, 10-12]u;[* , v{;", T\*

2 —2u, +uf Vi =V Vi + Vi
uilf}—l — %(,U i,j+1 h2 i,j-1 + (/1 + ,U) i+1, j+1 i-1, ]thlh i+1, j 1 i-1,j-1 +
2 2

uik+1 i 2uik' + uikl i Titl i _Tikl i k k-1 )

+(A+2u)— s —a(BA+2u)——— |+ 22U, — U],

hy 2h, S
k k k
Vik,;l _ T_Z VI+1J - 2V2 + V—11 +(ﬂ, " ) u|+1 j+ —U; i-1,j+ ul+lj -1 u|—1,j—1 i
p h; anh,
5 S (13)
AN +u i
+(A+2u) Vi PEabL a(32+2y)—' A "”j+2vik‘j -V,
h’ 2h,
—Tu + T T — 2T+ T
T-k-+1 — {ﬂl i+, ] +ﬂ, i,j+1
1] 1 hlz 22 h2
2
uk+1 uk+1 _u U Vk+1 Vk+1 V Vk—l (14)
k_ ﬂ i+, j i-1,j |+1] ,B i,j+1 i,j-1 i j+l i,j-1 +-|-_k.-
i,j 11 4h12' 22 4h2T i,]j

As can be seen, equations (12) - (14) allow you to find the values of U(X,Y,t),Vv(X,Y,t)

functions T (X, y,t) on the layer t“% if the values on the two previous layers are known. By replacing

the index k by k+1 in the first term of the difference equation (7-9), it is possible to obtain an implicit
difference scheme solved by the run-through method [13]

k+1 k+1 k+l _
a‘l ju|+lj +b| julj +C| jul -€1j f ij (15)
/1+2,u b, 2(/1+2,u)_p c _A+2u
TR he 2 TRz
k-1 k-1 k k k
;o :ami,j —Ti1; _qui,j+1 205§ +U; 4 B
1] 2hl h22
k k k k k-1 k
_(/1+‘u)Vi+1,j+1_Vi+1,j—1_Vi—l,j+1+vi—1,j—1+pui,j _Zui,j.
4hh, 7’
k+1 k+l k+1 _
AvVia; B Vi +G Vit =R (16)
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Where is
_ H P H
Aishz Bu=2pz @ Gusqr
1 1
TS T L= 2V + VS
Fi :0‘7%21 (A+2u) ' I h2
uk. . —uk, . —uk o +uk A
—(A+ i+1, j+1 i+, j-1 i-1, j+1 i-1,j-1
( ,Ll) 4h1h2 p z_2

Similarly, equation (9) can be brought to the form
Tk+1 +b Tk+1+C Tk+1 = f

Ij i+1, ] i,jli-1,j — i) (17)
Where is

i,j hlz ! = hl2 22.’ I,J hlz

U, —uf,  —uf2 +uf 2T +TN

f :,B T i+, ] i-1,j |+1j —1] XQ Ij+1 i,j-1 +

] 1170 4hlz_ 2 h22

k k k-2 k-2
LB, Vijn Vi Vi tViga  Cpqia
210 ah,r 2r

The U(X, Y,t) values of the functions are also on the two initial layers V(X, Y,t) and k =0 we

will find from the initial conditions, and for the value k =1 of the function we will find replacing the
mixed derivatives with other difference relations T (X, Y,t) [14-16].

—2u’. +uIlJ

Ij+1 2U +ulj1

U = ( 2((“2 )=
Yo

0 0 0 0

h12

Vo i =V o=V, + Vs
+ ﬂ + i+1, j+1 i-1,j+1 i+1, j-1 i
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+
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0 0

L 18
2h, ]Jr (18)
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2 —2v +u
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hzz

0 0 0 0
ui+1,j+1 - ui—l,j+1 - ui+1,j—1 +U;

4hh,
+2V) + 22'(//2)/ 2,

+(A+ )

: TO _
i-1,j-1 —a(3i + 2/,!) I,J+12 ,

h12

To
! ‘1]+ (19)

0 0 0 0
T .+1, — 2T, LT TI i — 2T, i+ T a4

ﬂ'll |'112 + 2 hZ
A

1 1 0 0 1 0 0 (20)

T°| B Uiy j —Uiiej —Uigj T ULy ny Viju ~Vija —Vijn TVija LT
ij 11 2h12' 22 2h r ij"
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The values of displacements and temperatures starting from the second layer can be found by
Vik'j+1 Ti!(jﬂ the distillation method (15) - (17), and the values of these functions on the first layer

k+1
U,
are found according to the method considered in [10].
Test task. The related problem of thermoelasticity (12-17) has been solved by explicit (by the
method of grids) and implicit (by the method of running) method. Copper is considered as a material
under the following initial and boundary conditions:

_ ux,y.t)|  _ _ vy
u(xy.t)|_, =0, —a |, =0, v(xyt)|_ =0, ~a . —0,
T(x y't)|><=0/><=1:Tlsin(ﬂy/%)' T(x, y’t)|y:0/y:1:0’ T(x, y’t)L:o =To;

the following elastic constants are used: A =1, 4, =0.4, 4,, =0.4, « =0.093, 3, =0.15, 5,, =0.15,
u=05 p=89,C =038 T,=20,T,=60, h =0.1, h,=0.1,7=0.04, n=10, 7, =1, 7, =1,

s
Il
@
=

ta
I

0004 '
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5333104

0.00:
B.333 103

o T T
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Puc. 2. Ilepemenienus U(x, y, tn) (MeToA

Puc. 1. [lepemeienus U(x, y, tn) (MeToZ NPOTrOHKH)
CEeTOK)

[Tepemenienue U(X, y, tn) (MeToa nporonku)Tab6auna 1.

and 0|01 0,2 0,3 0,4 0,5 0,6 0,7 0,8 0,9 1
0 010 0 0 0 0 0 0 0 0 0

0,1 0,002 | 0,001 | 0,000 | 0,000 [0 - - - -
0 |4 4 6 2 0,000 | 0,000 {0,001 [0,002 |O

2 6 4 4

0,2 0,004 | 0,002 | 0,001 | 0,000 [0 - - - -
0 |6 6 2 5 0,000 | 0,001 | 0,002 | 0,004 |O

5 2 6 6

0,3 0,006 | 0,003 | 0,001 | 0,000 [0 - - - -
0 |4 6 6 6 0,000 | 0,001 | 0,003 | 0,006 |O

6 6 6 4

0,4 0,007 | 0,004 | 0,001 | 0,000 [0 - - - -
0|5 2 9 7 0,000 | 0,001 | 0,004 |0,007 |O

7 9 2 5
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0,5 0,007 | 0,004 | 0,002 | 0,000 |0 - - - -
9 4 8 0,000 | 0,002 | 0,004 |0,007 |O
8 4 9
0,6 0,007 | 0,004 | 0,001 | 0,000 |0 - - - -
5 2 9 7 0,000 | 0,001 | 0,004 |0,007 |O
7 9 2 5
0,7 0,006 | 0,003 | 0,001 |0,000 |0 - - - -
4 6 6 6 0,000 | 0,001 |[0,003 |[0,006 |0
6 6 6 4
0,8 0,004 | 0,002 | 0,001 | 0,000 |0 - - - -
6 6 2 5 0,000 | 0,001 0,002 |0,004 |O
5 2 6 6
0,9 0,002 | 0,001 | 0,000 | 0,000 |O - - - -
4 4 6 2 0,000 | 0,000 0,001 [0,002 |O
2 6 4 4
1 0 0 0 0 0 0 0 0 0 0
[lepemenienue U(X, y, tn) (MeTozA ceTok)Tabanna 2.
0,1 02 |03 04 |05 0,6 0,7 0,8 0,9 1
and
0 0 0 0 0 0 0 0 0 0 0
0,1 0,002 | 0,001 | 0,000 | 0,000 |0 - - - -
5 4 5 2 0,000 | 0,000 | 0,001 |0,002 |O
2 5 4 5
0,2 0,004 | 0,002 | 0,001 | 0,000 |0 - - - -
8 6 4 0,000 | 0,001 | 0,002 | 0,004 |O
4 6 8
0,3 0,006 | 0,003 | 0,001 | 0,000 |O - - - -
7 6 3 5 0,000 | 0,001 | 0,003 | 0,006 |0
5 3 6 7
0,4 0,007 | 0,004 | 0,001 | 0,000 |0 - - - -
8 2 5 6 0,000 | 0,001 | 0,004 | 0,007 |0
6 5 2 8
0,5 0,008 | 0,004 | 0,001 | 0,000 |0 - - - -
2 4 6 6 0,000 | 0,001 | 0,004 | 0,008 |0
6 6 4 2
0,6 0,007 | 0,004 | 0,001 | 0,000 |0 - - - -
8 2 5 6 0,000 | 0,001 | 0,004 | 0,007 |0
6 5 2 8
0,7 0,006 | 0,003 | 0,001 | 0,000 |0 - - - -
7 6 3 5 0,000 | 0,001 | 0,003 | 0,006 |0
5 3 6 7
0,8 0,004 | 0,002 | 0,001 | 0,000 |0 - - - -
8 6 4 0,000 | 0,001 | 0,002 | 0,004 |O
4 6 8
0,9 0,002 | 0,001 | 0,000 | 0,000 |0 - - - -
5 4 5 2 0,000 | 0,000 | 0,001 | 0,002 |O
2 5 4 5
1 0 0 0 0 0 0 0 0 0 0
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Puc. 3. Ilepemenienus V(x, y, tn) (MeToz nporonku)  Puc. 4. [lepemeienus V(x, y, tn) (MeTof ceTOK)
[lepememenue V(x,y, ) (MeToA NpOroHKHU Tabsuna 3.
0|01 0,2 0,3 0,4 0,5 0,6 0,7 0,8 0,9 1
and
0 00 0 0 0 0 0 0 0 0 0
0,1 - - - - - - - - -
0 | 0,003 | 0,001 |0000 |0000 |0000 |0000 |0000 |0001 |0003 |0
2 3 6 3 2 3 6 3 2
0,2 - - - - - - - - -
0 | 0,002 | 0,001 |0000 |0000 {0000 |0000 |0000 |0001 |0002 |0
7 1 5 3 2 3 5 1 7
0,3 - - - - - - - - -0,002
0 | 0,002 | 0,000 | 0,000 | 0,000 | 0,000 |0000 |0000 {0,000 0
8 4 2 1 2 4 8
0,4 - - - - - - - - -0,001
0 | 0,001 | 0,000 | 0,000 |0000 |0000 |0000 |0000 {0000 0
4 2 1 1 1 2 4
0,5 010 0 0 0 0 0 0 0 0 0
0,6 0 0,001 | 0,000 |0,000 |0,000 |0,000 {0,000 |0,000 0,000 0,001 0
4 2 1 1 1 2 4
0,7 0 0,002 | 0,000 |0,000 |0,000 |0,000 {0,000 |0,000 0,000 [0,002 0
8 4 2 1 2 4 8
0,8 0 0,002 | 0,001 | 0,000 |0,000 |0,000 {0,000 0,000 0,001 0,002 0
7 1 5 3 2 3 5 1 7
0,9 0 0,003 | 0,001 | 0,000 |0,000 |0,000 {0,000 |0,000 |0,001 0,003 0
2 3 6 3 2 3 6 3 2
1 010 0 0 0 0 0 0 0 0 0
[lepememenue V(x, y, tn) (MeTO/[, CETOK)
Ta6auna 4.
0|01 02 |03 04 |05 0,6 0,7 0,8 0,9 1
and
0 010 0 0 0 0 0 0 0 0 0
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0,1 - - - - - - - - -
0 | 0,003 | 0,001 | 0,000 | 0,000 | 0,000 |0,000 |0,000 | 0,001 |0,003 |0
2 5 6 3 2 3 6 5 2
0,2 - - - - - - - - -
0 | 0,002 | 0,001 | 0,000 | 0,000 | 0,000 |0,000 [0,000 | 0,001 |0,002 |0
7 2 5 2 2 2 5 2 7
0,3 - - - - - - - - -0,002
0 | 0,002 | 0,000 | 0,000 | 0,000 | 0,000 |0,000 | 0,000 | 0,000 0
9 4 2 1 2 4 9
0,4 - - - - - - - - -0,001
0 | 0,001 | 0,000 | 0,000 | 0,000 | 0,000 |0,000 | 0,000 | 0,000 0
5 2 1 1 1 2 5
05 |00 0 0 0 0 0 0 0 0 0
06 |, |0001 [0,000 [0,000 0,000 [0,000 [0,000 |0,000 0,000 |0,001 [,
5 2 1 1 1 2 5
07 |, 0002 [0,000 [0,000 [ 0,000 [0,000 [0000 |0,000 [0,000 |0,002 [,
9 4 2 1 2 4 9
08 |, 0002 0,001 [0,000 [0,000 |0,000 |0,000 0,000 0,001 [0,002 |,
7 2 5 2 2 2 5 2 7
09 [, [0003 [0,001 [0,000 [ 0,000 [0,000 [0000 |0,000 [0,001 |0,003 [,
2 5 6 3 2 3 6 5 2
1 00 0 0 0 0 0 0 0 0 0

Puc. 5. Temneparypa T(x, y, tn) (MeToJ NpOrOHKH)
CETOK)

Temperature T(X, y, tn) (banishing method)Table 5.

Puc. 6. Temnepatypa T(x,y, tn) (MeToz

an 0 0,1 02 103 04 ({05 0,6 0,7 0,8 109 1

0 20 20 20 20 20 20 20 20 20 20 20

01 323 |285 |256 |23,7 |22,6 |222 |22,6 |23,7 |256 |285 |323
6 8 6 5 9 5 6 8 6

0,2 43,5 36,1 |30,7 (271 |250 |243 |250 |27,1 |30,7 |36,1 |435
1 3 8 3 4 6 4 3 8 3 1
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0,3 52,3 42,2 348 298 |269 |259 |269 |298 |348 |42,2 |523
6 2 1 3 9 3 1 2 6

04 |580 |461 |374 |315 |281 (270 [281 |315 (374 |46,1 |58,0
4 3 4 5 5 5 4 3 4

0,5 60 47,4 |383 |321 |285 |274 |285 (321 383 (474 |60

4 2 3 7 1 7 3 2 4

0,6 58,0 |46,1 374 (315 |281 |27,0 |281 |315 |374 |461 |58,0
4 3 4 5 5 5 4 3 4

0,7 52,3 42,2 348 298 |269 |259 |269 |298 |348 |42,2 |523
6 2 1 3 9 3 1 2 6

08 |435 |361 |30,7 |271 |250 |(243 |250 |271 [30,7 |36,1 |43,5
1 3 8 3 4 6 4 3 8 3 1

0,9 32,3 | 285 |256 |23,7 |226 |222 |22,6 |237 |256 |285 |323
6 8 6 5 9 5 6 8 6

1 20 20 20 20 20 20 20 20 20 20 20

Temperature T(X, y, m) (grid method)Table 6.

X 0 0,1 0,2 0,3 0,4 0,5 0,6 0,7 08 10,9 L

T

0 20 20 20 20 20 20 20 20 20 20 20

01 |323 |283 |263 |231 |236 |21,4 |236 [231 [263 |283 |323
6 1 2 4 4 5 4 4 2 1 6

02 (435 |354 |324 |256 |271 |225 |271 |256 |324 |354 |435
1 7 4 5 8 5 4 7 1

03 |[523 |415 |36,7 |28 29,6 [23,6 |296 |28 36,7 | 415 |523
6 6 4 6 7 6 4 6 6

04 |[580 |451 398 |29,2 |314 |242 |31,4 |292 |398 |451 |58,0
4 8 9 4 4 6 4 4 9 8 4

05 |60 46,5 |40,8 | 29,7 |32 24,5 |32 29,7 (40,8 [46,5 |60

7 9 9 7

06 |[580 |451 [398 |292 |314 |242 |314 |292 |398 |451 |58,0
4 8 9 4 4 6 4 4 9 8 4

0,7 |[523 |415 |36,7 |28 29,6 [23,6 |29,6 |28 36,7 |41,5 |523
6 6 4 6 7 6 4 6 6

08 (435 |354 |324 |256 |271 |225 |271 |256 |324 |354 |435
1 7 4 5 8 5 4 7 1

09 (323 283 |263 |231 |236 |21,4 |236 |231 |263 |283 |323
6 1 2 4 4 5 4 4 2 1 6

1 20 20 20 20 20 20 20 20 20 20 20

Fig.1 - Fig.4 shows the distribution of
movements and in Fig5 and Fig.6 the
temperature distribution built on the results of
explicit and implicit schemes. Tables 1-6 show
the numerical results of the thermoelastic
problem according to explicit (grid method) and
implicit schemes (run-through method).
Comparison of the results regarding movements

, and temperature shows, and from the figures it
can be seen that the numerical results obtained
from the explicit (grid method) and implicit
(run-through method) schemes are almost the
same and close enough to ensure the reliability
of the results obtained.u(x,y,t) v(Xx,Y,t),

T(x,y,t) u(x,y,t) v(x,y,t) T(x,y,t)
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